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Solution for the Two-Electron Correlation Function in a Plasma 


Burton D. Frrep* 
Space Technology Laboratories, Incorporated, Los Angeles, California 


AND 


H. W. Wv:p, Jr. 
University of Illinois, Urbana, Illinois 
(Received November 23, 1960) 


The two-electron correlation function, g, responsible for “collisional” corrections to the correlationless 
(or Vlasov) description of a plasma, is investigated. It is shown that an exact solution of the integral equation 
for g can be found for a fairly wide class of spatially homogeneous, one-electron distribution functions, f (the 
ion dynamics being neglected). This is carried out in detail for the simplest member of the class (the reso- 
nance shape), and the Landau damping of g to its asymptotic (¢-+ ©) form is exhibited explicitly. It is 
shown that correlations between particles separated by more than the Debye length are damped in a time 
which exceeds the period of plasma oscillations, w)~!, and that these make an appreciable contribution to 
the “collisional” rate of change of f. It is concluded that for rapidly varying f (as in problems involving 
plasma oscillations) conventional treatments of the “collision” term should be replaced by a self-consistent 


solution of the coupled equations for f and g. 





I. INTRODUCTION 


HE “Vlasov” or “collisionless Boltzmann” equa- 
tion for a plasma has received considerable 
attention during the past few years, especially in 
connection with problems involving plasma oscil- 
lations, wave motions, instabilities, etc. As is known 
from the work of Rosenbluth and Rostoker' (RR) and 
others, this formulation may be considered as the lowest 
order approximation in a perturbation solution of the 
exact kinetic equations for a plasma. In the present 
work we are concerned with the corrections resulting 
from a consideration of the next order of the per- 
turbation theory. Any of the effects commonly asso- 
ciated with “collisions” such as dissipation, entropy, 
production, etc., must come from this (or from higher 
orders) since the correlationless system, (4) and (5), 
despite the inclusion of long-range, collective inter- 
actions, gives a reversible, entropy-conserving picture 
of the plasma. A description of our program and of its 
relation to previous work can best be given after a 
brief resume of the RR perturbation formalism. 
The RR procedure may be summarized as follows. 
(We shall consider only the simplest case: electrons 


* Present address: Ramo-Wooldridge, Los Angeles, California. 
1M. Rosenbluth and N. Rostoker, Phys. Fluids 3, 1 (1960). 
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interacting via Coulomb forces in a uniform background 
of positive charge, with no magnetic field.) Starting 
with the Liouville equation for the density in phase 
space, D(x:1,V1,X2,V2" *:Xw,Vw,/), one integrates over the 
coordinates and velocity of N—1 electrons to obtain 
an equation for the one-particle distribution function 


f™ (x1,¥1,4) = faxdv. - -dx,dv, D. (1) 


This involves the two particle function 


f (x1,¥1,X2,V2,t) = f dx3dv3- + +dXndVn D, (2) 


which, in turn, obeys an equation obtained by inte- 
grating the Liouville equation over the variables of 
N-—2 particles, etc. The idea is now to solve the re- 
sulting hierarchy or chain of equations for f®, f®, 
f®--++, by a perturbation approach in which the 
charge, mass, and*inverse density (e,m,n-) are treated 
as small quantities. (The dimensionless “small parame- 
ter” is Np“, where Np is the number of particles in a 
sphere whose radius is the Debye length.) To lowest 
order (which we shall henceforth call zero order) an 


Copyright © 1961 by the American Physical Society. 
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exact solution of the entire chain of equations is given 


by 


ff (X1,V1,° + *X4,Ve,t) = II f(xi,Vi,t), 


i=l 


(3) 


where f satisfies the equation? 


0 f/di+-v-(df/dx)—(eE 


V-E= tane(1 - f sav). 


In view of (3), the term “correlationless’ 
appropriate for (4) than “collisionless.” 

Continuing the perturbation solution to first order 
in e, m, and nm, RR find that again the entire chain is 
satisfied by taking (with = {x,v}) 


m)- (df/dv)=0, 


with 


’ 


seems more 


IP ED=f(ED, 
J (&1,E2,t) = f (E1,t) f (E2,t) +. (E1,€2,¢), 


and expressing all f‘*, s>2, as symmetrized products 
of f and g, 


f® £1,£0,3,t) = F (Est) f (E254) f (Es,0) 
+ f (&1,t)g (E2,£3,t) + f (2,0) g(E1,&3,t) + f (Es,t) 2 (E1,£2,0), 


etc., provided f and g satisfy the coupled equations 
df/dt+v- (df/dx)— (eE/m)- (A f/dv) =6 f/8t, 


(6) 
5 f/5t= (ne m) f dxaiv; F, 2: [0g(é1,£2,t)/dv; ], 


and 


dg/At+D. {v;- (8/ax;)—[eE(x:)/m]-[a/av.])g 
1 


= (ne/m) f dxadvag(Enfs)F rs: Af El /Av; 


+ (e/m) f(€2,t)F 12° [0 f(€1,t)/dvi ]+{1 © 2}. 


Here 
F; ;=e(90, Ox,)|x;—x;! - (8) 

E is given by (5) and the curly brace in (7) stands for 
two terms which differ from the first two on the right- 
hand side only in having x;, v; interchanged with Xo, vo. 

A consistent treatment of the first-order problem 
would require the simultaneous solution of (5), (6), 
and (7). To date this has not been achieved. A less 
ambitious but still interesting problem would be that 
obtained by linearization of the equations about an 
equilibrium, time-independent solution, a technique 
responsible for most of the knowledge we 

* A. Simon and E. G. Harris, Phys. Fluids 3, 245 (1960), have 
shown that inclusion of the radiation field to lowest order gives 
rise to a vXB term in (4), with E and B determined by the full 
Maxwell equations. For our purposes, however, the interaction 
via the Coulomb field alone will suffice. 
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the properties of the correlationless equations, (4) and 
(5). We formulate this problem below, but have so far 
been unable to find a complete solution. 

The procedure actually adopted heretofore in dealing 
with (6) and (7) has along the lines of 
Bogolyubov’s concept of a hierarchy of relaxation 
times. Applied to the present case, this means that, 
for given f, the two-particle function g relaxes to its 
equilibrium value (for that /) in a time short compared 
to that in which f changes appreciably. // this is true, 
then it is reasonable to solve (7) with f regarded as 
given, independent of time; to find g; to compute the 
asymptotic (‘> «) limit of g; and to use this limiting 
value, g., in calculating 6f/6/. This is essentially the 
procedure used by Lenard,’ for the particular case 
where the given f is homogeneous (independent of x 
as well as ¢). He shows that the resulting 6f/6¢ agrees 
very closely with the Boltzmann collision term as 
computed by Landau‘ for Coulomb forces. The RR 
“test-particle” technique, although formally different 
from Lenard’s, also employs the —> » form of- g in 
order to obtain essentially the same 6 f/6¢ (plus additional 
terms associated with the radiation of plasma oscilla- 
tions by a fast charged particle). 

It seems clear, however, that in situations where f 
is changing rapidly, say in a time compared with a 
plasma oscillation period, 1/w,, essential dynamic 
effects resulting from the interplay of f and g will be 
entirely lost if one replaces g by its asymptotic limit. 
Plasma oscillations constitute an important case where 
just such rapid variation of f will necessarily occur. 
Of course, the 6//5t term will be small (as Vp) com- 
pared to the other terms in (6) so that dramatic new 
effects are not to be expected so long as we remain 
within the limits of validity of the RR perturbation 
theory (Vp>>1). Nonetheless, even a small term like 
5f/ét can produce significant changes from the behavior 
of the completely correlationless system (6//6t=0) and 
if we are to include such a term at all, it should be the 
correct one. 

As a first step in the investigation of these dynamic 
effects, we present here a problem which is at once an 
extension and a specialization of Lenard’s treatment 
of the homogeneous case. We generalize to the extent 
of studying g at finite times, rather than just in the 
limit £—> «©. Were we able to solve the resulting integral 
equation for g with f chosen as a Maxwellian distri- 
bution, then the linearized problem described above 
would also be in hand. Failing in this, we have instead 
specialized to a particular class of f which allows a 
complete analytical solution of the integral equation 
for g. It is likely that the principal features of the 
resulting solution apply, at least qualitatively, to other 
choices of f as well. 

In Sec. II we list, chiefly for reference, the original 


been 


3 A. Lenard, Ann. Phys. 10, 390 (1960). 
*L. Landau, Physik Z. Sowjetunion 10, 154 (1936). 
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system (6) and (7) and the linearized form thereof, 
Fourier transformed to a wave number representation. 
The two-particle integral equation for the homo- 
geneous case is analyzed in Sec. ITI, and a class of one- 
particle functions is given which make the integral 
equation soluble. An explicit solution is found for the 
simplest f of this class and, in Sec. IV, some properties 
of this solution are deduced. 


II. TRANSFORMATION TO WAVE 
NUMBER SPACE 


In studying the correlationless equation, (4), it is 


usually convenient to deal with the spatial Fourier 
transform, 


flgs)= fas e~‘®-* f(x,v,/). (9) 
This suggests that we likewise Fourier-transform g and 


(0/dt+ik- v) f(k,v,t) — (e/m) (27) +f ak’B(k)-af(k—-®, v, t)/dv=6f/6t, 


work with g(k1,v:,ks,v2,/). It is advantageous to intro- 
duce, at the same time, center-of-mass and relative 
coordinates for the two particles involved in g, i.e., to 
work with 


G(k; V1,V2,p,t) = g(k/2+p 2, Vi, k/2—p/2, Vo, t), (10) 


where 


k=k,+k, and p=k,—k, (11) 


are the transform variables associated with the center- 
- . . . 
of-mass-and ‘relative coordinates, respectively : 


2(X1,V:,X2,V2,t) = (1/8) (27) ‘fac fap etk- (artxa)/2 


Keir: (-=D) 2G (k; V1,¥2,p,/). (12) 


Upon Fourier-transforming (6) and (7), we obtain 


(13) 


5/(k,v,2) it i*(2n)-* fd’ f dv’W)-W Lack; v, v’, k—2k’, t)/dv], 


and 


{0/dt+ (i/2)[p- (vi-— v2) +k- (v1 +-v2) J}G(K; vi,V2,p,0) 


—(e/m)(2m) *f ak’ E(k’) LaGk—W'; vs, vs, Pk, 1)/8v:+0G(k—k’; vi, vo, p+k’, t)/dve] 


= twp? (2m) + fav fa G(k/2—p/2+k’; vo, v’, k/2—p/2—K’, t)(k’)°k’ - 0 f(k/2+p/2—K’, v,)/dv,] 


+ (iw,? Sr'n) { dk’) *k’- [0 f(k/2+p/2—k’, vi, ()/dvi | f(k/2—p/2+k’, vo, )+{vi vo, poo —p}, (15) 
{ 


with 


Wp’ = 4rne*/m. 


Two methods of attacking this rather formidable 
system suggest themselves. If f (and, therefore, E) is 
considered as known, (15) is linear in the unknown 
function G and, hopefully, susceptible to some of the 
many techniques which have been developed for solving 
linear problems. However, the more interesting problem 
would seem to be the fully self-consistent one wherein 
f is unknown (save for initial conditions) and is co- 
determined with G. Since the problem is then not only 
complicated but nonlinear as well, one is tempted to 
linearize, as is generally done with (4), about some 
“unperturbed” problem. If we require the latter to be 
independent of time, one (and probably the only) 


choice is a space-independent, Maxwellian distribution 
for fo, 
fo(k,v,t) * (2z)*6(k) fo(v), 


1 
fo(v) = (ax')- exp(—v*/a?). (16) 


With this fo, (15) gives for Gp the Debye-shielded two- 
particle function 


Go(k; ¥1,¥2,p,0) = (27)°6(k) fo(v1) fo(ve) V (p) 


; (17) 
Y (p)= —4(kp*/n)(p?+-4kp*), 


kp being the Debye wave number 


kp= 2h »/ a. 
Setting 


j f=fothi, G=G)+Gi, 
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we then obtain, in a linear approximation, 


H. W. WYLD, JR. 


(k- v—i0/dt) fi (k,v,!) eink hd fo/dv + (2n)-Aagt fat fd eK’ -LaGs(k; v, v, k—2k’, t)/dv], 


and 


{p- (vi—v2)/2+k- (vi+-v2)/2—10/8t}Gi(R; V1,V2,p,t) = —w,2n "kk - (d fo/dvi)4kn*[ (k—p)?+- 4k? 1 fo(ve) 


+2 f dv’ G,(k; v’,vo,p,t) (k+p)*(k+p) - (dfo/dvi) + 2w,2n— (k-+-p)*(k+p) - (d fo/dvi) f1(k, v2) 


where 


+2w,?n[ (p—k)*+-4kp*? |" (p—k) - (0 f1(k,v1)/v1  fo(v2) +{¥1 > vo, p> —p}, 


(19) 


n(k,)= fav f(k,v,). 


Ill. THE SPATIALLY HOMOGENEOUS SYSTEM 


We consider now the case studied by Lenard, where 
the one-body function is a given function of v, and is 
independent of x and ¢. The electric field E vanishes, 
and in wave number space we have only the k=0 
component : 

(20) 


(21) 


f(k,v,t)= (21)*5(k) f(v), 
G(k } Vi,V2,D,) = (2m)*5(k)G(vi,¥2,p,/). 


From (15) we find that this k=0 portion of G must 
satisfy 


[ —i0/dt+q: (vi— v2) |G(v1,V2,p,0) 
— (w,’q/q")- fevtawvsp.nas ‘dv; 


— G(vi,v’,p,t)d f/dve | 
= (w,’q/nq’)[ f(v2)d f/dvi— f(vi)d f/dve | 


= H(v1,V¥2,p), (22) 


where 
q=p/2. 


We note that the linearized integral equation (19), 
specialized to k=0, differs from this only with respect 
to the inhomogeneous term. However, in (22) we have 
not yet specified our choice of f, whereas in (19) we 
are necessarily committed to a Maxwellian distribution. 

Before solving (22), we digress briefly to explain the 
connection between it and the equation (derived from 
Bogolyubov’s formalism) which forms the starting 
point of Lenard’s treatment. The Laplace transform 
of (22) gives a linear integral equation for the Laplace 
transform of G, G(vi,v2,p,w), which we may write as 


(23) 


where Gp denotes the initial (‘=0) value of G and the 
factor i/w arises from the fact that the inhomogeneous 
term, H, is time independent. The solution, G, of this 
equation will have singularities in the w plane whose 
location depends upon the properties of £ and Go, plus 


LG=iH/w—iGy, 


a pole at w=0. If Go=0 and if the poles associated with 
£ are all damped (i.e., lie in the lower half w-plane), 
then the asymptotic behavior of G is determined 
entirely by the residue at w=0, i.e., 


G..=lim G=lim (2m) f dua e~***G (w) 


to to 
20 


=lim (—iwG). 
w0 

Since the contour of integration in the w plane must lie 
above all singularities of G, including the one at w=0, 
it is correct (and advisable, as regards possible ambi- 
guities) to set w=ie, e>0, and at the end allow e to 
approach zero. From (23) we obtain an equation for 
the function G(vi,v2,p)=(—iwG).-ie which coincides 
with Lenard’s starting point. (Lenard does not com- 
pletely solve this equation but instead manages, 
ingeniously, to extract from it just enough information 
to permit the evaluation of 5//5¢ in the ‘= ~ limit.) 

We now return to the solution of the complete 
equation, (22). The form of this equation prompts us 
to define 


a(viai)= f avs G(vi,V2,2q,/). (24) 


The other integral which occurs in (22) can be expressed 
in terms of a by exploiting the fact that the symmetry 
of g under the interchange (x:,V¥:) <> (X2,V2) implies 

G(k; vi,¥2,p,t)=G(k; ve, vi, —p, 4), (25) 
while the scalar character of G requires 


G(k; vi,v2,p,0) =G(—k; 
It follows that 


—Vi, —Vo, —p,f). (26) 


G(v¥1,¥2,p,!)=G(—ve, —vi, p, 4), (27) 


and hence that® 


f a a ee (28) 


5 We are indebted to Professor F. Zachariasen for calling our 
attention to this symmetry. 
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Upon taking the Laplace transform of G, a, and 8, 


IN PLASMA 


vs] 
G(vivape)= f dt e*“'G(v¥,,V2,p,/), etc., 
0 


we obtain at once from (22) an integral equation for the Laplace transform, 4, of a 


a(viae)=e (8f/0m) fdra(artma—x) (va) a(via4) fdra(in—me—w)“94/ Om 


++ f dvilio A (v4¥s24) a iGo(¥1,V2,2p) ](wi— u2—u), (30) 


v=w,/4, u=w/q, 
W=Vi-p/p, u2=V2'p/p, 
Go(¥1,¥2,p)=G(v1,¥2,p,t) | t=0- 


(31) 


Since q defines the only preferred direction in the 
problem, we can reduce this vector integral equation 
to a scalar one by integrating out the components 
perpendicular to q. With 


A (uaw)= f av, 5(—vi-9/aCvs94), (32) 


F(u)= f avs 5(ui—vi-a/q) f(v1), (33) 


F(u;)=dF/du,, (34) 


and 


KC (u1,42,9)= (y?/n) LF (ur) F (u2) — F (ur) F (ue) J, (35) 


we obtain at once from (30) (suppressing the q and w 
dependence), 


A (ui,u)=7S(u)[1-yA(m—u) 7 
x f ds (y-+16.—u)—1A (1ta,ts)+7(141,0). (36) 
Here X is given by 
I()= f ” de $(x)(a-t)) for Imt<0, (37) 


and by the analytic continuation of this if Im¢20, 
this definition being a consequence of the Laplace 
transform prescription that w lie in the upper half 
plane (or, more precisely, above the poles of a). We 
shall later need the related function defined as 


a@= fi dx F(x)(x—f)" for Img>0 


=analytic continuation for Imfg<0. 





The inhomogeneous term r, 


7(u1,u)=i[1—yA(u,—u) 
x f duz(3/w—Go/¢)(ui—ua—u), (38) 


is (for given f and Go) a known function of # and u. 

At this point, we should like to solve (36) for A (11,1), 
keeping Imu>0; analytically continue into the lower 
half of the « plane; and locate the poles (or other 
singularities) of A. This is very difficult to accomplish 
if f is Maxwellian, since the function A (essentially the 
error function of complex argument) is already a fairly 
intractable object. For a rather wide class of f, however, 
a solution is possible, provided we study not (36) but 
the equivalent equation resulting from a single iteration 
of (36): 


A (11,1) =0(u1,u)+7'F (w;)(1 —yA(u,— u)}? 
x f duzdus F (12) A (3,4) (u2+us—u) 


X (wi t+u.—u)[1—yA(w2—u) P-, 
o (u1,u) = 7 (u1,u) +yF (us) [1—-yA(m—u) J? 


(39) 


x f dus r(t2,u)(u1-+u2—u)-, (40) 


The class of f which simplifies the problem consists 
of those for which F(u:) is analytic, save for a finite 
number of poles in the finite plane, and regular at 
infinity (as distinguished from a Gaussian, which has 
an essential singularity at infinity). (Of course, its 
significance as a distribution function requires that 
O<F(u:)<© for real «.) We shall consider in detail 
only the simplest member of this class, 


fv) =(a/r (+), 


the method of extension to other cases being clear. 
With this f we have 


F(u:)= (a/n)(@+ur), 
A(S)=A(—$)= +a). 


(41) 


(42) 
(43) 
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[Of course, this “resonance” shape, (41), has no 
particular physical justification, but since f approaches 
a delta function as a— 0, the results obtained should 
be approximately valid for any very narrow distri- 
bution function. ] 

With this choice for /, it becomes possible to carry 
out explicitly the integration over m2 in (39). The 
integrand has poles at #.=-bia, u2=u—U3, w=Uu—mM 
and m.=ia+y. [It is known® from the dispersion 
equation for the Vlasov equation (4) that for any 
real y, 

1—7A(¢)=0 
has roots only in the lower half plane whenever F is a 
single-humped curve, like (42). 
shows that the roots of 


A similar argument 


1—y-A(¢)=0 (44) 


all lie in the upper half plane. ] The only pole of the 
integrand in the lower half of the 2 plane is, therefore, 
the one at #2.=—ia, so that closing the contour below 
yields 


few F (us) (uo+u3;—u)— (to+u,—u) 
<[1—y7A(m2.—u) 
= (d/du)(u3—ia—u)—(uy—ia—u) 


<[1—y*A(—ia—u)}. (45) 


This is the kernel for the integral equation (39) and 
since it is a sum of two separable terms (each being a 
product of a function of ~, and a function of u;3), the 
solution of (39) reduces to an algebraic problem. In 
fact, substituting (45) into (39) we have 
A (m1,u)= 0 (uu) +S (u1)[1—y2A(us—u) J 

x [1—7°A(—u—ia) {Ni (u) (ui—ia—u) 
+K(u)(ui—ia—u)“} 
=o(m1,u)+7'F (ui) (ui—u—iaP—y |e (¢—1)7 


X(it+(m—ia—u)K], (46) 


where 
8) 


ra(w)= f dx A(x,u)(x—ia—u)-", m=1, 2, 


—o 


(47) 


K (u)=I,—7y°A' (—u—ia)[1—y?A(—u—ia) JN. 


Substituting (46) into (47) yields two simultaneous 
equations for J; and K, whose solution, together with 
(46), completes the determination of A. Alternatively, 
one can simply substitute the expression (46) for A 
into the original equation, (36), thereby eliminating 
the possibility that in the course of the algebraic 
manipulations one might have arrived at a solution 
of the iterated equation (39) which would not be also 


6 J. D. Jackson, J. Nuclear Energy 1, 171 (1960). 
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a solution of (36). Either of these procedures gives the 
pair of equations 


(¢—2)Ii + J (¢ —1)pi(u), 


~ (48) 
4i+¢(¢-—2)J= (¢ 


-1)wp2(2), 
where 
w=ut+2ia, ¢=(w/y)*=(wt2iag)*w,”, 


(49) 


The two functions, 


Pm (ut) sf ay r(y,u)(y—i 


— 
are, like 7, to be regarded as known. The solution of 
(48) is 
c11(¢—1) 
Jgt—i}>* 


l(c— }) 


[(¢—2 pi 


[ (6—2) por 


-~Wpe 


(50) 
tp: (6-4) F 

With (46) and (50) we have the desired solution of 
the integral equation (36) for A(m,u,gw). Retracing 
the steps which led to (36), we use (30) to find a from 
A, while (24) and (the Laplace transform of) (22) give 
G. Some of the properties of this solution and the 
results which therefrom are discussed in the 
following section. Before taking this up, we remark 
that had we chosen, in place of (41), a more general 
example of the class of functions f described above 
(i.e., one for which F(u;) has m>1 poles in the upper 
half #:-plane rather than just one), the explicit evalua- 
tion of the kernel of (39) would still be possible. In 
doing the integration (45) we still close the 
contour below, thereby obtaining contributions not 
only from the m poles of F in the lower half plane but 
also, possibly, from roots of (44), these being no longer 
necessarily restricted to the upper half plane. (We are 
indebted to Dr. Jon Matthews for pointing out this 
possibility.) The essential point is just that the 2(n+) 
terms so obtained (& being the number of roots of (44) 
in the lower half plane) would each be a product of a 
function of #; and a function of #3, so that again solution 
of the integral equation would reduce to that of an 
algebraic system, this time of order 2(n+). 


follow 


would 


IV. PROPERTIES OF THE SOLUTION 


In the analysis of the linearized Vlasov equation, 
one is particularly interested in the dispersion equation, 
for its roots give information regarding the asymptotic 
behavior at large time. The analogous equation in the 
present analysis is A=0 where 

A=((¢—4) (51) 
is the determinant of the system of Eqs. (48). It has a 
single root at ¢=4, i.e., 
@= +2w,— ap, 


0 or 


oe“ ap. 


and a double root at ¢= 





TWO-ELECTRON CORRELATION FUNCTION IN PLASMA 


In the Vlasov initial-value problem® the Laplace 
transform of the density is a quotient of two functions 
of w. The numerator, V, depends upon the initial values 
of the distribution function, while the zeros of the 
denominator, D, are just the roots, wa, of the dispersion 
equation. Without specification of the initial conditions, 
we cannot really predict the time dependence of the 
density (even at large times!) For instance, the initial 
values can be so chosen that N(w,)=0. (The use of 
just such initial conditions enabled Van Kampen’ to 
obtain solutions without Landau damping.) None- 
theless, the w, are of interest since for most initial 
conditions, i.e., those for which N(w,)¥0, the time 
dependence will be a sum of terms e~*** plus contri- 
butions associated with the singularities of the NV. 
About the latter, nothing general can be said, whereas 
the former have, in a sense, a “universal” character. 

In our present problem, similar conclusions can be 
drawn. Barring special choices of the initial condition, 
Go, we can say that A (¢) will contain terms of the form 


et2iwpt apt. e apt 
; ° 


(54) 


In addition, there will be terms associated with the 
u;-dependent poles of (46), just as in the Vlasov 
problem the distribution function has, besides the 
poles of the density, also a pole at w=kv. 

However, there exists in the present problem one 
particularly simple initial condition—namely, Go=0. 
In contrast to the Vlasov case, a zero initial condition 
permits a nontrivial solution, for the inhomogeneous 
term of (30) or (36) comes only partly from Gp. The 
term H, bilinear in the single-particle function, gives 
rise to a nonvanishing G for ‘>0 even if G=0 at ‘=0. 
It is therefore of interest to examine this case. For all 
f of the class defined in Sec. IT, the auxiliary functions 
involved in our solution—r, oc, pi, pe, 11, J—can then 
be evaluated in closed form, permitting an explicit 
expression for A and a. With the particular choice 
(41) we find 


A (11,9,0) = (i7?/wn)[(ui—u—ia?P?—y 
X {F (wu) +5 (m1) (ui—ia—u) ($—2)—w ] 
x (¢—4)}, (55) 
while &(v¥1,q,w) is obtained from this by the substitutions 
F (ui) — f(¥1), F(ui) > Of(vi)/d01. 


(The expressions for the auxiliary functions are given, 
for reference, in the Appendix.) 

Comparing (55) with (46) and (50), we see that the 
singularities are now somewhat different than in the 
more general (Gp#0) case. The pole at ¢=0 is no longer 
present, and we find that, aside from the velocity- 
dependent poles noted above, A, a, and G [as obtained 
from & and the Laplace transform of (22) ] have poles at 


w=0 w= +2wp—iap. (57) 
7N. Van Kampen, Physica 21, 949 (1955). 


(56) 


and 


The one at w=0 just corresponds to Lenard’s asymp- 
totic solution, while the other two, like the “universal” 
poles (52) and (53), are Landau damped with decay 
time (ap). For values of » small compared to w,/a, 
the damping will be negligible during the course of one 
plasma oscillation. 

One can, of course, ask whether these weakly damped 
(i.e., small ~) components of the two-particle function 
play any significant role in the physics. Insofar as the 
one-particle function, f, is concerned, the effects of G 
enter solely through the term 6//6t, defined by (14). 
For the homogeneous problem discussed here, where 
only k=0 is involved, we have 


(6 f/8t) (v1,t) = (w,?/82*2) f dq ¢'(0/du;)a(vi,q,t), (58) 


and the question is whether the small g region of the 
integration makes a significant contribution to 6f/6t. 
As usual, no general statement, applicable to all initial 
conditions, can be made, but we can look a little further 
into the special case Go=0. We first invert the Laplace 
transform to obtain a(v:,q,/) from a&(vi,q,w). The 
singularities of (55) consist of simple poles at 


w=-+2w,—2iag (59) 


(where we have now included, as we must, the velocity- 
dependent poles). Evaluating the residues, we find 


w=0; w= gui-tw,—iag; 


4 
a(vi,g,)= 20 a;(vi,4,!), 
7=0 


(60) 


where ap is independent of time (being just Lenard’s 
asymptotic solution for our special case), 


ag = (27rw,’, n)[.q?(ui— ia)?—w,? | -| 
X(f(vi)+ (0 f/dm) (@g+w,)“! 
XC (ui—ia)atg?+4w,7m }}, 


and the damped poles contribute 


(61) 


1 ,2= rw yng (ui—ia) Aw, | { f (v1) 
¥ (0 f/Ou1) (uit+ia)w,[q(uitia)Fw,}} 


Xexp[t(—ga—igquiFiwy)], (62) 
and : 


ot3,4= + (mw,*/2ng) (iag-w,y) [9 (iat+m)+w, |" 
X (0 f/du:) exp[(—2aq2iw,)t]. (63) 


When we substitute these into (58) to compute 5f/6t, 
all of the integrals will be convergent save for that 
involving ao, which is logarithmically divergent at 
large g, as noted by Lenard, who used a cutoff 
Qmax* (na*/w,?). The integrations can only be carried 
out numerically (save for the case of ao, where Lenard 
was able to find a good approximation), but the precise 
values are not of great interest. More significant is the 
fact that a; and ay, the residues at the velocity inde- 
pendent pole, vary as g~ for small g. Since a is multi- 





8 Day, 


plied by g before the integration on g, one would a priori 
expect the small g (weakly damped) contributions to 
be suppressed. However, this 1/¢ behavior of a3 and 
aq just cancels the phase space factor and results in 
their contributing to 5//é¢ a term comparable, in 
general, with that resulting from ap. It follows, then, 
that so far as the effect of G upon f is concerned, use 
of the asymptotic (‘= ©) form of G is justified only 
for situations where the rate of change of Inf is small 
compared to wy. 


V. CONCLUSIONS 


The equation, (7), for the two-particle function g 
is, in a general way, sufficiently similar to the cor- 
relationless one-particle equation (4) that one would, 
a@ priori, expect solutions of the former to exhibit a 
Landau damping similar to that familiar for the latter. 
The exact solution of (7) presented here confirms this 
expectation, at least for the particular case of spatially 
homogeneous one-particle functions F having a finite 
number of poles in the complex velocity plane. That 
similar conclusions apply to more general forms of the 
velocity dependence or to nonhomogeneous problems 
appears probable, although an explicit demonstration 
would be desirable. 

Since the decay rate is of order ga (g= wave number, 
a=velocity spread in f), deviations between the true 
g and its asymptotic (‘= « ) form will be least damped, 
and therefore of most importance, at small g. Their 
effects will be greatest in the case of rapidly varying f, 
e.g., for plasma oscillations. The significant q values 
are then the ones below w,/a, corresponding to cor- 
relations between particles separated by a distance 
exceeding the Debye length. Although we have not 
succeeded in solving the equation for g when f is 
Gaussian, analogy with the analysis of the correlation- 
less problem (4), as given for instance by Jackson,® 
suggests that the Landau damping for small g would 
there be much smaller than ga, approaching zero as 
exp[ — (w,/ga)*] rather than algebraically. The differ- 
ence between g(/) and g(t/= ~) for ga<w, would then 
persist longer than is indicated by the present analysis. 

Of course, in a certain sense our analysis is incon- 
sistent, for while we have assumed f to be time- 
independent in calculating g and 65//ét, we find that 
the departures from the asymptotic values would only 
be significant on a time scale of w,~, i.e., for a rapidly 
varying f. This simply emphasizes the necessity of 
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solving the self-consistent problem, in which f and g 
are codetermined, at least in a linear approximation. 
Only in this way can one really answer the question of 
how correlation corrections to the Vlasov equation 
affect such phenomena as plasma oscillations. The 
importance of this question is underlined by the 
numerous recent suggestions that growing waves (due 
to two-stream phenomena or anisotropic distributions) 
could result in a quasi-dissipative behavior (as in 
electrical resistivity or shock formation) greatly in 
excess of that predicted by a simple picture of two- 
particle collisions. The failure, to date, to deduce such 
phenomena directly from the correlationless equation 
alone may indicate the necessity of providing, so to 
speak, a dissipative seed in the form of a small but 
nonzero 6 f/6/ term. 

One must then decide what to use for that term; 
while the conventional Boltzmann or Fokker-Planck 
term is no doubt adequate for low-frequency phe- 
nomena, it is incorrect for treating plasma oscillations 
or high-frequency growing waves. There, a self-con- 
sistent treatment of (6) and (7) or of (18) and (19) is 
required. So far as the linear problem is concerned, it 
is (19) which presents the principal difficulty. The 
problem solved in this paper is of course a much simpler 
one, involving only the k=0 form of the linear operator 
which appears in (19). Nonetheless, the properties, 
deduced here, of this restricted operator may be of 
help in the solution of the k+0 case. 


APPENDIX 


For reference purposes, we list here the functions 
T, 0, pi, p2, 1; and J corresponding to the choice (41) 
for the one-body function and the initial condition 
G=0 at t=0. 


] 


7 (1,4) = (iy?/wn)[1—y2A (ui —u) } 
 [F (1) (ui—ia—u)'+-F (us) (ui—ia—u)], 
o (u1,u) = (t7?/wn)[ (ui— u—ia)?—y? } 
 [\(ui—ia—u) (f+ 1) (¢—1) °F (ur) 
—wF (ui) (¢—1)"+F (um) ], 
pi(u)= — (i/wnw) (3f—1)(¢—1)~, 
p2(u) = (21/wnw*) (25—1)(¢—1)-?, 
I; (u)= —3i/wnw(¢—4), 
J (u) = 2i(25+1)/wnwt (¢—1)(¢—4). 
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Dynamics of Atomic Motions in Liquids and Cold Neutron Scattering* 
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The self-correlation function for the motion of an atom in a liquid has been constructed in a manner which 
simulates the behavior of this function between the two extreme cases, viz., that in a solid and that in a 
simple diffusive model. Using this function, the differential scattering cross section for cold neutrons has 
been calculated for liquid lead and compared with available experimental results. It appears that even in a 
simple liquid like lead the solidlike behavior of atomic motions persists for a considerable time. 





HE differential cross section for slow-neutron 
scattering by a system of interacting particles is 
given, in Van Hove’s! formalism, by the Fourier trans- 
form of the space-time correlation function G(r,/). This 
formalism should in principle be adequate to account 
for neutron scattering by a liquid. However, in the 
absence of a theory of the liquid state it is not possible 
to calculate G(r,t). One has thus to take recourse to 
some simplified model of a liquid and by comparison 
with experimental results justify it @ posteriori. 

In this communication we are reporting the results 
obtained on the basis of a model which can simulate the 
behavior of the self-correlation function between the 
two extreme cases, viz., that in a solid and that in a 
simple diffusive model. From the detailed calculations 
of the scattering of cold neutrons from liquid lead, the 
only simple liquid for which experimental results are 
available, it appears that even for a liquid like lead the 
solidlike behavior of the atomic motions persists for a 
considerable time. 

In an earlier attempt, Singwi and Sjélander® assumed 
a certain time-dependent probability for the persistence 
of the solidlike motion of the water molecules. Recent 
experiments of Larsson et al.’ have confirmed the predic- 
tions based on such a model. 

The coherent scattering cross section is given by 


72 2 
@’Ocoh coh 


k 
= -_ —[1+T (x) Jet*o2*a? 
dQde 2xh ko 


x f eit exp[—a2p(1)/2], (1) 


where «= fw=?(ke—k*)/2m, x=k—ko. The coherent 
correction [1+I°(x)] has been introduced here as in 
Vineyard’s* convolution approximation. In obtaining 
(1) we have used the Gaussian approximation for the 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1L. Van Hove, Phys. Rev. 95, 249 (1954). 

2K. S. Singwi and A. Sjélander, Phys. Rev. 119, 863 (1960). 

3K. E. Larsson, S. Holmryd, and K. Otnes, International 
Atomic Energy Agency Symposium on Inelastic Scattering of 
Neutrons in Solids and Liquids, Vienna, October, 1960 (to be 
published), Paper J.S/15. 

4G. H. Vineyard, Phys. Rev. 110, 999 (1958). 


self-correlation function, the width being given by 
he t 
p)-—_—+ f (t—u) Re(v(0)-v(u))rdu. (2) 
4MksT ~ 


The classical velocity correlation function has been used 
in place of Re(v(0)-v())r. Quantum effects of order h? 
have thus been neglected. However, the reason for 
retaining the first term on the right side of Eq. (2) is the 
fact that p(0)40 is of purely quantum mechanical 
origin. These questions together with the derivation of 
(2) and the nature of the Gaussian approximation will 
be examined later on in a detailed paper. 

For the classical velocity correlation function we have 
assumed the following: 


d QkpT d —sinwpl 
(¥(0)-v() n= — | a —( )| 
dt Mwp? di wpl 


3k aT 


+—e*(1-e-at), (3 
aT (i—e*). (3) 


The frequency wp introduced above corresponds to the 
Debye frequency in a solid. Of the four parameters, a, 8, 
y, and wp, the first two are related to the diffusion 
coefficient D through the relation DM/kgT=a/8(a+ 8). 
The other symbols in (3) have their usual meaning. 
(v(0)-v(t))r has been so chosen that, the width p(t) has 
the right limiting form for both small and large values 
of ¢; by varying the parameters it can be made to 
assume, for intermediate values of time, various forms 
lying between those for a solid and for a simple diffusing 
atom obeying Langevin’s equation. The characteristic 
oscillatory behavior of p(¢) in a solid is here damped 
through y. It is fortunate that the choice of at 
least one of the three parameters does not interfere 
appreciably with that of the other two; it turns out 
that the broadening of the quasi-elastic peak is governed 
mainly by a. 

In what follows we shall be concerned only with 
scattering in liquid lead. Out of the many p(t) curves 
which we have computed using (2) and (3), a few 
typical ones are shown in Fig. 1. In Fig. 2 are given 
curves for the differential scattering cross section ob- 
tained from Eq. (1), for some typical values of the 
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Curves a, 
Wp Oxi 
T @= ks (em? sec’) 

620% 60°K 3.0 
620 60 3.0 
620 40 3.0 
620 60 3.0 
735 40 45 


p(t) IN UNITS OF 107!'? cm® 











0 l | | ! 
0 5.0 10.0 15.0 20.0 
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Fic. 1. Width p(t) for liquid lead for some values of the parameters, and also for solid lead and for a diffusi 


parameters. It should be noted that the broadening of In Fig. 3 are shown the parameter values and the 
the quasi-elastic peak is mainly determined by a, curve (solid line) which fits best with the experimental 
whereas the magnitude of the inelastic scattering de- points of Brockhouse.® The agreement can be somewhat 
pends both on y and on wp. improved by integrating the calculated curve over the 
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w 
8p= = ¥/% a/wp 
40°K 0.25 0.015 
60 0.25 0.015 
40 0.25 0.005 
60 0.25 0.005 
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Fic. 2. Differential scattering 
cross section (*k/k») versus out 
going neutron energy for neutrons 
of incident energy 4.8X107* ev 
scattered at 90° by liquid lead at 
620°K. Values of the parameters 
are as shown 
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. N. Brockhouse and N. K. Pope, Phys. Rev. Letters 3, 259 (1959). 
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Fic. 3. Differential scattering 
cross section (Xk/ko) versus out- 
going neutron energy for neutrons 
of incident energy 4.8X10~* ev 
scattered at 90° by liquid lead at 
620°K. Computed and observed 
curves have been compared. 
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incident spectrum. In the same figure the dashed curve 
shows the scattering on the basis of a simple diffusion 
theory. The set of parameters giving the solid-line curve 
also gives a good fit with the experimental results of 
Brockhouse® for 1.36-A neutrons scattered at different 
angles. In fact, the variation in the peak value of the 
intensity for different angles of scattering, which is due 
to the coherent correction [1+T'(x)}, is reasonably well 


Jat 


5.0 6.0 7.0 
ENERGY (units 10-> ev) 


reproduced in the calculated values. The scattering at 
angles of 75° and 90° is shown in Fig. 4; these two angles 
have been chosen to illustrate how the subsidiary peak 
can be greatly magnified at certain angles of scattering 
due to the factor [1+I(x) ]. It would be desirable to 
check this experimentally for it provides a clear test for 
the convolution approximation. 

It is evident from the curves of p(t) (Fig. 1) which 





a 


Fic. 4. Differential scattering 
cross section versus outgoing neu- 
tron energy for neutrons of in- 
cident energy 4.8107 ev scat- 
tered at 90° and 75° by liquid lead 
at 620°K. Note the effect of the 
coherent factor at 75°. 
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Fic. 5. Differential scattering 
cross section versus outgoing neu- 
tron energy for Be-filtered neu- 
trons scattered at 90° by liquid 
lead at 735°K. Values of the 
parameters are as shown. 
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give the correct scattering cross section that the motion 
of an atom in a liquid is far from that of a simple 
diffusive type; it resembles much more the behavior of 
p(t) in a solid except that the oscillatory behavior is 
very much damped as one would expect on physical 
grounds. This suggests that an atom in a liquid stays in 


its equilibrium position, where it performs a complicated 
oscillatory motion, for a time much longer than its 
period of vibration. This sedentary behavior is respon- 
sible for the small observed broadening of the quasi- 
elastic scattering, and, presumably, for a structure in 
the inelastic scattering. 

Using the p(/) given by the dashed curve of Fig. 1, we 
have calculated the differential scattering cross section 
for a beryllium-filtered neutron beam for liquid lead at 
735°K and the results are shown in curve b of Fig. 5. In 
the same figure, curve c is the experimental curve of 
Palevsky* and it will be seen that the agreement is good. 

* H. Palevsky, International Atomic Energy Agency Symposium 


on Inelastic Scattering of Neutrons in Solids and Liquids, Vienna, 
October, 1960 (to be published), Paper 7.S/47. 


9.0 10.0 


Curve a is the calculated curve with the same set of 
parameters but without the factor [1+T(«)]. An 
attempt to fit Palevsky’s data on the basis of a simple 
diffusion theory including coherent effects proved un- 
successful. 

A more detailed account of this work, including 
certain theoretical considerations and its implications 
concerning the liquid state, will form the subject matter 
of a separate paper. In conclusion we would like to 
suggest that experiments should be performed with 
monochromatic beams of cold neutrons (A>4A) for 
simple liquids, to see, besides the quasi-elastic scatter- 
ing, the structure, if any, of the inelastic scattering. 
Experiments with filtered beams of neutrons, despite a 
very sharp cutoff, are less suitable because the broad 
incident spectrum has the tendency to wipe out the 
structure and to make the interpretation of even the 
quasi-elastic scattering somewhat ambiguous. Experi- 
ments with liquid vanadium are highly desirable. To 
bring out the coherent effect, experiments should also 
be performed for a large range of scattering angles. 
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A theoretical lattice vibration spectrum is calculated for gold on the basis of a three-force-constant model 
as elaborated by Bhatia. The lattice specific heat is calculated and compared with the experimental data. 





N 1955 Bhatia! proposed a model for the monovalent 
cubic metals for obtaining the secular equation for 
determining the normal modes of vibration and applied 
it to the calculation of the frequency spectra and 
specific heats of sodium! and silver.? The main purpose 
of the model was to take into account the volume- 
dependent forces due to the electron gas in the metal 
in some approximate way. The present calculation for 
gold follows exactly the method used by Bhatia and 
Horton? in the case of silver. 

The values of the elastic constants used in the 
calculation as well as the other constants needed are 
listed below: 

€1:= 20.163 X 10" dynes/cm’, 


C12= 16.967 X 10" dynes/cm’, 
Cus= 4.544 10" dynes/cm’, 


the nearest neighbor distance a=2.881 A and the 
density p=19.32 g/cm*. These values of the elastic 
constants are taken from the low-temperature measure- 
ments of Neighbours and Alers* and refer to the 
temperature 0°K. 

The frequency distribution function G(w) is plotted 
against w in Fig. 1, where the singularities of G(w), 
characteristic of Houston’s approximation, have been 
replaced by finite peaks of equal area.’ Using the 
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Fic. 1. The lattice vibrational spectrum of gold. 
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A. B. Bhatia and G. K. Horton, Phys. Rev. 98, 1715 (1955). 
. R. Neighbours and G. A. Alers, Phys. Rev. 111, 707 (1958). 
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Fic. 2. The specific heat of gold at different temperatures. The 
solid line depicts the calculated values from the frequency spec- 
trum. The circles © represent experimental values due to the 
measurements of Geballe and Giauque. The squares 0) show the 
measured values due to Corak et al. 


approximate spectrum of Fig. 1, the lattice heat 
capacity was obtained in the usual manner by numerical 
integration. The calculated and the experimental 
specific heats are plotted against T in Fig. 2. The 
experimental values of C, above 16°K are due to Geballe 
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Fic. 3. Debye characteristic temperature © as a function of 
temperature. The circles © and the squares 0 correspond to the 
experimental measurements of Geballe and Giauque, and Corak 
et al., respectively. The solid curve is obtained from the calculated 
specific heat curve of Fig. 2. 
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and Giauque,‘ while those below 5°K are due to Corak 


et al.® The experimental C, at lower temperatures are 
corrected for the electronic contribution. It is seen that 
the calculated values are systematically greater than 
the measurements. In Fig. 3, the more sensitive plot, 
© vs T is given. The discrepancy between the theory 


4T. H. Geballe and W. F. Giauque, J. Am. Chem. Soc. 74, 2368 
(1952). 

5 W.S. Corak, M. P. Garfunkel, C. B. Satterthwaite, and A. 
Wexler, Phys. Rev. 98, 1699 (1955). 
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and the experiment here can be attributed to the 
approximate method of calculating the frequency 
spectrum and the neglect of anharmonic effects. 
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Paramagnetic Behavior of Metallic Cerium and Europium 


R. V. Cotvin, Sicurps Arajs, AND J. M. PECK 


Edgar C. Bain Laboratory for Fundamental Research, United States Steel Corporation Research Center, Monroeville, 


Pennsylvania 


(Received November 28, 1960) 


The magnetic behavior of metallic polycrystalline cerium and europium has been studied above room 
temperatures. The measured paramagnetic behavior of cerium can be explained using the interacting Ce*** 
ion model (@=—50°K) and the Van Vleck theory of paramagnetism with an additional temperature-inde 
pendent paramagnetic term x.-=1.00X 10~* g™ cm! resulting from the conduction electrons. Europium metal 
has an unusual magnetic behavior. Its paramagnetic properties in the solid state cannot be explained on 
the basis of the noninteracting Eut* model. Near the melting point metallic europium behaves as a collection 
of weakly interacting Eut ions. The Bohr magneton number of liquid europium is very close to that of Eu* 


ions. 





INTRODUCTION 


ECENTLY we have been studying the paramag- 

netic behavior of polycrystalline rare-earth metals 
in order to enlarge our knowledge about their electronic 
structures. Our results on neodymium, samarium, 
gadolinium, terbium, dysprosium, holmium, erbium, 
and thulium have been reported earlier.'~* These meas- 
urements have clearly indicated that the 4f electrons 
in the rare earth metals are quite localized and that the 
Van Vleck theory can approximately explain the ob- 
served magnetic susceptibilities. In this paper we 
present further results on this problem by discussing 
our magnetic measurements on metallic europium and 
cerium. 


EXPERIMENTAL CONSIDERATIONS 


Distilled and recast europium used in this investi- 
gation was obtained from Lindsay Chemical Division 
of American Potash and Chemical Corporation. This 
material contained 0.39% oxygen, less than 0.1% other 
rare-earth elements, and traces of calcium and tantalum. 
About 4.5 grams of material was cut from a larger piece 
in a dry-box containing argon. This sample was weighed, 


1S. Arajs, J. Chem. Phys. 32, 951 (1960); S. Arajs and D. S. 
Miller, Suppl. J. Appl. Phys. 31, 325S (1960). 

2S. Arajs, Phys. Rev. 120, 756 (1960). 

3S. Arajs and R. V. Colvin, a paper presented at the Sixth An- 
nual Conference on Magnetism and Magnetic Materials in New 
York, New York, November 16-19, 1960 (unpublished). 


wrapped in a tantalum foil, and enclosed in a silica 
capsule filled with argon gas at 20 cm Hg at room tem- 
perature. All these operations were performed in argon 
atmosphere, and during these operations the europium 
sample maintained a bright surface. 

Cast polycrystalline cerium was purchased from the 
St. Eloi Corporation and according to the manufac- 
turer was at least 99.5% pure. A sample having a 
mass of about 4.3 grams was sealed in a silica container 
using the same procedure as for europium. 

The magnetic susceptibilities of europium and cerium 
metals were measured using the Faraday method. The 
apparatus has been described in detail earlier.‘ 


THEORY 


The electronic configuration of a Cet** ion is 1s?, 
2s°2p8, 3523p%3d", 45°4p%4d"4f', 55°5p%. The lowest 
multiplet consists of two energy levels ?F5/2 and 2F 7z/., 
the term */5;2 representing the ground state. The posi- 
tion of the level 3/2 with respect to the ground state 
can be approximately calculated using the modified 
Goudsmit formula®?: 


82me? 2L+1 
AE=—— - 


- - _ (Z—a)*, 
eh® n®](l+1)(2/+1) 


*S. Arajs and D. S. Miller, J. Appl. Phys. 31, 986 (1960) 
°S. Goudsmit, Phys. Rev. 31, 946 (1928). 
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where AE is the width of the energy multiplet, m the 
mass of an electron, c the velocity of light, #4 the 
Planck constant, m the principal quantum number, / 
the orbital quantum number of an electron, L the 
total orbital quantum number of the incomplete 4/ 
shell, Z the atomic number, and o the nuclear screening 
constant. The energy levels of a Ce+** ion for various 
o values are given in Table I together with the results 
of calculations by Elliott and Stevens* and an experi- 
mental determination by Lang.’ 

The electronic configuration df a Eu*** ion is 1s?, 
25°2p*, 35°3p%3d", 4s°4p%4d"4/§ Ss*5p®. The lowest 
multiplet consists of seven energy levels “Ho, 7H, 
"He, "Hs, "Hs, "Hs, and 7H,, where 7H is the ground 


TABLE I. Energy levels of the lowest multiplet of Ce*** 


— = ——> 


Exlem™] 
Elliott & Experi- 
Term o=32 o=33 o=34 o=35 o=36 Stevens* mental 


3476 2972 2524 1782 2100 2253» 
2F 52 0 0 


* See reference 6. 


> See reference 7. 
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TABLE IT. Energy levels of the lowest multiplet of Eu***. 





Esfem™] 
Elliott & 
=35 oo =36 Judd" Stevens> 


Experi- 


Term ¢@=32 o =33 mental 


6162 

4402 

2934 

1761 
$80 
293 


7026 
5018 
3346 

2007 

? 1004 
%, ' 335 


4043 
2888 
1925 
1155 
578 
192 


5100 

3990 

2850 

1800 

940 

320 
0 


4 See reference 10. 
© See reference 11. 


* See reference 8. 
» See reference 6. 
© See reference 9. 


state. The energy level structure can be approxi- 
mately calculated using Eq. (1) and the Landé interval 
rule. The results are summarized in Table II which 
also gives more refined theoretical calculations by 
Judd,’ and Elliott and Stevens,® and the spectroscopic 
results on some trivalent rare earth salts." 

Knowing the energy levels E;, the paramagnetic 
susceptibility can be evaluated numerically using the 
Van Vieck theory." When the quantity kT is com- 
parable with the energy intervals of the lowest multi- 
plet, the paramagnetic susceptibility per gram can be 
written as 


(N/M) ¥ 5 [(¢’B2 (J +1)/3kT) +a ](2J +1) exp(—Es/kT) 


x Bs Basa at 


where NV is the Avogadro number, M the atomic weight 
of the particular rare earth metal, k the Boltzmann 
constant, T the absolute temperature, 6 the Bohr 
magneton, and 


8? P yy1 Fy 
a=] ———-- ——__-~], (3) 
6(2JJ+))LEyu—-Esy Esy—Esr 
with ; 

Fy y=((S+L4+1)—-—S7]L72—- (S—L)*V/J. 

The quantity g is the Landé splitting factor, 
g=14+[S(S+1)4+J(J4+)—L(L£4+1))/2J (J+1). 
The paramagnetic susceptibility for noninteracting 

Eut** ions has been evaluated numerically by means 

of a Burroughs Datatron 205 computer. The 1/x vs T 

plots for various energy level separations are shown in 

Fig. 1. 


(4) 


RESULTS AND DISCUSSION 


Values of the paramagnetic susceptibility of cerium 
were obtained from the measured susceptibility by 
correcting for the diamagnetism of the silica capsule 
and the paramagnetism of the tantalum foil. These 
values were then corrected for the diamagnetic con- 


®R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A219, 387 (1953). 
7R. J. Lang, Can. J. Research 14, 127 (1936). 
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lic. 1. Calculated inverse paramagnetic susceptibility 
of noninteracting Eu*** ions. 

8B. R. Judd, Proc. Phys. Soc. (London) A69, 157 (1956). 

’H. Gobrecht, Ann. Physik 31, 755 (1938). 

0 H. Gobrecht, Ann. Physik 28, 673 (1937) interpreted by B. 
R. Judd (reference 8). 

''K, H. Hellwege and H. G. Kahle, Z. Physik 129, 62 (1951). 

2 J. H. Van Vleck, The Theory of Electric and Magnetic Sus- 
ceptibilities (Oxford University Press, New York, 1932), p. 226. 
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Fic. 2. Inverse paramagnetic 
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tribution which was taken to be —0.19X 10-6 g+ cm?. 
The inverse paramagnetic susceptibility of metallic 
cerium as a function of temperature is shown in Fig. 2. 
Our room temperature measurement is in fair agree- 
ment with those of other investigators'*- in this tem- 
perature range. The results of some of the previous 
studies,—'* where the authors have provided numerical 
susceptibility data, are shown in Fig. 2. Our high- 


13H. H. Landolt-R. Bornstein, Zahlenwerte und Funktionen aus 
Physik, Chemie, Astronomie, Geophysik, Technik (Springer-Verlag, 
Berlin, 1950), Vol. I, Part I, p. 398. 

4 W. Klemm and H. Bommer, Z. anorg. u. allgem. Chem. 231, 
138 (1937). 

16 F, Trombe, Ann. phys. 7, 385 (1937). 

16Ch. Henry La Blanchetais, Compt. rend. 220, 392 (1945). 

17L. F. Bates, S. J. Leach, and R. G. Loasby, Proc. Phys. Soc. 
(London) B68, 859 (1955). 

18H. Leipfinger, Magnetic Properties of Rare Earth Metals at 
Very Low Temperatures (Physikalisches Institut der Technischen 
Hochschuhle, Miinchen, 1957), Technical Report (unpublished) ; 
Z. Physik 150, 415 (1958). 

9 Ch. Henry La Blanchetais in Collogue National de Magnetisme, 
Strasbourg, July 8-10, 1957 (Centre National de la Recherche 
Scientifique, Paris, 1958), p. 205. 

*F. Trombe, Compt. rend. 198, 1591 (1934); Compt. rend. 
219, 90 (1944); F. Trombe and M. Foéx, Ann. chim. 19, 417 
(1944). 

#1 J. M. Lock, Proc. Phys. Soc. (London) 70, 566 (1957). 

#2. M. Roberts and J. M. Lock, Phil. Mag. 2, 811 (1957). 


1 
1100 1200 


temperature magnetic susceptibility measurements are 
also in fair agreement with the earlier studies by 
Blanchetais” and Bates ef al.'7 Figure 2 also shows the 
theoretical curves for noninteracting Ce*+** ions with 
various screening constants. It is obvious that the 
calculations of this type can provide only an order-of- 
magnitude agreement with the experimental! data. The 
reason for the imperfect agreement between the simple 
theory and the experimental observations is due to the 
interactions between the Ce*** ions and the contribu- 
tion of conduction electrons to the observed paramag- 
netism of cerium metal. These latter contributions, 
which we designate by X., are particularly important for 
cerium since at high temperatures they are comparable 
with the paramagnetism of the localized f electrons of 
Cet+* ions. The solid curve shown in Fig. 2 represents 
the paramagnetic behavior of interacting Ce+** with @ 
= —50°K, o=35, and X,= 1.0 10-* g cm’. The agree- 
ment with the measurements of the paramagnetic sus- 
ceptibility of metallic cerium is satisfactory. It should 
be mentioned that the choice of value of @ is very 
reasonable in light of the experimental work by Bates 
et al.’ and Lock#* who have determined the paramag- 
netic Curie temperatures to be —42°K and approxi- 
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Fic. 3. Inverse magnetic sus- 
ceptibility of Eu as a function of 
temperature. 
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mately —46°K, respectively. The value X,= 1.00 10-® 
g! cm’ is also quite reasonable since the room tempera- 
ture value of the paramagnetic susceptibility of lan- 
thanum, which does not have any f electrons, measured 
by Trombe,” Bommer,™ and Lock” are 1.19X 10-6, 
0.99 10-*, and 0.74 10~* g~! cm’, respectively. More- 
over, we have also found that for dysprosium X,= 1.15 
< 10-* g“ cm*.* Thus it appears that the paramagnetic 
behavior of metallic cerium can be satisfactorily ex- 
plained using the localized f-electron model and the 
Van Vleck theory of paramagnetism with the above- 
described additional contributions. 

The magnetic behavior of metallic europium from 
300°K to 1400°K, as determined in this investigation, 
is shown in Fig. 3. This graph also gives all the known 
previous measurements'*®.6 of the magnetic suscepti- 
bility between the Néel temperature (about 90°K) 
and 300°K. The agreement between the data of 
Bozorth and Van Vleck” and those of Klemm and 
Bommer" is fairly satisfactory. It should be mentioned 
that Klemm and Bommer studied a powdered mixture 
of Eu+3 KCl while Bozorth and Van Vleck made their 
measurements on a polycrystalline metallic europium. 
The results of the investigation by Blanchetais and 


%F, Trombe, Compt. rend. 201, 652 (1934). 

* H. Bommer, Electrochem. 45, 357 (1939). 

26Ch. Henry La Blanchetais and F. Trombe, Compt. rend. 
243, 707 (1956). 

26R. M. Bozorth and J. H. Van Vieck, Phys. Rev. 118, 1493 
(1960). 
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Trombe*® deviate considerably from those of Bozorth 
and Van Vleck, and Klemm and Bommer. Our value of 
the magnetic susceptibility of europium at 300°K is 
about 10% larger than that measured by Bozorth and 
Van Vleck. It is very possible that this discrepancy is 
due to different amounts of impurities in the samples. 
In Table III the Bohr magneton numbers and the para- 
magnetic Curie temperatures, obtained by various in- 
vestigators, are summarized. 

Comparing the measured inverse magnetic suscepti- 
bility curve shown in Fig. 3 with the theoretical curves 
given in Fig. 1 immediately reveals that the Eut** 
model cannot explain the observed magnetic suscepti- 
bility of metallic europium. It has been suggested that 
europium metal should be considered to be made up 


Taste III. Comparison of the results on europium of this study 
with magnetic susceptibility data of others. 





eff 
Temperature [Bohr Op 
range [°K ] magnetons ] [°K] 
167-293 8.2 15 
140-300 7.12 108. 


Investigator 








Klemm and Bommer* 
Henry La Blanchetais 

and Trombe> 
Bozorth and Van Vleck* 
This investigation 


100-300 


, 0 
300-400 9.17+0.05 —3.26+0.05 





® See reference 14. 
b See reference 25. 
* See reference 26. 
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of Eut* ions imbedded ina sea of electrons.”*.?? Although 
this model can approximately account for the magnetic 
susceptibility above the Néel temperature, our high- 
temperature measurements of the magnetic behavior 
of solid europium clearly show that the noninteracting 
Eu**+ model is not a correct approximation. In fact, it 
appears that at high temperatures, say between 800°K 
and the melting point of europium (1099°K?’), the mag- 
netic susceptibility values are quite close to those re- 
sulting from noninteracting Eut ions. The Bohr mag- 
neton number in this range is equivalent to that of Eu* 
ion in its ground state 7/’¢. 

The melting process produces a small anomaly in 
the plot of 1/x vs T curve as can be seen in Fig. 3. 
Liquid europium metal approximately follows the 
Curie-Weiss law. The magnetic moment in this state 
is very close to that expected from the interacting Eu** 
system. These observations indicate that metallic euro- 
pium has unusual magnetic properties and that euro- 
pium is not a well-behaved rare-earth metal. This sup- 
ports some previous studies on the crystal structure, 
density, compressibility,‘ thermal expansion, electrical 

27 F. H. Spedding, S. Legvoldl, A. H. Daane, and L. D. Jennings in 
Progress in Low-Temperature Physics, edited by C. J. Gorter 


(North-Holland Publishing Company, Amsterdam, 1957), Vol. IT, 
p. 368 
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resistivity, etc.27-” which are out of line with the corre- 
sponding behavior for most of the rare-earth elements. 
At the present time we are unable to provide a theo- 
retical justification for the possible change of valency of 
europium ions with respect to the temperature. 
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Photochemically Produced Color Centers in KCl and KBr+ 


Joun A. Cape* 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received September 26, 1960) 


KCl and KBr crystals were exposed to unfiltered mercury arc 
radiation at 15°K. If an “OH” band was present in the crystals 
before irradiation, the ultraviolet irradiation produced an optical 
absorption spectrum similar to that produced by x rays at 15°K. 
The optical absorption spectrum and the changes in the absorption 
produced by annealing at higher temperatures were measured and 
compared with the spectra observed during similar annealing of 
x-irradiated crystals. In KCI the 335-my band, formed by the uv 
irradiation, bleaches thermally at 56°K as does the 335-my H band 
of x-irradiated KCI. In KBr the 381-my band bleaches in steps at 
35°, 46°, 56°, and 80°K as compared with the 381-my H band in 
x-irradiated KBr which bleached at 30°, 46°, 56°, and 80°K. In 
both KCl and KBr the V; band appears with the disappearance 


INTRODUCTION 


HEN an alkali-halide crystal, which has been 
exposed to ionizing radiation at liquid helium 
temperature, is warmed, changes occur in the optical 
absorption spectrum. In general, at definite tempera- 
tures during warmup the various absorption bands 


+ Work partially supported by Office of Naval Research. 
* Present address: Atomics International, Canoga Park, 
California. 


of the H band. Illumination in the V, band causes regeneration of 
the H band as occurs in x-irradiated KCl and KBr. In both KCl 
and KBr the photoproduced H band grows by about 10% at 
approximately 25°K. It is concluded that the H centers bleach 
thermally by diffusing to and combining with other color centers. 
Recombination with F and a centers annihilates the H centers and 
leads to the formation of Vx centers, while recombination with a 
third center (possibly a positive-ion vacancy 
tion of V; centers' 

U, U,, U2, O-, and a centers are produced by the uv irradiation 
as well as F and H centers. The photoproduced F band may be 
bleached optically with negligible effect on the H band 


results in the forma 


change in magnitude and in shape. This effect, together 
with the appearance of thermoluminescence and free 
electrical charge within the crystal at some of these 
characteristic temperatures, leads to the conclusion that 
some of the original color centers become unstable while 
new centers are formed. 

In a recent publication' a study was reported of the 


1 J. Cape and G. Jacobs, Phys. Rev. 118, 946 (1960). 
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properties of the optical absorption bands produced in 
KCl and KBr by exposure to x rays at temperatures 
near 10°K. It was shown that the optical absorption 
band, which is formed at 345 my in KCl and 381 my in 
KBr, is a composite of two or more overlapping bands. 
For example, in KCl two of these overlapping bands 
were identified: the H band at 335 my and the Vx 
band? at 365 mu. It was not shown whether the V; 
absorption band*® was present as a component of the 
345-myu band, or if it was formed as a product of the 
thermal bleaching of the H center. H centers bleach 
thermally at 56°K in KCl.! It was suggested that at 
this temperature the H center, an interstitial chlorine 
atom, becomes mobile and diffuses to neighboring F 
centers or negative-ion vacancies where it may be 
annihilated. The possibility that the mobile H center 
may combine with yet a third defect to produce the V; 
center was not considered. The complex structure of 
the 345-my and the 381-my bands of the x-irradiated 
salts have made it difficult to resolve these problems 
by optical measurements. 

Recently, Kingsley‘ has shown that at liquid helium 
temperatures, irradiation with ultraviolet light of KBr 
and KCl crystals containing hydroxyl ion impurity® 
produces a less complex optical absorption in the region 
of the H band. In particular, a narrow band at 335 mz 
was formed in KCl. Kingsley’s data indicated that this 
band was probably due to H centers with little or no 
contribution from Vx or V; centers. In addition, the 
relative concentration of F centers to H centers was 
very much smaller in the uv-irradiated crystals than in 
those exposed to x rays. The greater simplicity of the 
optical spectrum of the uv-irradiated crystals suggested 
that a study of their optical and thermal properties 
might shed further light on the structure and properties 
of the H and V, centers. 

The present paper deals with the optical absorption 
spectra formed in KCl] and KBr by ultraviolet radiation 
as contrasted with the spectra formed by x rays.' The 
effects on these spectra of thermal and optical bleaching 
are studied in an attempt to gain information concerning 
the mechanism of photoproduction and the structure 
of some of the color centers. The results of these studies 
support the hypothesis' that the H center becomes 
mobile at the temperature at which its resonance 
disappears.’ The data indicate that the V; centers are 


- 


2 The H center is essentially a neutral halogen atom situated 


interstitially along a halogen (110) axis. W. Kinzig and T. O. 
Woodruff [J. Phys. Chem. Solids 9, 70 (1958) ]. The Vx band is 
the optical absorption band of the self-trapped hole. W. Kinzig 
Phys. Rev. 99, 1890 (1955) ; T. G. Castner and W. Kinzig, J. Phys. 
Chem. Solids 3, 178 (1957). 

3R. Casler, P. Pringsheim, and P. Yuster, J. Chem. Phys. 18, 
887, 1564 (1950). 

‘J. D. Kingsley, Air Force Office of Scientific Research, Tech- 
nical Notes Nos. 1 and 2, AFOSR-TN 60-634 and 60-635, Uni- 
versity of Illinois, May and June, 1960 (unpublished). 

5 J. Rolfe, Phys. Rev. Letters 1, 56 (1958). 

6 W. H. Etzel and D. A. Patterson, Phys. Rev. 112, 1112 (1958). 

7W. Kanzig and T. O. Woodruff, J. Phys. Chem. Solids 9, 70 
(1958). , 
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formed as a product of the thermally destroyed H 
centers. Finally, speculations are presented as to the 
structure of the V; center and the mechanism for 
optical bleaching of photoproduced F centers. 


EXPERIMENTAL 


For optical absorption measurements, the crystals of 
KBr and KCl were cleaved to dimensions of approxi- 
mately 10X10X2 mm. After cleaving, the sample was 
mounted in a double vessel cryostat of the type de- 
scribed by Dutton and Maurer.’ With liquid helium 
in the inner Dewar, the sample was cooled to between 
10°K and 20°K. After cooling, the crystal was darkened 
by exposure, through the quartz windows of the 
cryostat, to radiation from a quartz mercury arc lamp® 
situated at a distance of approximately 3 in. from the 
crystal. The sample temperature was determined with 
a thermocouple of Au+2.1% Co vs Ag+0.37% Au. 

Optical absorption data were taken with a Cary 
model 14R automatic recording spectrophotometer. 
When it was desired to bleach the crystal optically, the 
“Tnfrared-No. 2” tungsten lamp of the spectrophotom- 
eter was used with a suitably chosen optical filter placed 
between the lamp and the cryostat. 

To produce changes in the absorption spectrum by 
warming the crystal, room-temperature helium gas was 
blown into the inner vessel of the cryostat until all the 
liquid helium had evaporated, and the sample had 
warmed to the desired temperature. At this point, in 
most cases, liquid helium was again transferred and the 


sample recooled to about 15°K 


POTASSIUM CHLORIDE 


If a crystal of KCI containing sufficient hydroxy] ion 
impurity to cause a measurable “‘OH” absorption band, 
is exposed to unfiltered mercury arc radiation at liquid 
helium temperature, F and H centers are produced.‘ 
After irradiation, if the crystal is warmed, the H band 
decreases and changes shape in much the same way that 
occurs in x-irradiated KCl.! The principal effects are 
illustrated in Fig. 1. Curve 1 of Fig. 1 shows the absorp- 
tion at 15°K of a Harshaw KCI crystal which has been 
freshly cleaved to a thickness of 0.35 cm, mounted in a 
cryostat, and cooled with liquid helium. The absorption 
band at 203.5 my is the ultraviolet band of the hydroxy] 
ion.®® After an irradiation of 30 min with the mercury 
arc, the F band has been formed at 538 my and a band 
has appeared at 335 mu. The properties of the 335-myu 
band indicate it is the H band. In addition to the F and 
H bands, other ultraviolet bands are formed at 307 my, 
235 my, 210 my, 195 my, and ~185 mu. 

Curves 3, 4, and 6 of Fig. 1 illustrate the manner in 
which the 335-my band decreases and changes shape 
as the sample temperature is raised. The behavior is 


8D. Dutton and R. J. Maurer, Phys. Rev. 90, 126 (1953). 
9A G. E. “Uviarc” 250 watt quartz envelope mercury vapor 
lamp. 
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very similar to that of the H band in x-irradiated KCl.! 
The principal difference is that no significant decrease 
in the 335-my band occurs when the crystal temperature 
reaches 42°K. At 42°K, in x-irradiated KCl, a significant 
decrease in the optical density in the neighborhood of 
the H band accompanies the disappearance of Vx 
centers (self-trapped holes).'* One concludes that few 
V «x centers are formed in KC! by ultraviolet light. The 
initial ““H” band formed by x-ray peaks at 345 my.” 
The wavelengths at half maxima are \,~~315 my and 
\,<¥372 my. The ultraviolet-produced H band of Fig. 1 
peaks at 335 my with half maxima at A,~305 my" and 
\,c~363 mu. However in the case of the 345-my band 
formed by x rays, the component of this band caused 
by H centers may be isolated by subtraction of the 
absorption bands left after warming to 47°K and 60°K.! 
Between these temperatures, it is known that H centers 
disappear.’ The subtracted band peaks at 335 my with 
half maxima at 308 my and 363 my, respectively, in 
good agreement with the ultraviolet-produced 335-my 
band. The presence of a substantial Vx band at 365 
my? and possibly a V; band* at 350 my would explain 
why the peak of the initial band is shifted to 345 my in 
the x-irradiated samples. It seems clear that the 335-my 
band formed by ultraviolet light is the H band. 

Growth was observed in the 335-my band at 25°K. 
This is shown by curve 3 of Fig. 1 which is the absorp- 
tion spectrum taken after warming to 40°K. This result 
agrees with the observation of Kinzig and Woodruff’ 
that an increase occurs in the paramagnetic resonance 
of H centers below 42°K. As a result of warming to 
40°K, the F band has decreased slightly. The decrease 
in the F band occurs gradually with increasing tem- 
perature, whereas the growth in the H band occurs very 
sharply at 25°K. 

Following warmup to 40°K, the crystal was warmed 
further to 65°K and then recooled to 15°K. This 
procedure, illustrated by curve 4 of Fig. 1, caused the 
complete disappearance of the H band and the appear- 


10 W. H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). 
1 Obtained by subtracting the 307-my band. 
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lic. 1. Optical absorption 
spectra of KC]:OH exposed to 
ultraviolet light at 15°K and 
annealed at higher tempera 
tures. (1) Before exposure to 
uv, (2) after irradiation for 30 
minutes with ultraviolet light 
at 15°K, (3) after warming to 
40°K, (4) after warming to 
65°K and recooling to 15°K, 
(5) after 4 minutes irradiation 
with tungsten lamp and Corn- 
ing 5-58 filter, (6) after warm 
ing to 230°K. Note that the 
wavelength scale changes at 
300 mu. 


450 500 550 600 650 


ance of a new band at 350 mu. This is presumably the 
V, band. The 335-myu band was bleached thermally at 
56°K in the ultraviolet irradiated KC) just as is the H 
band in x-irradiated KCl. A further decrease occurred 
in the F band as a result of warming to 65°K. 

Curve 5 of Fig. 1 illustrates how the H band may be 
regenerated optically’ by illumination in the “V,” 
band which appeared at 350 mp on warming to 65°K. 
Regeneration was accomplished by radiation from the 
Cary IR#2 tungsten lamp and a Corning 5-58 filter. 
The light transmitted through the 5-58 filter is absorbed 
in the long wave tail of the V; band (see Fig. 2, curve 2). 
During regeneration with filter 5-58, the F band is 
bleached. The bleaching rate of the F band, however, 
does not parallel the growth rate of the H band. After 
regeneration has reached saturation, continued illumina- 
tion causes the F band to continue to decrease in an 
uninterrupted manner. After repeated cycles in which 
the H band is destroyed by warming to 60°K, and then 
regenerated optically, the F band has disappeared com- 
pletely, yet the cyclic conversion between V; and H 
centers may be continued. This suggests that the 
optical conversion of V; centers to H centers does not 
involve F centers directly. Possibly, when present, the 
F centers are bleached during regeneration because of 
absorption of light in the Z; band" at 360 mu. 

Curve 6 of Fig. 1 shows the result of warming the 
crystal to 230°K. This has caused the disappearance 
of the 235-my band in addition to the expected disap- 
pearance of the V; band.*: The F band and the 210-my 
band have grown as a result of this procedure. 

The results of a typical group of a series of experi- 
ments carried out on KCl are recorded in Table I. In 
each case, a KCl sample was exposed to ultraviolet 
radiation at about 15°K and then heated to higher 
temperatures to bleach the optical bands thermally, or 
exposed to light of various wavelengths to bleach the 
bands optically. The optical absorption spectrum was 

2K. J. Teegarden and R. J. Maurer, Z. Physik 138, 284 (1954). 

13 See Fig. 2. The L; band is presumed to arise from a conducting 


excited state of the F center. F. Liity (private communication to 
Professor R. J. Maurer). 
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Taste I. The changes produced by thermal and optical bleaching in the peak heights of the bands formed in KCI by ultraviolet light. 








Crystal Treatment of Crystal 


Changes in optical density at band maximum 


7 p- 
| H 307 mu 235mz 210 my 195 mp 185 my 1.54 





KCl, Sample A (1) 20 min uv at 15°K 
(2) Warm to 43°K 
(3) Warm to 60°K 
(4) Warm to 80°K, cool to 15°K 
(5) 30 sec white light 
(6) 4 min 5-588 
(7) Warm to 43°K. 
(8) Warm to 61°K 
(9) Warm to 80°K 
(10) Warm to 135°K 
(11) Warm to 200°K 
KCl, Sample B (1) 45 min uv at 15°K 
(2) Warm to 85°K, cool to 15°K 
(3) 2 min white light 
(4) 5 min white light 
(5) Warm to 150°K 
KCl, Sample C (1) 30 min uv at 15°K 
(2) Warm to 62°K, cool to 15°K 
(3) 3 min 5-58 
(4) 4 min 5-58 
(5) Warm to 60°K, cool to 15°K 
(6) 3 min 5-58 
(7) Warm to 230°K 
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* For transmission properties of the optical filters refer to Fig. 5. 
> V: band bleaches. 
* Not measured. 


taken at each interval between these procedures. The 
first column of Table I lists the successive treatments of 
the KCl sample; for example, exposure to light of a 
given wavelength, or warming to a prescribed tempera- 
ture. In the succeeding columns are recorded the 
changes each procedure produced in the various optical 
absorption bands. 

In the first group of data, steps 1 to 11 are the suc- 
cessive treatments of KC] sample A. This sample was 
first exposed at 15°K to radiation from a quartz 
mercury arc lamp for 20 min. This produced an F 
band whose optical density at band maximum was 0.20, 
and an H band of peak height 0.58 as shown under 
step 1 in the second and third columns, respectively. 
The succeeding columns list the magnitudes of the 
various other bands which were produced by the 
ultraviolet radiation. The data of step 1 may be com- 
pared with curve 2 of Fig. 1. Following the radiation of 
step 1, the KCl crystal was warmed to 43°K and the 
optical absorption remeasured at that temperature. 
This procedure, recorded as step 2 of group A, resulted 
in a growth in the H band of 0.05 unit, and a decrease 
in the F band of 0.02 unit. Warming to 60°K, step 3, 
caused the appearance of the V; band at 350 my, and a 
further decrease in the F band. After the crystal was 
warmed to 80°K and recooled to 15°K, step 4, illumina- 
tion in the V; band, steps 5 and 6, caused the regenera- 
tion of the H band to saturation. This is shown in the 
third column of Table I where the percentage of the 
regenerated H band is recorded for each step during 
regeneration. Warming and regeneration, steps 1 to 6, 








caused the F band to disappear entirely. Steps 7, 8, and 
9 show that the thermal behavior of the regenerated H 
band is identical to that of the initial H band. Further- 
more, the regenerated band exhibits identical bleaching 
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Fic. 2(a). Transmissivity vs wavelength of various Corning 
optical filters through which KCl and KBr crystals were optically 
bleached. (b) The H and V; bands of KCl and KBr. Curve 1 is the 
H band of KCl, curve 2 the V; band; curve 3 the H band of KBr 
and curve 4, the KBr V; band. The bands are drawn below the 
filter spectra on the same wavelength scale to permit comparison 
of the optical absorption bands with the transmission spectra of 
the filters. 
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Fic. 3. The optical density at the peaks of the F, 7, and a bands 
as they change with temperature during warmup of a KBr crystal 
uv irradiated at 15°K. Curve 1 is the optical density at 381 my, the 
maximum of the 7 band; curve 2, the optical density at 201 my, 
the peak of the a band; curve 3, the F band at 599 mu. Warming 
rate approximately 5°/min. 


and regeneration properties whether F centers are or 
are not present. 

As may be seen in each of the groups of data A, B, 
and C, measurement of the absorption spectrum after 
the crystal had been warmed to above 130° revealed 
that the 235-my band had disappeared almost entirely, 
a substantial growth had occurred in the 210-my band, 
and there was a large decrease in the 185-my band. 
Accompanying these changes in the ultraviolet bands, 
warming to 130°K caused significant growth in the F 
band. This result may be seen in each of the groups of 
data of Table I and is illustrated also on Fig. 1, curve 6. 
These results are identical to the observations of 
Kerkhoff" for KC]:OH irradiated with ultraviolet light 
at 80°K. In agreement with the conclusions of Kerkhoff, 
the 185, 210, and 235-my bands are identified with the 
O-, U, and U» bands.'® In addition to these bands, it 
may be noted from Fig. 1 that the ultraviolet irradiation 
produced a small band at 307 my. This band overlaps 
the H and V; bands and is stable to temperatures above 
230°K. (See Fig. 1, curves 2-6.) A similar 307-my band 
was not detected in x-irradiated KCl.' Possibly the 
band is generated by the same photochemical me- 
chanism which produces H and U-type centers from 
OH centers. 


POTASSIUM BROMIDE 


The irradiation with ultraviolet light of a crystal of 
KBr containing “OH” impurity produces F, H, and a 
bands‘ at 15°K. Warmup of the irradiated KBr crystals 
causes the peak heights of the principal bands to change 
in a characteristic way. This is illustrated for the F, H, 
and a bands of KBr in Fig. 3. The optical density at 


4 F. Kerkhoff, Z. Physik 158, 535 (1960). 
'® C, J. Delbecq, B. Smaller, and P. H. Yuster, Phys. Rev. 104, 
599 (1956). 
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381 my, the peak of the H band, was measured as a 
function of temperature during warmup. The results 
are shown as curve 1 of Fig. 3. As the crystal was 
warmed, the optical density at 381 my increased 
suddenly at 23°K. With continued warming at a rate 
of about 5° per minute, curve 1 shows that the peak 
optical density of the 381-my band decreased at 35°, 
46°, 56°, 80°, and 110°K. Curve 2 shows that the optical 
density at 201 my, the peak of the a band, as a function 
of temperature. Decreases in the a band occurred at 
nearly the same temperatures as those at 381 mu. The 
F band, curve 3, decreased gradually over the tempera- 
ture range below 100°K, and exhibited a pronounced 
decrease only at 56°K. Both the F and a bands showed 
large decreases at 110°K. 

Fig. 4 shows the absorption bands in ultraviolet 
irradiated KBr as the appear after warming to just 
above each of the characteristic bleaching temperatures 
of Fig. 3. Curve 1 shows the absorption of a Harshaw 
KBr crystal which has been freshly cleaved, mounted 
in the cryostat, and cooled to 15°K with liquid helium. 
In addition to the fundamental absorption in the near 
ultraviolet caused by the exciton bands, there appears 
a small “OH” absorption band at 215 my. Curve 2 is 
the absorption spectrum after 2-hr exposure to un- 
filtered mercury arc radiation. In addition to the a, H, 
and F bands at 201, 381, and 599 my, respectively, 
bands are formed at 228, 271, and 316 mu. The 228- 
and 271-my bands have been observed by Kerkhoff" in 
KBr: OH exposed to ultraviolet light at 80°K. Kerkhoff 
has identified them with the U and Us» bands, 6 
respectively. The 316-myu band appears to correspond 
to the 307-my band of KCl (Fig. 1) inasmuch as both 
appear to the short wavelength side of the H band and 
remain stable at temperatures above the bleaching 
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Fic. 4. Optical absorption spectra of KBr:OH exposed to ultra 
violet light at 15°K and annealed at higher temperatures. (1) Be- 
fore exposure to uv, (2) after irradiation with ultraviolet light for 
2 hours at 15°K, (3) after warming to 25°K, (4) after warming to 
47°K, (5) after warming to 60°K, (6) after warming to 86°K, (7) 
after warming to 120°K. 


16 The 271-mu band has been called the U’ band by Rolfe 
(reference 5), and the U’ band by Thomas [H. Thomas, Ann. 
Physik 38, 601 (1940) }. 
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TABLE IT. The changes produced by thermal and optical bleaching in the peak heights of the bands formed in KBr by ultraviolet light. 





Crystal Treatment of Crystal 


KBr, Sample A 


35 min uv," at 15°K 
2 min 7-59 
6 min 5-58> 
11 min 3-70 
KBr, Sample B 1 hr uv, at 16°K 
25 min 5-58 
Warm to 47°K 
Warm to 62°, cool to 17°K 
8 min 5-58 
17 min 5-58, 1 hr 3-70 
Warm to 68°, coo! to 17°K 
10 min 5-58 
KBr, Sample C 17 min uv, at 12°K 
30 min 5-58 
6 min 2-64 
48 min 7-37 
5 min white light 
Warm to 49°K 
Warm to 62°, cool to 14°K 
17 min 7-37 
Warm to 84°, cool to 14°K 
16 min 7-37 
Warm to 47°K 
Warm to 170°K 
KBr, Sample D 90 min uv, at 17°K 
Warm to 62°, cool to 17°K 
7 min 7-83 
11 min 4-102 
12 min 7-37 
(6) Warm to 70°, cool to 17°K 
(7) 18 min 7-37 
(8) 5 min white light 


* Irradiated with a Bausch and Lomb spark generator. 
For transmission properties of optical filters, refer to Fig. 5. 
¢ F band unmeasurably small. 
1 Vi band half grown. 
¢ Vi band bleaches. 


temperature of the V; center. The fact that these bands 
have not been observed in x-irradiated KBr or KCl! 
and are not produced by the uv irradiation of crystals 
in which the “OH” band is absent, suggests that they 
are caused by a center which is a by product of the 
photoproduction mechanism for H centers. 

Curve 3 of Fig. 4 is the absorption spectrum measured 
after the crystal had been warmed to 25°K. At 25°K the 
H band had grown by about 5% while the F band had 
decreased by a similar amount. However, reference to 
Fig. 3 indicates that the decrease in the F band is not 
related to the growth in H inasmuch as the F band did 
not change suddenly at 23°K. Following warming to 
25°K, the crystal was warmed to 47°K and the absorp- 
tion spectrum measured at that temperature. Curve 4 
shows that the F band continued to decrease and the 
H band had diminished appreciably. Due to lack of 
space, changes in the a band are not shown on Fig. 4. 
On warming to 60°K, curve 5, the F band decreased 
further, and a band appeared at 410 my. The 410-my 
band is presumably the V; band. Further warming of 
the crystal to 86°K, curve 6, caused more F centers to 
disappear and further growth in the 271-my band. 
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In the final step, the crystal was warmed to 120°K. 
The absorption spectrum measured at that temperature 
is shown by curve 7. The V, band has disappeared in 
agreement with the results for V; centers produced by 
x-rays in KBr at 80°K.*® At the same temperature at 
which the V; centers (the 410-my band) disappear, 
about 110°K, the F# and a@ bands both decreased 
sharply (see Fig. 3). Possibly the mechanism for the 
disappearance of V, centers involves the annihilation 
of negative-ion vacancies. 

A series of experiments were carried out in which 
KBr crystals which had been exposed to ultraviolet 
light at temperatures near 15°K were then heated to 
higher temperatures or exposed to light of various 
wavelengths. The optical absorption spectrum was 
measured at each interval between these procedures. A 
typical group of such experiments are recorded in 
Table II. The data in the first column describe the 
successive treatments of the KBr crystal. In succeeding 
columns are shown the changes that occur in the optical 
absorption bands because of these treatments. In the 
following, the conclusions derived from the series of 
experiments are outlined, and the steps in the data of 
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Table II from which these conclusions may be inferred 
are indicated. 

(1) At 15°K, light absorbed in the F band (step 4 of 
group A), the K band (step 4 of group D), and probably 
the L, band" (steps 2 and 3 of group 4; 2, 5, 6, and 8 
of group B; and 3 of group D) bleaches the photo- 
produced F centers and forms a centers. The electrons 
released from the F centers become captured by un- 
identified centers. The effect of these bleaching pro- 
cedures on other optical bands is very small. 

(2) Warming the crystal to about 60°K causes the 
H band to bleach thermally and the V; band to appear. 
If F centers are present, both the F and a bands decrease 
simultaneously with the disappearance of the H band 
and the growth of the V; band. If F centers are absent, 
only the a band decreases (steps 3 and 4 of group B; 
6, 7, 9, and 11 of group C; and 2 and 6 of group D). 

Following thermal bleaching of H centers by warming 
to 60°K, if the crystal is recooled to 15°K, then: (3a) 
Light absorbed in the spectral region of the V; band, 
360 my to 460 my, partially regenerates the H band" 
while destroying the V; band. If F centers are present, 
they are bleached by this procedure and commensurate 
growth occurs in the a band (steps 5 and 8 of group B; 
step 3 of group D). After the H band has been regen- 
erated to saturation while the V; band has disappeared 
completely, continued illumination with regenerating 
light continues to bleach F centers and produce a 
centers. If no F band is present before regeneration, 
light absorbed in the V; band regenerates the H band 
with negligible effect on any of the other bands (steps 
7 and 8 of group D) ; (3) Light absorbed in the spectral 
region 300 my to 380 mu regenerates the H band at the 
expense of the V,; band as does the light absorbed in 
the region 360 my to 460 mu (conclusion 3a). However, 
if no F centers have been optically bleached before this 
procedure, the procedure does not effect the F and a 
bands (step 10 of group C and step 5 of group D). If 
the F band has been optically bleached before this 
procedure, the procedure restores the F band at the 
expense of the a band (steps 4 and 8 of group C). 

(4) The center formed by capture of the F center 
electron during optical bleaching does not absorb light 
in the spectral region to the red of the F band implying 
that the electrons are not captured by other F centers 
to form F’ centers (steps 1, 2, 3, and 4 of group C). 
Rather, it appears that this center absorbs light in the 
region 300 my to 380 my causing the electron to return 
to a negative ion vacancy (conclusion 30). 


SUMMARY AND CONCLUSIONS 


Thermal Bleaching of H Centers 


The irradiation with ultraviolet light of KBr or KC] 
containing “OH” impurity produces F, H, and a 
centers at 15°K. If the crystal is then warmed continu- 


7In each thermal bleaching-optical regeneration cycle, the 
regenerated H band is smaller than the previous one. 
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ously, the H band bleaches thermally at certain 
characteristic temperatures. The thermal destruction 
of H centers is accompanied by the formation of V; 
centers. When F and a@ centers are present, some of 
them are destroyed simultaneously with the disappear- 
ance of the H centers. The thermally destroyed H band 
may be regenerated by recooling the crystal and 
optically bleaching the V; band. The regenerated H 
band bleaches thermally in steps at the same character- 
istic temperatures as the original one. It is possible to 
regenerate H centers from V centers without affecting 
the concentration of F or a centers (filter 7-37), and 
regeneration is possible when all F centers have been 
previously bleached. In the latter case the a band re- 
mains unaffected regardless of which filter is used to 
effect the regeneration. One concludes that the reaction, 
whereby H centers form V; centers when the crystal is 
warmed and the reverse reaction, whereby H centers 
are regenerated optically from V; centers, are processes 
which do not involve F or a centers. 

To explain these observations, it is assumed that at 
sufficiently high temperature, e.g., 56°K in KCl, the H 
center becomes mobile. It follows that F and a centers 
may be annihilated during the thermal destruction of 
H centers because of combination of the mobile H 
centers with F centers and negative ion vacancies. This 
mechanism was suggested previously' to account for the 
observed effects accompanying the disappearance of 
H centers in x-irradiated KCl. The hypothesis agrees 
with the conclusion from the present data that the 
decrease in the concentration of F and a centers is an 
indirect result of the disappearance of H centers. 

The recombination of H centers with F and a centers 
is expected to produce holes which could become self- 
trapped to form Vx centers.’ Since the Vx band peaks 
at 385 my in KBr,'* the growth of the V; band at 410 my 
makes it difficult to detect whether the Vx band 
appears with the disappearance of H centers. However, 
in the case of KCl, Kinzig and Woodruff’? have estab- 
lished that the electron spin resonance of the Vx center 
appears when the H-center resonance is destroyed by 
warming to 56°K. 

The hypothesis that H centers are annihilated by 
diffusing to and combining with F and a centers suggests 
that the V; center results from the combination of an 
H center with a third defect. As an example, the mobile 
H center may be expected to encounter a positive ion 
vacancy. Since the H center is neutral, there are no 
electrostatic forces to inhibit such a combination. One 
expects the hole of the resulting center to be described 
by a P-like state made up of halogen P functions. 
Consequently, on the basis of the Jahn-Teller theorem, 
it is likely that combination of an H center and a 
positive-ion vacancy would result in a configuration of 
lower than cubic symmetry. An example of a possible 


18 C. J. Delbecq and P. H. Yuster (private communication to 
J. D. Kingsley). 





PHOTOCHEMICALLY PRODUCED COLOR CENTERS 25 


Fic. 5. (a) shows H center and positive ion vacancy before 
heating of crystal permits H center to diffuse towards vacancy. 
(b), same region of crystal after warming to 60°K showing one 
conceivable configuration of the center resulting from combination 
of H center and positive ion vacancy. (This may be the V; center.) 


structure is shown in Fig. 5. The hole is depicted as 
being shared by three halogen ions in a (110) oriented 
configuration. Delbecq and Yuster'® have shown that 
the V; center relaxes into (110) symmetry at sufficiently 
low temperatures. On the other hand, the combination 
of an H center and a positive ion vacancy leaves an 
unpaired electron spin so that the resulting center is 
paramagnetic. Kinzig and Woodruff’ were unable to 
detect any resonance which may have appeared with 
the disappearance of the H-center resonance. For this 
reason, these authors argued that the V, center was 
probably diamagnetic. If this were true, it would be 
likely that the center with which the H center combined 
to form a V; center would be itself paramagnetic, and 
one would seek a second resonance disappearing simul- 
taneously with the disappearing H-center resonance. 

With a few exceptions, the properties of the phote- 
produced H band are identical to those of the H band 
produced by exposure to x rays. A notable exception is 
that few Vx centers are formed during the initial 
irradiation by ultraviolet light. In the case of KBr, 
there is evidently a difference in that the H centers of 
x-irradiated crystals disappear below 40°K,’ whereas 
the photoproduced H centers convert to V; centers 
above 47°K (see Figs. 3 and 4). The uv-irradiated 
crystals are distinguished also by the fact that they 
contain much fewer F centers in proportion to the 
number of H centers than do the x-irradiated crystals. 
Thus in uv-irradiated crystals, it is possible to optically 
bleach the F band almost entirely with negligible effect 
on the H band. 


Optical Bleaching of F Centers 


If a KCl or KBr crystal containing F, H, a, and the 
various “U”’ centers is irradiated with light absorbed 


to the long wave side of the H band, the F band is 
caused to bleach and commensurate growth occurs in 
the a band, simultaneously. The fact that this is ob- 
served to occur when the crystal is illuminated through 
any of the various Corning optical filters 7-83, 5-58, 
4-102, 7-59, and 3-70 suggests the possibility that F 
centers may be bleached by excitation of either the F, 
K, or L; bands. 

For KBr it was shown that the bleached F band may 
be restored by illumination in the spectral region from 
300 to 380 my (filter 7-37). Light absorbed in this 
region would be expected to excite the U, band." It is 
possible that during bleaching of F centers, the elec- 
trons are captured by U2 centers to form U, centers. 
Delbecq and Yuster™ have concluded that for those F 
centers which are sufficiently close to U2 centers, 
tunneling may occur from an excited state of the F 
center to the U2 center according to” 


hv(F), p 
H?(U2)+[e] ——- 0+4--(0)), (1) 


where the symbol p indicates that the distance separ- 
ating the F and U: centers must be not too great. It 
may be further supposed that if the F center is excited 
into a conducting state such as the Z; band, tunneling 
is not required, and the electron may be captured by 
a Us, center at greater distances than the minimum 
separation p. Restoration of the F centers through light 
passed by filter 7-37 would take place by excitation in 
the U,; band. According to Delbecq and Yuster,” 
tunneling may occur from excited U; centers to a 
centers forming F and U; centers. This is represented by 


hv(U)), p 
H-(U;)+0 ——— [e]+H (U2). (2) 


In this case, p indicates a minimum distance below 
which back tunneling from the ground state of the F 
center would occur. 
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The high-frequency portion of the current noise spectrum observed in lightly doped CdS single crystals 
under uniform 5200 A illumination is characteristic of electron trapping transitions to shallow levels. In 
many crystals the noise spectra have a characteristic 1/f trend when the electron quasi-Fermi level is not 
located near a discrete trap. The 1/f trapping noise observed in one crystal at temperatures of 10, 27, and 
52°C and for 20 different positions of the electron quasi-Fermi level between 0.5 and 0.3 ev below the conduc 
tion band can be represented by a single expression of the form (1/w) tan“wr, where 7 is determined by the 
low-frequency turnover of the 1/f trapping noise. From these experimental values of 7, trap depths are 
calculated which are in good agreement with the positions of discrete trapping levels determined from other 
measurements. Since the low-frequency turnovers of the 1/f/ spectra are thus related to the discrete traps 
rather than to the position of the electron quasi-Fermi level directly, it appears that the 1// noise may not be 
associated with a postulated continuous distribution of traps in energy, but rather with a dispersion of 


capture and release times into the discrete traps. 


I. INTRODUCTION 


T is well established that photoconductivity in single 
crystal cadmium sulfide is strongly influenced by 
the characteristics and energy distribution of shallow 
traps' and there exists experimental evidence for dis- 
crete levels as well as for traps having a continuous 
distribution in energy.”"* Many properties of the discrete 
traps have been derived from combined photoconduc- 
tive and current noise measurements,‘ and it has been 
noted that the observed 1/f trapping noise may imply 
the existence of distributed levels. In the present work 
a more extensive study of these continuously distributed 
levels using current noise measurements is reported. 
Photoelectrons excited to the conduction band may 
experience many trapping events before they disappear 
through recombination. These transitions cause fluctua- 
tions in the number of carriers in the conduction band 
which are observable as current noise. The measure- 
ments yield quantitative information concerning trap 
depths and transition probabilities and are obtained 
under steady state conditions. When the electron quasi- 
Fermi level is near a discrete trap, transitions to this 
trap dominate so that through variation of illumination 
intensity it is possible to move the quasi-Fermi level to 
different energy positions and thus examine each set 
of discrete levels in turn. It is assumed that the trapping 
levels are simple traps and that they are in thermal 
equilibrium with electrons in the conduction band. 
Under many experimental conditions the trapping 
noise spectrum is observed to have a 1/f behavior, 
which formally may be accounted for by transitions to 


* Supported by the Office of Naval Research. 

1A, Rose, RCA Rev. 12, 362 (1951). R. H. Bube, Photoconduc 
tivity of Solids (John Wiley & Sons, Inc., New York, 1960). 

> H. B. DeVore, RCA Rev. 20, 79 (1959). 

*R. H. Bube, J. Chem. Phys. 23, 18 (1955) 

‘J. J. Brophy and R. J. Robinson, Phys. Rev. 118, 959 (1960). 

» J. J. Brophy, Phys. Rev. 119, 591 (1960). 

6 J. J. Brophy and R. J. Robinson, Paper V9, International 
Conference on Semiconductor Physics, Prague, September, 1960 
(unpublished). 
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a trap population having an exponential distribution 
in energy,’ after the traditional explanation of 1/ f noise. 
Trap distributions derived from photoconductivity 
measurements,” often display an exponential variation 
er se 
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Fic. 1. Current noise spectra for different positions of the 
electron quasi-Fermi level below the conduction band at a tem- 
perature of 10°C. 


van der Ziel, Fluctuation Phenomena in Semiconductors 
(Academic Press, Inc., New York, 1959), p. 59. 
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Fic. 2. Current noise spectra for different positions of the 

electron quasi-Fermi level below the conduction band at a tem 
perature of 27°C. 


with energy below the conduction band, so there is 
some expectation that more detailed noise measure- 
ments than previously obtained would lead to useful 
results. In particular, because of the strong temperature 
dependence of trapping transition rates, a study of 
trapping at other than room temperature is deemed 
most appropriate. 


Il. EXPERIMENTAL TECHNIQUE AND RESULTS 


The same experimental techniques previously de- 
scribed*> were used in the present work. The sample 
studied was a single crystal 2.5 mm X2.5 mmX0.3 mm, 
lightly CuCl doped during growth from the vapor, and 
was provided with soldered indium electrodes. Illumi- 
nation was from a calibrated dc tungsten lamp through 
a 5200 A interference filter and the potential applied 
to the crystal did not exceed 1.35 volts. The crystal 
was mounted on a copper heat sink which was cooled 
with ice or resistively heated. The temperature was 
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measured with a copper constantan thermocouple. A 
standard tunable amplifier-voltmeter system was used 
to measure voltage fluctuations across a 1.25104 
wirewound load resistor. 

The photoconductive time constant, 79, was deter- 
mined while partially chopping the incident radiation 
mechanically and the conduction band lifetime, 7., was 
calculated using r.=No/Gz, where No is the number of 
conduction electrons determined from the conductivity 
and G, is the carrier generation rate due to photon 
absorption. The position of the electron quasi-Fermi 
level was calculated from the measured conductivity 
and temperature using appropriate values of electron 
mobility. 

Several current noise spectra for different illumination 
intensities at each of three temperatures, 10, 27, and 
52°C are shown in Figs. 1, 2, and 3, respectively. A total 
of 25 such spectra were obtained in all, some of them 
have been omitted from the figures for clarity. The 
range of electron quasi-Fermi level positions, between 
0.3 and 0.5 ev below the conduction band, represented 
by this data is restricted by the sensitivity of the noise 
amplifier on the one hand and the maximum available 
illumination intensity on the other. The temperature 
range is similarity restricted since it is necessary to 
investigate the same quasi-Fermi level positions at all 
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Fic. 3. Current noise spectra for different positions of the 
electron quasi-Fermi level below the conduction band at a tem- 
perature of 52°C. 
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temperatures. In addition, it seems desirable not to 

have too great a temperature variation in order to 

minimize the introduction of spurious phenomena. In 

this connection it is significant that the curves of Figs. 

1, 2, and 3, all do have the same general features. 


Ill. INTERPRETATION OF NOISE SPECTRA 


These noise spectra may be interpreted with the aid 
of an approximate expression due to van Vliet® for the 
case of a single trap level. The current noise density, 
S;(w), may be put in the form [Eq. (44) of reference 8 
using the present notation ] 

TO 


4i*  (AN*) 


Si(w)= - 
Nol No 1-bwrs? 


2 ’ (1) 
1+w*r/? 


on 
Gr 


where i is the photocurrent, (AN?) is the variance of the 
number of conduction electrons, ¢ is the transition 
probability out of the trap, Ho is the number of trapped 
electrons, and 7; is a relaxation time due to trapping. 
If it is assumed that each trapping transition is inde- 
pendent, the variance in Eq. (1) should be considered 
a total variance and written’ in terms of the generation 
rate from the traps, or 


(AN?)=mG1r., (2) 


where m is the number of times an electron is trapped 
on the average. If m is large (m= 10), as is the case in 
CdS, introducing Eq. (2) into Eq. (1) results in the 
particularly simple form 


“9 


4? [  T0Te Te 
Ss(w)=—mG,| —— - 
No | 1+w*r,? 1+w*r? 


_ Sr(w) +Sr(w), 


(3) 


where Sr(w) and Sr(w) are each simple relaxation 
expressions related to recombination transitions and 
trapping transitions, respectively. 

Experimentally it is found that ror>r? so that 
Sr(0)>S7(0), which means at low frequencies the noise 
spectrum has a simple relaxation form with a turnover 
frequency associated with the photoconductive time 
constant. This is confirmed experimentally* and is 
seen again in the spectra of Figs. 1, 2, and 3. When the 
electron quasi-Fermi level is near the energy position 
of a discrete trap, a high-frequency relaxation effect 
attributable to S7(w) is visible, as shown by the dotted 
lines in Figs. 1 and 2. From these data 7; may be deter- 
mined and very satisfactory quantitative agreement is 
reached between the predictions of Eq. (3) and experi- 
8K. M. van Vliet and J. Blok, Physica 22, 525 (1956). 

*R. E. Burgess, Physica 20, 1007 (1954); Proc. Phys. Soc. 
(London) B69, 1020 (1956). ’ 
10K. M. van Vliet, et al., Physica 22, 723 (1956). 
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mental results® as well as between the magnitudes of the 
various parameters m, Gr, To, T-, and 7;."! The experi- 
mental behavior of both Sr(w) and Sr(w) predicts 
energy locations of discrete traps which are in good 
agreement with those detected in thermally stimulated 
current measurements. 

The spectra of Fig. 3 show an additional relaxation 
effect, also indicated by dashed lines, which appears to 
be fundamentally different from trapping noise. The 
phenomena is visible and shows the same turnover 
frequency for all of the higher quasi-Fermi level posi- 
tions. This behavior, as well as essentially the same 
turnover frequency (350 cps, r~450 usec), has been 
observed in samples which exhibit long-range photo- 
diffusion under experimental conditions such that the 
electroded end of the crystal is dark.” If, as previously 
suggested, this characteristic time constant is associated 
with neutral energy transport effects, it is not clear 
why the phenomena should be apparent under the 
present experimental conditions in which the electrode 
end of the sample is illuminated, nor why it is seen only 
above room temperature. For present purposes the 
effect is tentatively identified with neutral diffusion 
and is not considered as part of trapping noise. 

With the quantitative success of Eq. (3) in explaining 
trapping noise when a trapping relaxation is visible in 
an experimental spectrum, we turn to those spectra 
which show a 1/f high-frequency behavior. For these 
the electron quasi-Fermi level is presumably not located 
near a discrete trap level. In order to examine the 
trapping noise alone it is convenient to eliminate the 
effect of the strong variation in noise magnitude with 
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Fic. 4. Reduced trapping noise for 20 different positions of the 
quasi-Fermi level and the three temperatures of Figs. 1, 2, and 3. 
The curves represent Eq. (5) and are labeled in accordance with 
calculations in Part IV of the text. 


1 R. J. Robinson, thesis, Illinois Institute of Technology, June, 
1960 (unpublished). 
2 R. J. Robinson and J. J. Brophy, Physica 26, 440 (1960). 
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illumination intensity, which is essentially due to the 
variation of m in Eq. (3). This can be done by defining 
a reduced trapping noise, s7(w), such that 


sr(w)=[Si(w) —Ser(w) )/S;(0). (4) 


When this procedure is applied to the experimental 
data of Figs. 1, 2, and 3, it is found that the high-fre- 
quency regions of the reduced trapping noise for all 
spectra fall on the same 1/f line within experimental 
error, as shown by the data points in Fig. 4. This seems 
to be a most remarkable regularity, considering the ex- 
tremely wide range of total noise magnitudes observed 
under the different conditions of illumination and tem- 
perature. For display purposes the 20 individual sets of 
data are not separately indicated in Fig. 4 nor are those 
spectra included for which a discrete trapping relaxation 
is visible in the curves of Figs. 1, 2, and 3. 

In most of the individual reduced trapping noise 
spectra of Fig. 4 there is definite indication of a low- 
frequency turnover and plateau. The general trend of 
the data suggests a behavior which can be represented 
by the familiar expression,’ (1/w) tan—!(wr), where r is 
determined by the turnover frequency. An expression 
of this form was fitted to each curve to yield a value for 
r and s7(0). These values so determined are such that 
the entire set of 20 spectra can be well represented by 
the single expression 


$7 (w) = (7.0/0) tan (wr), (5) 


and the curves in Fig. 4 are plots of Eq. (5) using the 
experimental values of r. 


IV. EXPONENTIAL TRAP DISTRIBUTIONS 


A familiar explanation for the origin of 1/f noise is 
a superposition of individual relaxation spectra of the 
form of S7(w) with a 1/7, distribution of time constants. 
Furthermore, an exponential energy population of traps 
has the proper time! constant distribution.”"* For 
example, starting with Sr(w) of Eq. (3) for one trap 
level and summing the contributions from a presumed 
exponential distribution of levels, it is quite straight- 
forward (using the approach of references 7 and 13) to 
develop an expression for sr(w) which is formally 
identical to Eq. (5) in its functional dependence on + 
and w. The result is 


S7(w)= (1/Sw) tan (wr p), (6) 
and 


1/rr=S exp(—Er’/kT), (7) 


where S is a frequency factor and Ep’ is the position of 
the electron quasi-Fermi level below the conduction 
band. 

This result differs from Eq. (5) in two important 


18 A. L. McWhorter, Semiconductor Surface Physics (University 
of Pennsylvania Press, Philadelphia, Pennsylvania, 1957), p. 213; 
also published as Lincoln Laboratory Technical Report No. 80, 
(Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts, 1955). 
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respects. Taking a value of S=10" sec, which is 
appropriate for discrete traps,‘® Eq. (6) predicts a 
noise intensity approximately six orders of magnitude 
smaller than observed experimentally. Of perhaps 
greater significance is that the time constant is a direct 
function of the electron quasi-Fermi level, which is 
illustrative of the fact that traps below this level do not 
contribute to the 1/f noise and that the low-frequency 
turnover is therefore determined by the time constant 
of those traps at the quasi-Fermi leve! positions. The 
experimental data, in fact, do not show this dependence, 
as illustrated in Fig. 4. The spectra for several nearby 
positions of the quasi-Fermi level are quite coincident. 
Several such groups of coincident spectra can be 
distinguished. It appears that this behavior cannot be 
accounted for on the basis of an exponential trap 
distribution. 

The observed grouping of noise spectra suggests that 
the phenomena may be related to discrete traps. The 
experimental values of + derived from the reduced 
trapping noise data can be used to calculate trap 
depths with 

1/r=S exp(—Er/kT), (8) 


where Er is the trap depth below the conduction band. 
All 20 different values of 7 for the various temperature 
and illumination conditions yield only three different 
trap depths, 0.44, 0.40, and 0.36 ev. These are very 
nearly the locations of discrete traps as determined 
from the trapping noise relaxations and S,(0) as 
discussed above.® 

These results are represented schematically in Fig. 5 
where on the left are shown the energy depths of the 
discrete traps. On the right are the energy positions of 
the electron quasi-Fermi levels for which noise spectra 
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Fic. 5. Comparison of the energy depth of discrete traps as 
determined from low-frequency noise results with the quasi-Fermi 
level positions associated with these traps based on Part IV of the 
text. The heavier quasi-Fermi level positions are those for which 
discrete trapping noise relaxations are visible in the noise spectra. 
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Fic. 6. Energy distribution of traps as determined 
from photoconductivity measurements. 


are available. The brackets indicate the results of the 
above calculations and associate each trapping noise 


spectrum with a particular discrete level. From this 
picture, it is clear that each discrete level dominates 
when the quasi-Fermi level is in its energy vicinity. 
Some asymmetry exists in the diagram which possibly 
is due to the relative concentrations of the various traps. 

Since it does not now seem desirable to require the 
existence of an exponential population of trapping 
states to explain the 1//f trapping noise, it is of interest 
to examine the distribution of states suggested by 
photoconductivity data for this crystal. Using the 
techniques previously developed,*® trap distributions 
calculated for the three temperatures examined are 
shown in Fig. 6. It should be recalled that this method 
involves only the variation of the photoconductive 
time constant, ro, and the conduction band lifetime, r., 
with the quasi-Fermi level position. These curves all 
yield approximately the same number of traps, but 
show rather wide variations in structure, particularly 
in view of the rather small temperature excursions. 

It is significant that the 52°C curve shows the least 
structure, while the 10°C curve shows the most. The 
implication seems to be that at still lower temperatures 
only discrete traps would be predicted and that the 
high-temperature data are “smeared out” by the 
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Boltzmann exponential factor giving trap occupancy 
near to the quasi-Fermi level. On this picture an ex- 
ponential population is an artifact and is not unex- 
pected. It has been realized that this photoconductive 
technique for determining trap distributions is an 
approximation at best, but the present data shows how 
erroneous it may be. On the other hand, it should be 
noted in Fig. 6 that the locations of discrete levels from 
the purely photoconductive data are in quite satisfac- 
tory agreement with those derived from the 
measurements. Levels at 0.36, 0.41, and 0.43 ev are 
evident although the latter two are not completely 
resolved. 


noise 


V. DISCUSSION 


On the basis of both the noise data and the photo- 
conductivity results it must be concluded that there is 
little, if any, evidence for a continuous distribution of 
traps in this crystal in the region 0.3 to 0.5 ev below the 
conduction band. Since most of the properties of this 
sample are very similar to many 
studied, it is expected that this conclusion must extend 
to them as well. If this is indeed so, the origin of the 1/f 
trapping noise must still be explained. 

It is possible that transitions to the discrete traps 
alone can give an approximation to a 1/f spectrum. 
Through an ideal superposition of as little as three 
discrete relaxations a surprisingly near-1/f behavior 
can be synthesized. However, it is felt that the present 
trapping noise data are sufficiently accurate to make 
this possibility unlikely. Furthermore, this idea still 
requires that the concentration of the various discrete 
levels be related exponentially to their energy depth 
(if the traps are similar) since this is really a ‘“‘quasi- 
continuous” exponential distribution. Alternatively, 
the various discrete states must 
approximating a 1/r distribution. Both of these possi- 
bilities are too highly artificial to be likely. 

The present results would seem to favor an explana- 
tion in terms of a suitable dispersion of time constants 
related to each discrete trap. The required dispersion 
must have the proper temperature behavior to permit 
the 1/f spectrum over at least such temperature excur- 
sions as investigated here. A trap-lattice interaction, 
perhaps influenced by gross effects such as mechanical 
strain, can be suggested. In this connection, the observa- 
tion that the 1/f trapping noise can be reversibly 
altered by electrode phenomena not related to contact 
noise may be significant. It is hoped that this approach 
may be further explored. 


other specimens 


have time constants 


“J. J. Brophy and R. J. Robinson, J 
(1960). 
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Cyclotron Resonance in Indium Antimonide at High Magnetic Fields 


B. Lax, J. G. MAvromes, H. J. Zeicer, AND R. J. Keves 
Lincoln Laboratory,* Massachusetts Institute of Technology, Lexington, Massachusetts 
(Received November 28, 1960) 


The room temperature pulsed magnetic field infrared cyclotron resonance data of Keyes and co-workers in 
indium antimonide is interpreted using the k- p perturbation technique of Kane, which is extended to include 
the effects of a dc magnetic field. The energy levels are calculated for a carrier in a band in the presence of a 
magnetic field and which is interacting with neighboring bands. From the energy expression, the variation of 
the apparent effective mass with magnetic field is calculated. The theory is consistent with the room temper- 
ature measurements of Keyes ef al., as well as with other cyclotron resonance results obtained at low 


temperatures. 





INTRODUCTION 


YCLOTRON resonance experiments in indium 
antimonide have been carried out uader a variety 
of conditions including differences in temperature, fre- 
quency, and range of magnetic fields. On the surface, it 
might appear that the various findings give conflicting 
results; actually this is not the case. The problem has 
been the lack of an adequate theory which takes into 
account all the necessary factors and parameters in- 
volved. From the initial results of the infrared experi- 
ments with pulsed magnetic fields,! it was apparent that 
the bands in this material were nonparabolic and that 
in order to interpret the experiments this would have to 
be taken into account. Indeed, working along similar 
lines, one of us (BL)? and Wallis* have attempted to do 
this; however, these theories were only adequate for 
ranges of magnetic field up to about 50 000 gauss, where 
the effective mass varied linearly with magnetic field. 
Experimental evidence for the nonparabolic nature of 
the energy bands in indium antimonide precedes that of 
pulsed cyclotron resonance experiments, being inferred 
from measurements of the optical energy gap as a func- 
tion of carrier concentration by Hrostowski e¢ al.4; and 
measurements of the electron effective mass from 
thermoelectric power as a function of temperature by 
Chasmar and Stratton.’ Subsequently, additional evi- 
dence was obtained from the pulsed magnetic field work 
of Keyes and co-workers, the optical absorption meas- 
urements of Fan and Gobeli® and, more recently, of 
Moss, Smith, and Taylor’; and also from the magnetic 
susceptibility measurements of Bowers and Yafet.* 
One of the really significant theoretical contributions 


* Operated with support from the U. S. Army, Navy and Air 
Force. 
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to our understanding of indium antimonide is the work 
of Kane.® Using the k-p perturbation technique, he has 
found the more exact energy-momentum relations for 
the valence and conduction bands of indium antimonide, 
and these relations are valid in the energy range of 
practical interest for this work. Much of what follows is 
based upon this theory and an extension of it. Other 
theoretical work which has some bearing on the material 
to be discussed here is the development by Roth” of a 
theory of the anomalous g value for electrons to explain 
the results of the magnetoabsorption spectrum in indium 
antimonide observed by Zwerdling, Lax, and Roth." 
Bowers and Yafet® have calculated the energy levels 
of indium antimonide in the presence of a dc magnetic 
field. They followed the scheme of Luttinger and Kohn” 
in which they included the magnetic potential, and ob- 
tained the eigenvalue equation as an 8X8 matrix which 
includes the 3 doubly degenerate valence bands and also 
the doubly degenerate conduction band. We present in 
Appendix A a derivation of the energy levels for a 
carrier in a band in the presence of a magnetic field and 
interacting with neighboring bands. The result is less 
general than that of Yafet'® but is applicable to InSb. 
We shall use the results of this theory to interpret the 
pulsed field cyclotron resonance data of Keyes in indium 
antimonide, and to reconcile them with the data of the 
Berkeley,"* Naval Research Laboratory,'® and Bell 
Telephone Laboratories'® groups in indium antimonide. 


PULSE FIELD EXPERIMENTS 


The cyclotron resonance experiments in indium anti- 
monide were performed at infrared wavelengths from 10 
to 22 microns with pulsed magnetic fields up to 320 000 
gauss. Using a suitable optical train consisting of plane 
and parabolic optics, the system was arranged so that 


9 E. O. Kane, J. Phys. Chem. Solids 1, 249 (1957). 

LL. M. Roth, B. Lax, and S. Zwerdling, Phys. Rev. 114, 90 
(1959). 

1S, Zwerdling, B. Lax, and L. M. Roth, Phys. Rev. 108, 1402 
(1957). 

12 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 

8 Y. Yafet, Phys. Rev. 115, 1172 (1959). 

'* G. Dresselhaus, A. F. Kip, C. Kittel, and G. Wagoner, Phys. 
Rev. 98, 556 (1955). 

16 E. Burstein, G. S. Picus, and H. A. Gebbie, Phys. Rev. 103, 
825 (1956). 

16 W. S. Boyle and A. D. Brailsford, Phys. Rev. 107, 903 (1957). 





LAX, MAVROIDES, 
both transmission and reflection experiments were pos- 
sible. The infrared radiation, which was obtained from 
a Globar source, was focused on a specimen which was 
located at the center of a pulse coil with a % in. inside 
diameter. The radiation either transmitted through or 
reflected from the sample, depending on the experiment, 
was then passed through a prism monochromator. The 
monochromator employed in these experiments utilized 
a NaCl prism at the shorter wavelengths and a KBr 
prism at the longer wavelengths. The spectral bandwidth 
was about one percent over the entire spectral range. 
To minimize electromagnetic pickup, the detector was 
located approximately six feet away from the pulse coil. 
The detector consisted of a 1 mm* zinc-doped germanium 
cube placed in a stainless steel tube so that the infrared 
radiation was focused onto the lower face of the ger- 
manium by means of a parabolic mirror which was 
located at the bottom of the tube. The stainless steel 
tube, which was immersed in a liquid helium bath, 
contained helium gas and was sealed off at the top with 
a KRS-5 window. The output of the detector was trans- 
mitted by a stainless steel coaxial cable to a cathode 
follower which minimized the lead capacitance so that 
the response time of the system was of the order of two 
microseconds. The signal output was fed to an amplifier 
and then to an oscilloscope. The data were taken by 
discharging a 2000-uf condenser bank through a spark 
gap which was triggered by an ignition coil. A damped 
oscillatory field with a half-period of approximately 150 
microseconds was produced. The oscilloscope trace was 
synchronized to the pulse by means of an optical system 
which was focused on the spark gap switch. The data 
were recorded by taking a photograph of the traces of 
the individual pulses with a polaroid camera, the 
shutter of which was opened just prior to firing. The 
peak current to be discharged through the coils was 
varied by adjusting the voltage from approximately 
1000 to 3000 volts in order to position the resonance at 
the optimum point of the first half-cycle of the magnetic 
pulse. A value of the peak magnetic field was set and 
then resonance was explored for a sequence of wave- 
lengths ; then another sequence was taken for a different 
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Fic. 1. Reflection and transmission traces of pulsed field cyclotron 
resonance photographs in InSb at 19.4 yp. 
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value of peak magnetic field. Thus for a given value of 
peak magnetic field several traces were taken so as to 
optimize the resonance trace. The resonance field was 
found by locating the point on the trace at which the 
reflection passed through the value it had at zero mag- 
netic field and correlating it with a calibrated magnetic 
trace. In this way, the magnetic field at the resonance 
point could be determined to within 5%. The experi- 
mental resonance traced had the shapes shown in Fig. 1 
which are superimposed drawings of two photographs 
one for reflection and one for transmission. From these 
curves, it is seen that the transmission minimum corre- 
lated closely to the center of the reflection curve. The 
apparent effective mass m,* was calculated from the 
experimental data by use of the equation 

m,*=eH/we, (1) 
where ¢ is the electron charge, H is the magnetic field, w 


is the angular frequency of the infrared radiation, and 
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Fic. 2. Variation of the apparent effective mass with magnetic field 
in InSb at room temperature. 


c is the speed of light. Since the magnetic field was 
measured and the wavelength was determined from the 
drum setting of the spectrometer, the effective mass was 
found. 

For transmission measurements on indium anti- 
monide, the samples were circular and approximately 5 
to 15 microns thick and mounted on thin backing of pure 
germanium. For reflection measurements, the samples 
were in the form of 1- to 2-mm circular cylinders, highly 
polished on one surface. The crystals were rigidly 
mounted free of the coil, so as to minimize mechanical 
shock, and carefully placed in the coil, so that the optical 
surfaces were at the center of the coil. The experimental 
results for indium antimonide are shown in Fig. 2 
together with the theoretical curve. 


INTERPRETATION OF THE EXPERIMENTS 


It is known from the low-temperature cyclotron reso- 
nance experiments of the Berkeley group on n-type InSb 
that the conduction band in this material is located at 
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the center of the Brillouin zone. Evidence that the 
highest energy valence band also lies close to k=0 is 
obtained from the optical absorption measurements of 
Fan and Gobeli® and of Roberts and Quarrington.'’ The 
energy gap as obtained from optical as well as conduc- 
tivity measurements is very small (0.24 ev at 0°K) ; this 
indicates that the mutual interaction between the con- 
duction and valence bands is large compared to that 
with the higher bands. With this in mind, Kane has 
made a band structure calculation which is valid for 
InSb in which the k- p and the k-independent spin-orbit 
interactions are treated exactly. He has also considered 
the effect of higher bands by using second-order per- 
turbation theory. In our work, however, we will neglect 
the higher bands. 

Considering the conduction and valence bands alone, 
we then have a situation very similar to that of ger- 
manium at k=0. The sixfold degeneracy, including spin, 
of the valence band is split into two twofold degenerate 
bands corresponding to the heavy and the light mass 
and a lower doubly degenerate spin-orbit split-off band. 
The conduction band is doubly degenerate, due to spin, 
and is spherical. This simplified model for the bands at 
the center of the zone is shown in Fig. 3. Diagonalizing 
the 8X8 interaction matrix for this model, Kane obtains 
the following secular equation for the energy & of the 
conduction band: 


&(&+6,)(6+6,+d)—kp?(6+3A)=0, (2) 


where the zero for energy is taken at the bottom of the 
conduction band, &, is the energy gap, A is the spin-orbit 
splitting, and p is the matrix element —i(#/m)(S| p,|Z). 
Here S and Z are unperturbed wave functions of the 
conduction band and the valence bands, respectively. 
Equation (2) can be generalized in the presence of a dc 
magnetic field, according to the discussion of Appendix 
A. The energy expression in this case is (neglecting the 
ky dependence) 


neH &,(8,+2) 1 
g= tnt | + 
m*(0)c 38 +2d +8, S+8,+r 


8(S +r 1 as 
PIT ay Te wes aie 


where m* (0) is the effective mass and g*(0), the effective 
spectroscopic splitting factor at the bottom of the con- 
duction band. The mass m*(0) is given by m*(0) 
=%(h?S&,)/p?, and the g factor, which has been given by 
Roth" as g* (0) = 2[1+ (1—mo/m*(0))A/ (38,4 2A) ], has 
values of g*(0)=—74 at room temperature and g*(0) 
= —52 at 4°K. Equation (3) is equivalent to the result 
obtained by Bowers and Yafet.* Equation (3) can be 
written in the simpler more compact form 


heH 
&=——(n+})+56g*H, (4) 
m*c 


1 J. Roberts and J. E. Quarrington, J. Electronics 1, 152 (1955). 
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Fic. 3. Simplified 
model for the energy 
bands at k=0 in InSb. 
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In the case where the spin-orbit splitting A is very large, 
Eq. (3) becomes 


En=—F8,+{(36,)"+ 6.[(n+})hot 36g*(0)H}} t. (6) 


From this expression it can be easily seen that the 
effective mass m* and the spectroscopic splitting factor 
g* defined in Eq. (5) are not the quantities mcr* and 
gsr* which are measured by cyclotron resonance and 
spin resonance experiments, respectively. From the 
resonance conditions for large m and small H 


hiw= Ent — Sn-11 ~heH /mcr*c, 
and (7) 
hw = Ent a Ens = 36gsr*H. 


1 1 (=) 
mcr* 2m* +46, 


§ a ~——.) 
oe ’ 
2\ 8+48, 


and the symbols ¢ and | indicate spin up and spin down, 
respectively. The latter expression of Eq. (8) gives a 
variation of the g factor which is consistent with the 
spin resonance results of Bemski.'® 

Using Eq. (3) one can calculate the variation of ap- 
parent effective mass with magnetic field. Although this 
expression neglects higher bands, it is still a good ap- 
proximation at fields of the order of 100 kg. This appar- 
ent effective mass can be compared with the quantity 
deduced from the experimental data by means of Eq. 
(1). In making the calculation for the mass, it is neces- 


Here 


18 G. Bemski, Phys. Rev. Letters 4, 62 (1960). 
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Fic. 4. Energy level diagram for the lowest levels in the presence 
of a magnetic field. The curve on the right indicates that the next 
to the lowest level »=0 J is also considerably populated and 
transitions from it must be considered 


sary to consider not only the transitions from n=O0¢ to 
n= 1? states, but also transitions from n=O] to n=1y 
states’ as shown in Fig. 4. This is because at room 
temperature the energy difference between the lowest 
level n=Of and next lowest level n=OJ is comparable 
to kT; thus the n=OJ level will also be populated with 
electrons and transitions from this level must be taken 
into account. In our calculation, a Boltzmann distribu- 
tion factor is assumed. Thus the apparent effective mass 
for a magnetic field H is given by 
1 c 
—_= [ fr ( Sit — Sor) + fy( S14 — Sos) ], (9) 
m* heH : 


where 


and 
A& 


Using Eqs. (3) and (9), solving for & by iteration, and 
taking A=0.9 ev’ and &, (300°K)=0.18 ev, we find the 
theoretical curve given in Fig. 2. This curve requires 
that the effective mass at the bottom of the conduction 
band be m*(0)= (0.0116+0,0005)m . Using Kane’s 
theory, we can now determine m*(0) at 4°K from the 
expression 


(10) 


1 Zp | Z 1 | 
- ‘. ; 
m*(0O) 3#L&, & +d 


We find that at 4°K, m*(0)= (0.0155+0,.0005) mp. This 
should be compared with the value of (0.013-0.001)m, 
obtained by Dresselhaus, Kip, Kittel, and Wagoner" 
from microwave cyclotron resonance at 4°K and the 
Boyle and Brailsford values'® of 0.0146m, (from slope of 
curve) and (0,0155+0,005)m» (from line splitting). 


CONCLUSION 


In conclusion, an examination of Fig. 2 indicates that 
all the room temperature data, including the low-field 
NRL point, are consistent with the theory of Kane. Our 


9 Since the effective g factor is negative, the n=0 f state has the 
lowest energy. 
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extrapolated low-temperature value for the mass is a 
little higher than the experimental value of the Berkeley 
group and also that of Boyle and Brailsford as obtained 
from the slope of their curve of resonant frequency for 
bound electrons versus magnetic field. However, our 
value agrees quite well with the mass which Boyle and 
Brailsford find from the line splitting of the bound 
levels. Preliminary millimeter cyclotron resonance re- 
sults by Rauch and Zeiger” indicate that the Berkeley 
value and the lower of the two BTL values may actually 
be a little too low. Further experiments, possibly using 
infrared magnetoreflection techniques, should clear up 
this point. 
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APPENDIX A 


By retaining the coupling between band minima in 
the Kohn and Luttinger formulation of the effective- 
mass approximation in the presence of a dc magnetic 
field, the following set of equations is obtained in 
coordinate space : 


> 


/ 


u,(r) represents the /th Kramers degenerate pair of band 
edge functions, and the *;; are 2X2 matrix vectors. 
Suppose that the jth band edge is twofold degenerate 
and interacts predominantly with the set of band edges 
nu, which have no matrix elements of « among them- 
selves. If P?/2m can be neglected relative to (&°— &), 
then the f,(r) can be eliminated, giving an equation 


for f;(r), 


For j a spherical band edge, this becomes 


Pp? 
| +¢9*(§)8S-H+(&- | f-(r)=0, (A3) 
2m*(&) 


* C. J. Rauch and H. J. Zeiger (private communication). 
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where or, 


heH 1 8-8! 
niche ae ees 


c on m,*(6)9)\ 8-6, 


: &/- &,° 
+368H 5.*(8)9( ale ). (A4) 
be aa P 


In the limit where the energy of excitation above the jth 
band edge is small compared to the band gaps, the sums 
become the values of 1/m* and g* at the bottom of the 
jth band. m*(&) and g*(&) must be interpreted with 
caution. m*(&) is not, for example, the mass value 
measured in a cyclotron resonance experiment per- 
formed on carriers at an energy 6 in the band. 


In the absence of magnetic field, (A3) gives the cubic 
equation of Kane, Eq. (2). The eigenvalues of Eq. (A3) 
for kv =0 are 


eH 


h 
&= (n+4)———+}*(6)6H, 
m*(&)c 
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The valence band of cadmium sulfide is split by spin-orbit and crystal field effects into three nearly 
degenerate bands at k=0. The magneto-optic absorption spectrum of direct excitons formed from the top 
valence band and the conduction band has been studied in detail. Most of the experiments reported have 
been performed in light polarized parallel to the hexagonal axis. In this geometry, the exciton series consists 
of weak lines amenable to magneto-optic experiments. When the magnetic field and the wave vector of the 
light are perpendicular to each other and to the hexagonal axis, the reversal of the magnetic field produces 
large changes in the absorption spectrum. This effect can be quantitatively understood as an interference 
effect between allowed exciton transitions (optical matrix elements independent of the wave vector of the 
light) and forbidden exciton transitions (optical matrix elements proportional to the wave vector of the 
light). It is shown that in CdS the forbidden processes having a principal quantum number 2 are somewhat 
stronger than allowed processes of the same quantum number. By using group theory and the effective-mass 
approximation, the electron and hole anisotropic g values and masses are determined from an analysis of 
the exciton spectrum. The electron mass, 0.20; m (almost isotropic), determined in this analysis is com- 
patible with the assumption that the k=0 conduction band valley is the lowest conduction band valley. 
The hole masses for the top valence band are mj,,=0.7 m and my ~5 m. An experimental upper limit on the 
slope of the conduction band at k=0 is obtained. 


I. INTRODUCTION 


N a previous paper! the reflection spectrum of CdS 


These results were explained in terms of excitons being 
formed from an electron in the conduction band and a 


at low temperatures was described and led to the 
identification of three separate intrinsic exciton series 
A, B, and C. Series A, occurring at lowest photon 
energies, was strongly active only for light polarized 
with its E vector perpendicular to the hexagonal ¢ axis 
of the crystal (hereafter denoted Ec). Series B and C 
were active for both modes of polarization of the light. 
* This work was supported in part by the Air Research and 
Development Command, United States Air Force. 
+ Now at the Ecole Normale Supérieure, Laboratoire de 
Physique, Paris. 
!D. G. Thomas and J. J. Hopfield, Phys. Rev. 116, 573 (1959). 


hole from each one of the three valence bands. The 
three bands result from a complete lifting of the de- 
generacy of the three p-like bands at k=0 (the center 
of the Brillouin zone), under the influence of crystal 
field and spin-orbit coupling effects. The symmetry of 
the top valence band was shown to be I’, and the others 
I’; The m=1 quantum states of the excitons were 
readily detected at 77°K but the weaker n=2 states 
only became apparent at 4.2°K. The identification of 
the intrinsic exciton states made possible interpretation 
of some absorption results of other workers. 
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In general, reflection peaks are broad and do not 
lend themselves to Zeeman effect measurements. In 
addition the allowed intrinsic exciton transitions have 
considerable oscillator strength which makes their 
observation in absorption difficult unless extremely thin 
crystals are used; (there are numerous weaker “im- 
purity exciton” transitions but at present the precise 
origin of these lines is not known). Fortunately, the 
allowed strong transitions of exciton series A in CdS 
are not active in E||c light and certain weak “forbidden” 
transitions may be observed as sharp lines in absorption 
using this polarization. This paper is largely devoted to 
a study of these lines with the object of deriving in- 
formation concerning excitons and the band structure 
of CdS. 

In Sec. II, the experimental methods are described. 
Sec. III contains the general experimental results and 
qualitative description of their interpretation. In Sec. 
IV the quantitative aspects of the energy level structure 
and line strengths are derived in effective mass approxi- 
mation. These results are applied in Sec. V to obtain 
the anisotropic masses and g values of electrons and 
holes from a fit to the observed magneto-optic spectrum. 
The theoretical explanation of the alteration of certain 
magneto-optic absorption spectra with the reversal of 
the magnetic field (in linearly polarized light) is given 
in Sec. VI. Direct experimental verification of strong 
forbidden exciton transitions is obtained. The effect 
of the finite-slope band crossing and other minor 
perturbations are discussed in Sec. VII. 


Il. EXPERIMENTAL 


A Bausch and Lomb spectrograph was used with a 
4-in,X4-in. grating having 55000 lines/inch. A dis- 
persion of 2 A/mm in the first order was obtained. The 
slit width used was 50 uw. The detector was a photo- 
graphic plate, useful both because of its sensitivity and 
because it allowed the detection of strain in the crystals 
since this appeared as an alteration in the frequency of 
the absorption lines from one part of the crystal to 
another. The crystal was glued at one end over an 
aperture in a molybdenum plate ; sometimes the crystals 
were only large enough to cover a circular aperture 


_ Taste I. A summary of the data for some of the absorption 
lines seen in light polarized perpendicular to the hexagonal ¢ axis. 
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0.025 in. in diameter. Crystals showed remarkable 
differences in the sharpness of the lines; in particular 
in some crystals 5-10 uw thick at 1.6°K the P, com- 
ponent of the n=2 line (see below) could not be seen, 
while in “good” crystals it was clearly visible. In these 
good crystals the n= 2, 3, and 4 lines become markedly 
sharper on cooling from 4.2 to 1.6°K, and the properties 
of such crystals are reported here. The crystals were 
immersed in the refrigerant and the Dewar vessel tip 
could be inserted between the pole pieces of a magnet 
§ in. apart. 


III. RESULTS 
Elic 


In Table I are listed some of the impurity lines and 
the intrinsic exciton lines seen in absorption for light 
polarized with E_1c. The impurity lines cited (J; to 4) 
are certainly not the only such lines which occur but 
they are quite prominent. These lines vary in intensity 
from one crystal to another; thus crystal GED7 (thick- 
ness, =6 yw) which gave very “‘good” exciton lines had 
no detectable impurity lines ; however, GED8 (t= 12 y), 
also a very good crystal, did show the impurity effects 
and it is not considered likely that the difference in ¢ 
is alone sufficient to account for this. Crystal GEB3, 
somewhat thinner than GED7, which was of rather 
inferior quality did show the impurity lines. J; is a 
weak line; 72 is much stronger and in one crystal it 
has been observed as a well defined triplet with a 
separation between each member of the triplet of about 
0.00025 ev. I, and J, correspond to the emission lines 
labeled “doublet” and “singlet,” respectively, in the 
previous work'; at present no great weight is put on 
the multiplicity of 7, in emission as the absorption lines 
may show differing multiplicity from one crystal to 
another. At photon energies slightly above J, there are 
often many weak lines and then a fairly strong line J; 
just below the m=1 state of exciton A. J, occurs in the 
intrinsic exciton region; however, as it is present in 
some crystals but not in others, it is considered to be 
an impurity effect. It is perhaps analogous to J, being 
an impurity exciton derived from exciton B rather than 
exciton A. It is remarkable for being broad whereas 
other impurity lines are quite sharp; this broadening 
may arise from a very short lifetime as a vibrational 
transition may change the state into the corresponding 
state derived from exciton A. Wheeler® has reported 
similar impurity lines some of which lie near those 
quoted here, and has described the effect of a magnetic 
field on the spectra. 

All the intrinsic exciton absorptions active in E_Lc 
appear broad in the crystals examined; since the light 
is totally obscured at and near the absorption peaks 
the apparent width is not necessarily equal to the half 
width of the line. The midpoints of the lines are quoted 


2R. G. Wheeler, Phys. Rev. Letters 2, 463 (1959); R. G. 
Wheeler and J. O. Dimmock, Phys. Rev. Letters 3, 372 (1959). 
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in Table I; however, because of the linewidth these 
positions are not very precise, and in addition since 
there is a sizable reflection anomaly at the n= 1 positions 
it is not to be expected that the absorption midpoints 
precisely correspond to the resonant frequencies of the 
transitions. 

At 20°K the impurity lines are slightly less sharp 
than at 1.6°K. In common with lines Ar and A, (see 
below) they move about 1 A to longer wavelengths as 
the temperature is raised from 1.6 to 20°K which indi- 
cates that all the lines originate from the same band 
extrema. It may be added that at 20°K the reflection 
anomalies previously reported! at the m=2 positions 
of excitons A and B have practically vanished as a 
result of thermal broadening. 


E\lec 


For light polarized with E\\c few impurity lines have 
been seen in the crystals used for this work. One such 
line is J, listed in Table II; as for Ec this line is 
broad. Thin crystals reveal broad allowed transitions 
to the n=1 and m=2 states of exciton B. 

Of greater interest are a number of comparatively 
weak and sharp lines to levels derived from exciton A. 
These lines are always present and represent intrinsic 
effects, although the n=2, 3, 4 states are broader in 
some crystals than in others. In order of increasing 
photon energy the lines at 1.6°K occur as follows (see 
Table IT). 


Ar (1ST) 


This is a weak sharp line seen most readily in crystals 
of thickness 5 uw or more. It is a forbidden transition 
occurring because of the finite momentum of the photon 
which induces the transition. It represents the I's n=1 
state of exciton A in which the spins of the electron 
and hole are parallel; if the midpoint of the strong 
absorption seen for Elec is taken as the resonant 
frequency for the I's state of exciton A, then the I's 
state lies 0.0013 ev below the I's state (in which the 
spins are antiparallel). Uncertainty in the position of 


Tas_e II. A summary of the data for some of the absorption 
lines seen in light polarized parallel to the hexagonal ¢ axis. 
E\\¢c; temperature, 1.6°K. 
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® Crystal thickness §: GEA1~1 yu, GED7 ~6 yu, and GEB3 ~2.9 yx. 


I's is not likely to account for such a large separation. 
This separation may arise partly from a configurational 
mixing of the I's states of excitons A and B, and partly 
from the long-range Coulomb terms which will be much 
more important for the strong I’; than for the weak I’, 
states; simple spin-spin effects are probably much too 
small to account for the observed energy difference. 
The twofold degeneracy of the I's state is lifted by a 
magnetic field along the c axis (Hc); a linear Zeeman 
effect results giving a g value of 2.93 in good agreement 
with a value of 2.93+-0.03 as reported by Wheeler? for 
the same line. (A fuller discussion of some of the points 
mentioned in this paragraph is given below and also 
by Hopfield.*) 

It is interesting (and unfortunate) that no forbidden 
transition can be seen corresponding to the I'sr state. 
Group theoretic analysis along the lines of Sec. IV-C 
indicates that this Isr line is more highly forbidden 
(actually third forbidden) than the 1ST’, line, and this 
probably accounts for its nonobservance since it would 
be expected to be correspondingly weaker than the 
already weak 1ST’, line. 


A; (1S;) 


This line lies approximately 0.0008 ev above the 
center point of the ELe strong absorption line. It is 
remarkable for the fact that as the crystal is rotated 
about an axis perpendicular to the ¢ axis its optical 
strength increases very rapidly. This is seen as an 
increase in the absorption coefficient, and when this is 
sufficiently large to completely obscure the light the 
apparent width of the line increases. The effects are 
clearly visible for rotations of less than 10°, over which 
range the other lines in the spectrum show no appre- 
ciable change. This behavior is precisely that to be 
expected for a “longitudinal” exciton‘ in a uniaxial 
crystal, and in fact Az is the longitudinal exciton 
derived from the strong allowed ‘‘transverse” I's 
transition. An estimate of the expected transverse- 
longitudinal energy difference may be made from the 
relations of reference 4, and from an estimate of the 
hypothetical value of the refractive index of CdS for 
E1c, at the wavelength of A, in the absence of exciton 
A, together with a knowledge of the oscillator strength 
of A. A value of 0.0018 ev is obtained; in view of the 
many uncertain quantities, not least of which is the 
precise determination of the resonant energy of the 
transverse exciton, this is considered to be in reasonable 
agreement with the experimental value of 0.0008 ev 
quoted above. 

The coupling to the I's exciton under conditions of 
slight misalignment takes place because a small com- 
ponent of the £ vector may be resolved in a direction 
perpendicular to c and so interacts with the allowed I's 


3 J. J. Hopfield, J. Phys. Chem. Solids 15, 97 (1960). 
‘J. J. Hopfield and D. G. Thomas, J. Phys. Chem. Solids 12, 
276 (1960). 
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transition. The direction of propagation of the exciton, 
which is the same as that of the photon, is now almost 
identical with the direction of the polarization vector 
of the exciton, and this results in a “longitudinal”’ 
exciton. In general the wave is not pure longitudinal 
and becomes less so as the misalignment is increased ; 
it is expected therefore, that as the crystal is rotated 
the “longitudinal” line should converge on the trans- 
verse line. This effect is not observed since the rapid 
broadening of the line with rotation as observed in 
crystals only a few microns thick prevents the precise 
location of the resonant frequency. One further com- 
plication is that the line does appear weakly when the 
light is traveling precisely perpendicular to the ¢ axis; 
this is to be ascribed to the fact that the photon has a 
finite momentum so that the transitions are not exactly 
at k=0. In this orientation a, the absorption coefficient, 
at the peak A, has a value of the order of 500 cm“. 
The existence of the longitudinal-transverse energy 
difference which is large compared to any expected 
Zeeman splitting, results in the quenching of the 
Zeeman effect for the I's line.‘ For the I’, line the longi- 
tudinal-transverse effects are negligible as the oscillator 
strength is so small, and a Zeeman effect is observed. 


A,n=2 
In zero magnetic field this state has two components, 
at 2.57508 ev. This is illustrated in Fig. 1(c) which 


shows a microphotometer trace of a plate (Kodak SAIT) 
taken with crystal GED8 of thickness 12 yp. The 


application of a magnetic field produces a variety of 


effects on these lines depending on the geometry of the 
system ; these will now be described. 

(a) Alc, gL H (q is the wave vector of the exciting 
photon). Figure 2 shows that in this geometry at 31 000 
gauss a total of seven lines can be seen. The weak line 
denoted by P, undergoes a quadratic diamagnetic 
shift to higher energies and splits at higher fields giving 
a g value of 0.62+0.06. The strength of the line is not 
materially affected by the field. The remaining lines 
are derived from the strong line and have the approxi- 
mate strengths shown in Fig. 2 (see also Table IV). 
Experiments were performed at 31 000 gauss in which 
the crystal was rotated with respect to the light beam 
about an axis perpendicular to c. As the misalignment 
increased the line marked S, rapidly increased in 
strength; for the correct alignment S, practically 
vanished and Fig. 2 represents the results for a mis- 
alignment of about 5°. The line (S7, P:—iP,) also 
increased with angle but the effect was not as large as 
for S, and the line did not go to zero strength at zero 
angle. 

Clearly for an n=2 state there can be both S and P 
states. A magnetic field is not expected to mix S and 
P states but will mix the P states with orbital angular 
momentum directed at right angles to the field; in 
addition it is expected to mix longitudinal and trans- 
verse S states if the zero-field separation between them 
is small. In the long-wavelength limit and for perfect 
alignment, group theory indicates that a P state (T)), 
which will split in a magnetic field by combining with 
a I’, state, is the only allowed transition for this mode 
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Fic. 1. Microphotometer trace of Zeeman effects of the n=2 exciton states in CdS crystal GEDS8 at 1.6°K. 


cH, H\\x,q1H, and qLe. q is here 


the wave vector of the exciting photon. 
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Fic. 2. The Zeeman effect at 1.6°K for H||c. At H=0 the limits 
indicate the apparent line widths, otherwise they indicate the 
approximate uncertainty in the line positions. 


of polarization; (this transition falls into Elliott’s® 
“forbidden” class; it occurs because the exciton includes 
states from the valence and conduction bands which 
are not at k=0; this mechanism does not allow tran- 
sitions to § states). It is evident from experiment that 
other lines can occur for a variety of reasons. The 
rotation experiment shows that S$, is a longitudinal 
exciton which must be derived from the S§ state seen 
for light with Ec. Since (S7, P:—iP,) also increases 
with angle it presumably contains the transverse S 
state, although as it does not vanish at zero angle it 
must contain another state. This state must be a P 
state which may be paired with the highest energy state 
of this group. The remaining weak line must be the P 
state with zero angular momentum about the c¢ axis 
and is denoted by P,; it is split by spin effects and does 
not mix with any other states in this geometry. 

(b) H Le, q\|\H (or —q||H) (for definiteness we assume 
H|\\x). Figure 3 gives the results for this geometry in 
which the light is traveling parallel to the magnetic 
field. (This condition was achieved by using a crystal 
holder which acted as a double mirror each reflection 
turning the light beam through 90°.) It is now expected 
that P, and P, states will be mixed by the field and in 
accord with this P, is moved to lower energies and 
increases in strength as the field is increased. The 
greater intensity results from mixing with the stronger 
P, states. The splitting of the P, state is now greater 
than for /\\c; this is because the spin magnetic moment 


5 R. J. Elliott, Phys. Rev. 108, 1384 (1957). 
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of the exciton arises from the difference of the electron 
and hole spin moments for H||c, whereas for H_Lc the 
hole moment does not interact with H and the splitting 
arises from the electron spin moment alone. (The 
curious intensity ratios of this spin doublet will be 
discussed in Sec. VI.) The P, states must be the top- 
lying pair which move rapidly to higher energies with 
increasing field. The P, states suffering only a dia- 
magnetic shift and a spin splitting are as shown. 
Although rotational experiments were not performed 
for this particular geometry, other experiments with 
H 1c showed that the transverse and longitudinal S 
states were in the positions indicated. The S, state is 
not separated from a P, state while the S7 state is now 
seen alone (for H||\c the opposite is true). 

(c) Hc, gL H, gc. In this geometry there occurs 
a remarkable effect shown in Figs. 1(a) and 1(b),® 
which demonstrates that at 31 000 gauss two different 
spectra occur for the two directions of H. This effect 
has been observed for several crystals. It has been shown 
that if the crystal is rotated 180° about the c axis no 
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Fic. 3. The Zeeman effect at 1.6°K for H Le and q|H, i.e., the 
light is here traveling parallel to the magnetic field. In this 
diagram the lines represent theory (see Sec. V); the mass values 
A have been used and the following values are employed: 
rydberg=0.027 ev, y=0.222, g.1=1.73, and gi=8.3. As before, 
the limits on the experimental points at H=0 indicate the ap- 
parent linewidth; otherwise they indicate the approximate un- 
certainty in the line positions. 

6 J. J. Hopfield and D. G. Thomas, Phys. Rev. Letters 4, 357 
(1960). 
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Fic. 4. The Zeeman effect at 1.6°K for H Lc and ¢g1H for the two directions of H. 
(a) is termed the ‘‘doublet” spectrum, and (b) the “singlet” spectrum. 


change results, but that a rotation of 180° about q 
changes one type of spectra into the other. Figures 4(a) 
and 4(b) show how the two spectra vary with magnetic 
field. In Fig. 4(a), P, occurs as a doublet and so for 
convenience this spectra may be termed “doublet” 
while Fig. 4(b) may be called the “singlet” spectra. 
Rotation experiments indicated that the S states occur 
as shown. It is seen that within experimental uncer- 
tainty (about +2X10~° ev for a particular crystal) all 
of the lines which occur for g||H occur in one or both 
of the spectra for gH at the same energy positions. 
The relative strengths of the lines are, however, quite 
different for the three spectra. 


n=3, 4 and Higher States 


In zero magnetic field A, n=3 and A, n=4 can be 
seen for E||c. However, beyond the calculated series 
limit the absorption decreases (until B,w=2 is ap- 
proached) which is surprising and presumably arises 
because the “wrong” mode of polarization is being 
used (see also Sec. IV-C). In a magnetic field the states 
split and undergo large diamagnetic shifts. Figure 5 
shows the behavior for H||c. The n=3 state splits 
predominantly into two components giving a g value 


of 10.8. Some of the »=4 states probably overlap the 
n=3 states and presumably also the n=5, etc., states. 
For H Lc complex splitting is seen and the spectra for 
the two directions of H are different. It is clear that the 
Coulomb energies are comparable to the magnetic 
energies and the exciton spectrum must merge into 
one better described in terms of Landau levels. In fact 
at high fields rather broad absorption maxima can be 
discerned in the continuum region. Some of the lines 
increase in strength as the crystal is rotated about an 
axis perpendicular to c and they have been marked S. 


Reflection Anomalies 


It has been previously mentioned! that the reflection 
peak of exciton B showed unexpected structure for 
Ec. In other crystals structure is seen for exciton A 
as well as B and Fig. 6 shows microphotometer traces 
of reflection spectra showing this effect. For E\\c light 
exciton B does not show structure. Such structure is 
unlikely to occur as a result of impurity effects; it 
probably is not apparent in some crystals because of 
imperfect structure in these crystals. The origin of such 
structure is not at present definitely known, although 
a possible origin is discussed below. 
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A. Band Symmetry and Energy 
Band Structure 


From previous work,' it appears almost certain that 
the direct band gap in CdS lies either at the point T 
or along the line T-A, which has the same symmetry 
as the point I’. The conduction band is believed to be 
of symmetry I’;, and the top valence band of symmetry 
I'y.’? The bands are twofold degenerate along the line 
I’-A, but can split in the presence of spin-orbit coupling 
into nondegenerate bands* away from this line. The 
conduction band is allowed from symmetry con- 
siderations to split so that the energy is proportional 
to the component of k perpendicular to the line I-A 
(i.e., perpendicular to the c axis). The valence band 
can split only quadratically. We have made a theoretical 
estimate of these splittings, and have come to the 
conclusion that they should be very small. All the 
experimental results seem susceptible to simple inter- 
pretation without the necessity of an observable “spin” 
splitting of the conduction or valence bands, justifying 
in a sense our neglect of the spin splitting (see also 
Sec. VII). 

The possibility of two equivalent “direct band gaps” 
along the line '-A cannot be totally ignored. We will 
discuss all the exciton states as if there were one con- 





GED7 


HIIC, q..H 
A meDiuM 





NV 
w 
@ 
& 


A MEDIUM 


STRONG 
ZA 








=~ 


Fay 
WEAK 


PHOTON ENERGY IN ELECTRON VOLTS 


VERY 
Ee” STRONG 
Ss 





g 


ee 

















2.579 
te) 





10 20 30 40, 
GAUSS x10 


Fic. 5. The Zeeman effect of the higher exciton states at 1.6°K 
for c||H. The lines marked S increase in strength as the crystal is 
rotated about an axis perpendicular to c. 


7 J. L. Birman, Phys. Rev. Letters 2, 157 (1959). 

8R. C. Casella, Phys. Rev. 114, 1514 (1959). 

9M. Balkanski and J. des Cloizeaux, J. Phys. Chem. Solids 
(to be published). 
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Fic. 6. Microphotometer trace of reflection spectrum of CdS 
crystal GM3 at 4.2°K, for light with Lic. The anomalous 
structure referred to in the text is indicated by the arrows. 


duction band minimum and one valence band maximum 
at k=0. The existence of two band minima would 
double the number of possible exciton states. For 
weakly bound excitons there would be an additional 
quantum number which would specify the valley of the 
exciton, and all excitons would necessarily have a 
twofold (or greater) degeneracy. For tightly bound 
excitons, mixing between the valleys could occur, giving 
rise, for example, to a split exciton ground state. The 
situation is completely analogous to the donor wave 
functions in silicon and germanium. No observable 
effects due to the existence of two minima (if indeed 
there are two minima) are expected to be capable of 
observation for the excited exciton states. 

“The reflection anomalies” seen in some cases for 
the ground-state exciton could be caused by a two 
valley band structure. Unfortunately the analysis of 
the electron and hole g values even for the ground state, 
turns out to be essentially independent of whether 
there are one or two valleys. Only the estimates of the 
relative strengths of different allowed and forbidden 
exciton transitions is sensitive to the possibility of 
multiple valleys. For this purpose, a single valley at 
k=0 has been assumed. 


B. The Exciton States in Effective 
Mass Approximation 


The following symbols will prove useful: me (mai) 
=electron (hole) effective mass perpendicular to the 
¢ axis; me, (may)=electron (hole) effective mass 
parallel to the c axis; m=free electron mass; 
Xey Vey Ze(Xh,VayZn) are electron (hole) coordinates; 
€.(€) is the low-frequency (clamped) dielectric con- 
stant perpendicular (parallel) to the ¢ axis. The z 
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direction will be chosen as the direction of the hexagonal 
axis. 

The Schrédinger equation” which must be solved 
for the exciton energy levels is 


| hr ¢ & i h? ree 

' th ( 7 )- Y (; 2 

| 2ma\Oxe dye 2Mei, \ O27 
i? ( oe a ) h? oe ) 
2m, \Oxn Oy? 2mri \ O27 


—e*[ een (x, gee Ve + €1€11 Ve —_= Vr)” 


io Bi (1) 


In (1), the zero of energy has-been chosen as the band 
gap. If the center-of-mass coordinate is removed from 
(1) and the center-of-mass momentum set equal to 
zero, one obtains the usual reduced mass equation (2) 
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The energy levels are thus determined by a mean 
reduced mass po, a2 mean dielectric constant eo, and a 
single anisotropy parameter y. 

The effective-mass approximation is expected to be 
an excellent approximation for the states m=2 and 
above, which have binding energies 0.007 ev and less, 
and radii 100 A and greater. Only for the n=1 state 
(Ep~0.028 ev, radius ~ 25-30 A) does one expect to 
find noticeable deviations from the effective mass 
approximation. For the n=1 state, the binding energy 
is comparable to the energy of a longitudinal optical 
phonon (0.039 ev) and the use of the low-frequency 
dielectric constant is no longer correct." In addition, 
the radius is only ~10 lattice spacings, and central 
cell corrections to the wave function may become 
important. 

For the case at hand, experimental evidence shows 
that the anisotropy is small, so that the state energies 
need be computed only to lowest order in the anisotropy. 

10 G. Dresselhaus, Phys. Rev. 106, 76 (1957). 

1H. Haken, J. Phys. Chem. Solids 8, 166 (1959). 
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The problem is formally identical to that of the donor 
states in silicon or germanium.” The state energies in 
units of the mean rydberg, e‘uo/2h*e0, are 


1 2 
$P 41: — (1- »), 

9 15 
The subscripts 0, +1, etc., refer to the number of 
units of orbital angular momentum around the ¢ axis 
(z direction). 

The states marked with an asterisk in the preceding 
list have energies which should be computed using 
degenerate perturbation theory. For example, the 
perturbation mixes the states 3S and 3Do. Calculation 
shows, however, that these off diagonal matrix elements 
of the anisotropy perturbation produce changes so 
small in the calculated energies that for y near 0.2 the 
effects of these terms are only of the order of magnitude 
of y? correction terms. The effect of these cross terms 
has therefore been omitted. 

The first order perturbation theory energies are poor 
estimates of the actual binding energies at and above 
n=5, for the separation between hydrogenic levels 
differing by 1 in their main quantum number becomes 
comparable to the first order energy shifts. 


C. Group-Theoretic Analysis of the Exciton 
States; Line Strengths 


One can directly calculate, by the methods of refer- 
ence 3, the symmetry of the excitons including electron 
and hole spins. There is much excess degeneracy present 
when the efiective-mass theory is valid, and such 
group-theoretic calculations are essential to determine 
which states are being observed. One finds for the 


W. Kohn, in Solid-State Physics, 
Turnbull (Academic Press, Inc. New 
257-295. 
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conduction and valence bands already discussed, the 
decomposition 


1S, 25, 3S oT s+T's, 

2P.. SP. ctle 
2P 41, 3P ai, 3Dg1 Tit Pet lstl etl stl, 
$D,. 29.47 4 rin itt:. 


The existence of a 2P,, state of symmetry 1; (and 
therefore an allowed exciton transition in light polarized 
parallel to the c axis) was one of the main reasons for 
starting our experimental study. This line was expected 
to have a suitable strength for easy study in available 
crystals, to have an interesting g value, and not to be 
obscured by stronger less interesting exciton lines. 

The selection rules for light of infinite wavelength 
allow transitions only to excitons of symmetry I’; for 
light polarized parallel to the hexagonal axis. Light of 
a finite wavelength, however, interacts with excitons of 
nonzero wave vector and can permit other exciton 
transitions. The wave vector q of the light is so small 
compared to a reciprocal lattice vector that the exciton 
states, from the point of view of their energy, may be 
considered to have zero wave vector. It therefore be- 
comes convenient to describe the exciton states at 
k=0, and to regard the finite wave vector of the light 
as a perturbation which allows an additional form of 
optical coupling. Let the wave vector of the light be in 
the y direction (perpendicular to the hexagonal axis). 
Then, in addition to the I’; allowed excitons, it becomes 
possible to observe excitons of symmetry I'5,. These 
transitions will have optical matrix elements propor- 
tional to the wave vector q, of the light and will be 
called first forbidden transitions. All other exciton 
transitions have optical matrix elements proportional 
to higher powers of the wave vector of the light, and 
can by and large be ignored. 

Elliott® has considered in some detail the calculation 
of oscillator strengths for allowed exciton transitions 
in the cases in which (1) the band symmetry is such 
that optical transitions are allowed at the direct band 
gap and (2) the band symmetry requires that the optical 
matrix element is proportional to the distance & in 
k space away from the direct band gap. Both of these 
cases give rise to allowed transitions in our nomen- 
clature, i.e., exciton transitions can take place for light 
of infinite wavelength. An extension of Elliott’s calcu- 
lation to two other cases which are of interest for 
estimating the strengths of various exciton transitions 
in CdS has been made. The extension is trivial, so only 
the results will be quoted. 

Elliott found that in the case of optical matrix 
elements proportional to &, the first allowed transitions 
occur to 2P exciton states. In such a case, first forbidden 
transitions commence with the 1S exciton states, and 
we find that the oscillator strength fis of a 1S state is 
given in terms of the oscillator strength of a 2P exciton 
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Here y¥(r) is a hydrogenic wave function, dp» is the 
exciton Bohr radius, and q is the wave vector of light 
(having the exciton energy) in the crystal. Similarly, 
when the band-to-band optical matrix element is 
quadratic form in & and excludes optical transitions to 
S states (a situation which can be easily recognized 
by group theory), optical transitions will be allowed 
for some 3D exciton states, and first forbidden tran- 
sitions will be allowed to some 2P exciton states. For 
this case 
far/ fav= (3) (a0q)’*. 

In CdS, ao~29 A, and the wave vector of light in 
the crystal=(2zx/d)(index of refraction) ~ (300 A)-'. 
For either of the two cases considered, the forbidden 
transitions of a principal quantum number (w—1) have 
about 3 the strength of the allowed transitions to the 
allowed state of principal quantum number n. 

In order to calculate relative line intensities for the 
exciton lines under study it would be necessary to 
calculate the relative magnitude of the first and second 
order optical matrix elements for the experimental 
geometry E|\c. The transition matrix elements, from 
group theory and k-p perturbation theory can be shown 
to be proportional in lowest order to (kztik,), and in 
second order to (k,-tik,)® and k,(kztik,). The co- 
efficient of the (k.-ik,) term is extremely difficult to 
estimate sihce it depends critically on the lack of 
inversion symmetry of the crystal. The coefficient of 
the (k,tik,)* term is abnormally large because of the 
near degeneracy of the top two valence bands. We have 
been able only to conclude from theory alone that either 
term (or both) could be important. 

Unfortunately, the calculation of higher order optical 
matrix elements depends sensitively on the behavior of 
the effective-mass wave function near r=0, where it is 
certain to be in error. Only a few really useful conclu- 
sions can be drawn. First, with the exception of the 
1S Ig state, all other observable transitions should be 
either first forbidden or allowed (but not second for- 
bidden) (i.e., with the possible exception of the 1ST’, 
state, optical matrix elements proportional to powers 
of g greater than the first power can safely be neglected). 
For all other states, stronger lines will certainly swamp 
the second forbidden transitions. Second, only in the 
n=2 states does one expect to see allowed and for- 
bidden processes of comparable strengths. The ob- 
servable »=3 and higher states are certainly allowed, 
although whether the observed optical strength arises 
from optical matrix elements proportional to & or & is 
not known. The existence of both & and #? contributions 
could be responsible for the peculiar behavior of the 
strength of the continuum transitions noted earlier. 
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The analysis of the observations has been carried out 
on the basis of these general conclusions. The most 
important conclusion is that an observable n= 2 exciton 
could have symmetry either I’; or I's,. Unfortunately, 
these conclusions alone are not restrictive enough to 
lead to a unique interpretation of the experiments. 


D. The Orbital Magnetic Effects in 
Effective-Mass Approximation 


A simple canonical transformation on the Hamil- 
tonian (1) when a magnetic field parallel to the hex- 
agonal axis is present results in three magnetic per- 
turbations which can be added directly to (2). The 
first perturbation is the ordinary Zeeman term, 


ieH / 1 1\ 0 
| ae Ce i. 
2c \m my/ de 
written here in spherical coordinates. The effect of this 
perturbation is trivial to compute, since ¢ is a good 
quantum number even in the presence of the mass 
anisotropy. It is convenient to define m(1/my,—1/m..) 
=g,i1, and to measure all magnetic moments in units 
of the free-electron Bohr magneton. 
The second perturbation is the ordinary diamagnetic 
perturbation, 
eH 
(8+ y+, (4) 
Suns 


In order to calculate the effect of (4) correctly to first 
order in 7, first order wave functions would be necessary. 
Since the first order corrections will be small, and the 
experimental accuracy of the diamagnetic shift meas- 
urements is low, we have used only the simplest of 
variational wave functions to compute the effect of (4). 
The wave functions used were the ordinary orbital wave 
functions with the exponential factor chosen to mini- 
mize the energy. The wave functions thus account in a 
general way for the change of state radius with binding 
energy. The expectation values for the term (x?+-y?) 
are 


2 
1S: 2a¢’, 3P 41: 1ttae(1+—7), 
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These coefficients were calculated with the aid of 
formulas given by Van Vleck.” 

18 J. H. Van Vieck, The Theory of Electric and Magnetic Suscepti- 
bilittes (Oxford University Press, New York, 1932), pp. 178-179. 
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In addition to these two usual terms, there exists a 
term® 
r-[(1/c)vXH]--.-, (5) 


where r is the exciton internal coordinate, and v the 
exciton .velocity as determined by its total mass and 
wave vector. Since the wave vector of the excitons of 
interest is the wave vector of light in the crystal at the 
exciton energy, this term is usually neglected. This 
term, unfortunately, is not completely negligible for 
the higher exciton states as will be discussed in Sec. VII. 

When the magnetic field is perpendicular to the 
hexagonal axis, the perturbation terms are not so 
simple. In the presence of a magnetic field, there will 
no longer be any good quantum numbers. If the mag- 
netic field is taken in the x direction, the perturbation 
term linear in the magnetic field will mix the non- 
degenerate states P, and P,. All energy shifts will be 
second order (or higher) in the magnetic field at low 
fields. The precise form of the perturbation (although 
not, of course, the ultimate energies derived) depends 
on the gauge used. We have chosen a gauge which is 
slightly asymmetric, the asymmetry chosen in such a 
way that the coupling by the linear term of the 2P, 
and 2P, states to m=3 states is minimized. (This 
unwanted coupling vanishes in the symmetric gauge 
where y=0.) In this gauge, the linear perturbation 
analogous to (3) is 


He 1 1 
—(ausu)(— ve in <e ) (yP,—2P,)- a (6) 


c MesMeyy MaryMry 


having a matrix element between the 2P, and 
states 


iHe 1 y 
—(uuts)( meaner )(1+ )-- 
c MeiMei, MrsMys 15 


The diamagnetic shifts of the 2P, and 2P, and 
states are 
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2 (meit+man) 2pn 
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where 


MesM ei — MaMa 


a= ° 
(mea+mn) (Ment+mn) 





All these expressions reduce to the ordinary ones for 
the case of an isotropic reduced mass. Fortunately, 
these diamagnetic terms are small enough that the 
term (7) can be readily extracted from the experimental 
data without a detailed study of (8). There are, in 
addition to the terms (8), other diamagnetic terms 
which should have only a small effect in the gauge 
chosen. Finally, in the geometry Hc there will be 
quasi-electric field terms analogous to (5). 

A magnetic field parallel to the hexagonal axis of 
the crystal represents a perturbation of symmetry I. 
This perturbation mixes states of symmetry I; with 
T., I's with I's, I's with itself, and I's with itself to all 
orders in perturbation theory. Rigorous optical selection 
rules still exist in a magnetic field of this symmetry. 
With the aid of the effective mass theory and the group 
theoretic classifications of the exciton states, g values 
for all exciton lines can be simply calculated. (Since 
the excitons under study have a large radius, direct 
electron-hole spin-spin coupling is negligible. Because 
the splitting of the conduction and valence bands away 
from k=0 is negligible, spin-orbit coupling between 
the electron or hole spin and the exciton orbital moment 
is also negligible.) Let g.i, and gyi, be the g values of 
the electron and hole, respectively, in this geometry. 
The g values of all the lines which might possibly be 
observed in a magnetic field parallel to the c axis are 
given below. 


1ST 5, 2ST 
1ST's 


eas | geu— gal, first forbidden, 


= | get gal, second 


forbidden, 
first forbidden, 


first forbidden, 


2Pol's 

2Psil's 
2Pai(M+T:) | 
3P4i (Ti +12) 
3Dai(T it T2) 
3D42(Ti4+T 2) = |4gun—Zeu— gan, 


The linear Zeeman effect of the 1ST; and 2ST; 
states is quenched by the longitudinal transverse energy 
difference, (see Sec. III). Wheeler and Dimmock? have 
observed quite different diamagnetic shifts for the lines 
1S; and 1ST, for H\\c. Their results are readily 
interpreted as the result of apparent diamagnetic shifts 
due to the failure of 1S; and 1S,7 to be degenerate. 
All other doublets listed should occur as two lines of 
equal intensity exhibiting a linear splitting with mag- 
netic field. 

In a magnetic field perpendicular to the c axis, the 
linear Zeeman effect on the 1S state is again quenched 
by the longitudinal transverse energy difference. The 


8= |Zeu—gaul, 
= | 2guti— Zerr— Sarr, 
allowed, 


7= | 2gut+Zerr— gan |, 


allowed. 
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same is true to a lesser extent for the 2S state, where 
additional S-state lines become weakly observable in 
a magnetic field as the magnetic field perturbs the 
2S1I's, 2SrI's and 2ST’, states. The analysis of the 
strengths of the 2P lines in this geometry is reserved for 
Sec. VI. 


V. ANALYSIS OF THE OBSERVED 
ENERGY LEVELS 


The analysis of the experimental data, with the aid 
of the theoretical analysis, is straightforward. The 
splitting of the higher energy m=2 line into four “P” 
components (two spin doublets) and the lower energy 
line into only two (one spin doublet) when a magnetic 
field is applied perpendicular to the c¢ axis, establishes 
the lower states as P, and the higher as P,P, states. 
A rydberg of 0.0270 ev and a mass anisotropy y of 
0.222 yields the following set of energy levels, in ev: 


State 
3P 41 
3Dai 
3D 42 


State Theory 


1S 0.0270 0.0298 
2P, 0.0071 ~—-0.0075 
2P.1 0.0065 


25 008s} 0.0069 
3P, 0.0032 


Expt. Theory Expt. 


0.0029 
0.0030 
0.0029 0.0028 
4P,; 0.0016 

4D 41 ovots} 0.0017 
4Ds2 «0.0016 

The width of the line at 0.0069 ev is 0.0004 ev. The 1S 
state is not expected to be strictly hydrogenic, and 
should not be used in computing the rydberg. The 
experimental values have had the origin of energy 
arbitrarily shifted to facilitate comparison with the 
theoretical data. Within the accuracy of the calculation, 
the agreement is adequate. The symmetry of the n=4 
state has not been established. 

The observed 2P,) state splits (Fig. 2) into two 
components in a magnetic field parallel to the ¢ axis. 
The g value of the I'sP, state should be | gen—gau| ; 
that of the I'gP, state should be | geu+-gau|. Since only 
the I's states should be observed, (see Sec. IV-C) the 
observed value of g=0.62+0.06 is to be associated 
with the difference of the g-values. The 15 I's state has 
a g value | geu+gau | =2.930.03. Since the spin-orbit 
coupling is thought to be small in CdS and the con- 
duction band simple (and predominantly S-like) we 
are led to expect the g value of the electron to be near 
—2.0. The only g values for electron and hole com- 
patible with this assumption are then 


— 1.78+0.05, 
guu=— 1.15+0.05. 


The electron g value agrees within experimental error 
with that determined by Lambe and Kikuchi for 
chlorine donors in CdS. The P,; states split into four 
components (in addition to the 2ST’; longitudinal state) 
in a magnetic field parallel to the c axis. This is precisely 
what would be expected when both allowed and first 
forbidden transitions can be seen. The splittings are 


4 J. Lambe and C. Kikuchi, J. Phys. Chem. Solids 8, 492 (1959). 
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Fic. 7. The separation of the Zeeman doublets for H|\c. The 
lack of data at low magnetic fields is due to the failure of many 
of the lines to be resolved below 20 000 gauss. Compare Figs 2 and 


shown in Fig. 2 and Fig. 7. The lack of experimental 
data at low fields is due to the impossibility of sepa- 
rating the various components until they have been 
well split by a magnetic field. The more intense line 
has a g value of 3.80.2: the weaker line, 6.9-+-0.2. 
There are two possible values of g,:; which are com- 
patible with these two g values, as shown below. 


gui = —3.30 


Zallowed line 7.22+0.06 
£forbidden 3.67+0.03 


Suit =2.15 


3.67+0.03 
7.22+0.06 


The negative g value (light electron) associates the 
weaker lines of larger g value with an allowed transition, 
whereas the choice of a positive g value (a light hole) 
associates the stronger lines with an allowed transition. 

The n=3 state splits into two strong components 
(and several less readily observed weak components) 
in a magnetic field parallel to the c axis (Fig. 5). The 
experimental data for the linear splitting is shown in 
Fig. 7. The g value of this line is 10.80.5. 

The n=3 P,, and D,, states should exhibit the same 
g values as the n=2 P.,, states already discussed. One 
is thus forced to assume that the observed n=3 state 
is a 3D,» state. This is extremely plausible from a 
theoretical point of view as discussed in Sec. VI. Both 
of the possible g,;; assignments result in the same state 
assignment for the m=3 line, namely a 3D4.(f'4T2) 


AND D. G. 
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allowed transition. One obtains for the predicted g 
values: 


ull g(3D.2 allowed transition) 


—3.30 
+2.15 


10.27 
11.53 


Section VII shows that there is reason to believe 
that a small but measurable error exists in interpreting 
the experimental g values at face value; hence one is 
forced to conclude from the H||c data alone that either 
value of g,:;; could be regarded as an acceptable fit to 
the experimental data. From the dielectric constants 
6.=9.02 and ¢€,=9.53 (determined by Berlincourt 
et al.® at frequencies above the thickness shear reso- 
nance) and the binding energy, one finds p,=0.160, 
i1=0.190. The two sets of g,y;; permit two choices of 
electron and hole masses. If g,;,;= —3.30, 1/m.,.=4.78 
and 1/my=1.48. If gyy.=+2.15, 1 2.06 and 
1/myi= 4.20. 

The splitting of the 2P states for a magnetic field 
perpendicular to the hexagonal axis is quite simple. 
The hole (from group theory) has no resolvable mag- 
netic moment in this geometry (i.e., H||x is I's, and 
thus does not mix I’, with itself). If the magnetic field 
is in the x direction, the state P, undergoes a diamag- 
netic shift and the states P, and P, will (although not 
degenerate) repel each other with an effective g value 


1 Y 
)(: , ). 
MesMey 15 


The P, and P, states also undergo a diamagnetic shift, 
but this shift can be essentially eliminated from the 
analysis of the value of g,. Finally, each of the states 
P,, P,, P, is split into a doublet having a splitting 
ga. An analysis of the data of Fig. 3 yields | gu 
=1.72+0.1, (also in Lambe and 
Kikuchi) and | g,| =8.30.3. Since it is impossible to 
determine a priori the sign of g., we are led finally to 
four sets of electron and hole mass values A, B, C, and 
D as given below: 


Mes 


1 
g1=2nmn)}( ny 


MriMnris 


agreement with 


MAL tell Matt 


0.68 
0.68 
0.238 
0.238 


0.209 
0.209 
0.485 
0.485 


0.198 5.0 
-0.339 0.122 

0.120 -0.322 
— 3.33 0.180 


There are several independent arguments, which 
give information concerning the most reasonable choice 
of mass values. First, the “reasonable” assumption 
based on Sec. IV that the 2P allowed transitions should 
be stronger than the 2P forbidden transitions would 
necessitate the choice of C or D. However, the direct 
demonstration in Sec. VI that the forbidden 2P,, is 
stronger than the allowed 2P4,, transition is strong 


®D. Berlincourt, H. Jaffe, H. Krueger, and L. Shiozawa (to 
be published). 
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evidence for choice A or B. Second, the fact that 
excitons from the top two valence bands have the same 
binding energy! is most easily explained by arguing 
that the dominant contribution to the reduced mass 
in both directions is the electron; i.e., that the electron 
is lighter than the hole in both directions. This argu- 
ment favors choice A. Third, the small anisotropy of 
the reduced mass is physically understandable in choice 
A or D, for one particle is light and isotropic, and the 
sizable anisotropy of the other particle then produces 
a small reduced-mass anisotropy. The other mass 
choices result in a small reduced-mass anisotropy by 
the near cancellation of Jarge mass anisotropies of holes 
and electrons. Fourth, the failure of Thomas, Hopfield, 
and Power'® to observe indirect transitions suggests 
that the conduction band minimum and valence band 
maximum used to construct the excitons under study 
are absolute maxima and minima or very nearly so. 
This argument, which is not definitive, may be taken 
as evidence against the occurrence of small negative 
masses, and argues against choices B, C, and perhaps 
D. Fifth, preliminary experiments by Collins'’ on the 
infrared reflectivity minimum of highly doped CdS 
indicate that the mass of the conduction electrons is 
about 0.2 and isotropic. The absence of indirect tran- 
sitions may be taken as evidence that the electron 
mass in the exciton should be the same. This argument 
is in good agreement with the set of masses A. Finally, 
k-p perturbation theory applied to a simple band model 
which takes into account only the conduction band 
and the three known valence bands suggests that the 
electron is isotropic and lighter than the hole. This 
theory further suggests that for an electron mass 
1/m.=5, the hole masses should (very approximately) 
obey the relation 1/mj:=2+1/may, the reason for the 
hole mass anisotropy is that the top valence band is 
composed of P,; and P, states ‘only, and is not repelled 
by the S-like conduction band for a k-p perturbation 
in the z direction. The mass assignment A is in good 
qualitative agreement with the naive k-p perturbation 
theory, while other mass assignments are in qualitative 
disagreement. 

Thus the bulk of the direct and indirect evidence 
seems to support strongly choice A. 

The agreement between experiment and theory with 
masses A in the geometry H Lc is exhibited in Fig. 3, 
where the solid lines represent the theoretical mass 
assignments. Agreement is generally quite good. 

The agreement between theory and experiment for 
the measured g values for H||c is shown by the scatter 
of the experimental points in Fig. 7 about the solid 
lines (theoretical fit). Considering the sources of 
systematic error (Sec. VII), agreement is generally as 
good as could be expected. 

16D. G. Thomas, J. J. Hopfield, and M. Power, Phys. Rev 


119, 570 (1960). 
17 R, J. Collins (private communication). 
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Fic. 8. The diamagnetic shift of the 2P, 2S, and 3D states for 
H|\c. The data for each exciton line should lie along a line parallel 
to (but not coincident with) the theoretical line. An estimated 
scaled experimental uncertainty is indicated for a point from each 
exciton line. 


The agreement between theory and experiment for 
the diamagnetic shifts is difficult to assess. For the 
n=2 states, the diamagnetic shift is difficult to measure 
with high precision. For the n= 3 states, the diamagnetic 
shift at large magnetic fields (above 20000 gauss) 
should no longer be proportional to H?. The diamagnetic 
shift for all exciton lines has been reduced to a common 
basis in Fig. 8. The diamagnetic data for each line 
should lie along a straight line parallel to but not 
coincident with the theoretical solid line. The theoretical 
line unfortunately also may be in error, since its slope 
is proportional to e~, and the precision of measurement 
of € is only 2 or 3%. In addition, the quasi-electric field 
(Sec. VII) will affect the apparent diamagnetic shift. 

A rydberg of 0.0290 ev yields better over-all agree- 
ment with the observed energy level spacings than the 
rydberg used in the present calculations, 0.0270 ev. 
The rydberg of 0.0270 ev is in much better accord with 
the diamagnetic shifts observed. The uncertainty of 
the effective rydberg is the largest source of uncertainty 
in the calculation of the masses. 

The actual limits of error of the masses are almost 
impossible to assess. The internal consistency of the 
interpretation, assuming no error in the dielectric 
constant, is compatible with an estimated error of 
+0.25 for any calculated reciprocal mass. A different 
dielectric constant would, of course, alter our estimate 
of internal consistency. The calculated electron mass 
is then isotropic within experimental error, and is 
m-=(.204+0.010. The calculated hole masses are 
Mri=0.7+0.1, and my,=5, the limits for maj being 
My; > 2.2 if may is positive, and mj,<—20 if man is 
negative. Because the exciton states are weakly bound, 
the calculated masses are polaron masses, not bare 
masses. The electron “bare” mass should be about 10% 
lighter than the value deduced here. 
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VI. OBSERVATION OF FORBIDDEN TRANSITIONS 


The observation of more exciton lines of principal 
quantum number m=2 than is expected from group 
theory indicates that forbidden transitions can occur 
for n= 2 exciton states. This argument is not definitive, 
since other effects (such as strain) could also cause the 
breakdown of selection rules. 

It has been observed® (see also Sec. III) that the 
magneto-optic absorption spectrum of the 2P exciton 
states alters drastically when the magnetic field is 
reversed when the geometry gL H, El||c, HLc is used. 
Since time reversal reverses the sign of the magnetic 
field but leaves the selection rules for infinite wave- 
length linearly polarized light (in a crystal of any 
symmetry whatsoever) invariant, one is forced to 
conclude that the effect must be due to the finite wave 
vector of light and the excitons with which the light 
interacts. In a crystal with inversion symmetry, even 
the finite wave vector of light cannot give rise to this 
effect. The wurtzite structure, however, has a direction 
to the ¢ axis and thus lacks inversion symmetry. 

Consider a geometry in which the magnetic field is 
in the +2 direction and the wave vector of the light q 
in the + direction. 

The energy levels are those of the third column of 
Fig. 9. Each “spin doublet” is split by the electron 
g value g.1. The top pair of lines is mixed with the 
bottom pair of lines by the magnetic interactions 
analyzed quantitatively in Sec. V. The energy levels 
will be independent of the direction of H relative to 
gy as long as H is perpendicular to the ¢ axis, and so 
are the same for H,= —H, (4th column of Fig. 9) and 
H\\q, (5th column). The zero field line pattern and the 
splitting of the exciton states for H||c is given in the 
first two columns for reference. 

It is observed experimentally [Figs. 1(a) and 1(b) ] 
that the top line of each doublet tends to be strong (in 
the geometry H 1g¢,, H Lc) with the magnetic field in 
one direction (HXq-c>0) and to be weak (and the 
lower line strong) when the magnetic field is reversed. 
It has already been indicated that such effects cannot 
occur (in linearly polarized light) for allowed tran- 
sitions. It will now be shown that these effects can be 


Hie 


(Hxq-c )<o Hiiq 
Hiq 


(Hxq@c )>o 
Hig 


1+ 
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quantitatively explained with the inclusion of forbidden 
transitions. 

The states can be described as factored orbital and 
spin wave functions. Let the directicu of spin quanti- 
zation be chosen as the z direction. A typical exciton 
state could be written P.t.Js, with the interpretation 
that the exciton orbital wave function is a 2P, effective 
mass state, the electron spin is in the z direction, and 
the empty state in the valence band is a state in which 
the electron spin would be oriented in the —z direction. 

The optical matrix elements of the states in the 
presence of a magnetic field are easily computed from 
the symmetry combinations of allowed and first for- 
bidden matrix elements. The state 


§(P.+iPy)tetat}3(P2— iP y)bedn 


is a I; state and has an optical matrix element A 
independent of the propagation vector q=q, of the 
light. This state combines with a I, state to produce 
the allowed 2P,; doublet in a magnetic field parallel 


to the c axis. Each component of this doublet will have 
a strength $|A|? (in appropriate units). The state 


4(P.+iP,)betrt+3(P.—iPy)teln 


has the symmetry I's, and an optical matrix element 
qB. In a magnetic field parallel to the ¢ axis this state 
mixes with the corresponding I's, state to form the 
forbidden Ps; doublet, each component having the 
strength 4|q¢,B\|*. The state 


1 


—P(tetr ae beba) 
v2 


is also a I's, state having an optical matrix element gC. 
This state combines with its analogous I's, state to 
produce the P, doublet for H||c, each component having 
the strength $|gC|*. All other optical matrix elements 
are proportional at least to g,? and will be neglected. 
From the eigenstates in an applied magnetic field, 
the line strengths of any of the geometries can be easily 
computed in terms of these three matrix elements. For 
example, for H in the + direction, one finds for states 
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Fic. 9. The energy level scheme 
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in the presence of magnetic fields 
in several directions. 
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(3+-), (4+), (3—), and (4—), 
| eet 
(1/v2)PLtet+be Wn 
((1/M2)P Lt tet 
| (1/V2)PLt—selta | 
(1/V2)P[te—be}ta) 
(IND) Pelt tela! 
a Beirne 

((1/V2)P.Lttbeln 


: total strength 
=4|A+qB|?, 

: total strength 
=1|A—qB’, 


total strength 
=}|A—gB)’, 
: total strength 


=}|A+qB|?. 


The energies are independent of hole orientation for 
Hic (ga:=0). All energy states are therefore doubly 
degenerate, and the intensity observed is the sum of 
the two degenerate line intensities. The causes of the 
change in intensity at a given energy position (for 
example that of state 3) with reversal of the magnetic 
field is now clear. If A and B have the same (or nearly 
the same) complex phase, the allowed and forbidden 
amplitudes for states (3+) and (4—) add, and for 
(4+-) and (3—) subtract. Thus reversal of the magnetic 
field should interchange the intensities observed in line 
positions (3) and (4). Since reversal of the direction of 
propagation of light reverses the sign of q, reversal of 
the direction of propagation of the light should also 
interchange the intensities observed at lines (3) and 
(4). Both of these effects have been observed experi- 
mentally. Theory and experiment agree that reversing 
both H and gq will not alter the observed intensities. 

The intensities of all other lines can be found in a 
similar manner. It is necessary to make an arbitrary 
choice of the sign of the g., value for the electron, g,, 
and the geometry defined by HXq-c>0. All choices 
are equivalent under suitable choice of signs of A, B, 
and C, and produce the same theoretical fit to experi- 
ment. The intensities of most of the lines contain a 
parameter 8. Since the P,, and P, states are not de- 
generate, the linear combinations of P, and P, which 
will enter into an eigenstate when the magnetic field 
is parallel to the x axis will depend on the magnitude 
of the magnetic field. One orbital eigenstate can be 
defined as 


(1—6*)'P,+i6P,, 


with 6 positive. The value of 8 as a function of the 
magnetic field is easily computed from the analysis of 
the energy levels in this geometry performed in Sec. V. 
From this analysis, one obtains the expression 


rafee(C)4]-2)| 


where H is the magnetic field in units of 10‘ gauss. For 


Taste III. Theoretical expressions for the intensities of the 2P 
exciton lines in various magnetic geometries. 





State Intensity 


H\\c 
2P 4: (allowed) 
2P 4; (forbidden) 
2P, (forbidden) 





4|A|* (each line) 
$|qB\|? (each line) 
4|qC|* (each line) 


(1+) § | v2 (1—6*)4(A +qB) —28qC|* 
(2+) }| v2(1—6)#(A —gB) —28gC|? 
(3+) {|A+qB|? 

(4+) t|4—gB|? 

(5+) }| BV2(A+¢B)+2(1—6*)tgC |? 
(6+) }|8VZ(A —qB) +2(1—6*)tgC|* 
(1) §| v2(1—6#)4(A —gB) +289C|* 
(2—) } | v2(1—8*)#(A +B) +28qC|* 

(3—) }|A—gB|? 

(4—) t|A+qB\? 

(5—) }|8V2(A —@B) —2(1—6*)4gC |? 

(6—) }|8V2(A +qB) —2(1—6*)4gC |? 

(1) iL (1—6*) | A |*+-| (1—6*)4gB—v2BgC|?] 
(2) iL (1—6*) | A |*+-| (1—6*)4gB+-v2B¢qC|*] 
(3) 3{| A |?+|qBl?] 

(4) iL| A |?+|¢B|*] 

(5) }(8?| A |2+ | 8gB+ (1—6*)N2gC|?] 

(6) t[6*| A |?+ |BgB—(1—6*)*V2gC|*] 


low magnetic fields, 8 is proportional to the magnetic 
field, and achieves asymptotically the value 1/v2 for 
large fields. At 31 000 gauss, 8=0.55. 

Expressions for the strengths of all the 2P exciton 
states as a function of geometry, and of the quantities 
A, B, and C are given in Table III. In the geometry 
H\\q, theory and experiment agree that no alterations 
of line intensity with the reversal of H or q will occur. 
For this reason only one set of values is needed in this 
geometry. 

The matrix elements A, B, and C are in general 
complex, so five theoretical constants are to be deter- 
mined by a fit to experiment. Since only the relative 
phase of A, B, and C enters the calculation, a sixth 
constant may be chosen arbitrarily to define the abso- 
lute phase of A, B, and C. For convenience, we have 
picked B to be real. The strengths of 2P 1 (allowed), 
2P.; (forbidden), 2P, (forbidden), (5—), and (6—) 
have been used to determine the five constants. One 
finds, in arbitrary experimental units 


A=2.14+2.31, 

qgB=4.1, 

gC=1.0—1.33. 
The calculated intensities of all twenty-one 2P exciton 
states observed in different magnetic field geometries 
are compared with the experimental intensities in 


Table VI. In general, the agreement is excellent. 
The most surprising result of this fit to the experi- 
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TABLE IV. A comparison of calculated and experimental values 
for the strengths of the 2P exciton states in different magnetic 
field geometries. The experimental values are from photographic 
plates and are approximate, they are taken to be proportional to 
the values of at at the peak of the appropriate absorption line. 
For convenience the sum of the line strengths for H||c has been 
set equal to 30 and so the sum of the theoretical strengths of each 
set of lines for all geometries is also 30. There is a theoretical sum 
rule that for all geometries with Hic, 1+2+5+6=}{ (2P+:) 
allowed+(2Ps,) forbidden}+(2P,), which in this case is 
~ (5.1+8.4+2 1.4) =16.3. This sum rule was used to normalize 
each set of experimental results for H Le. 


Measured 
intensity 


Theoretical intensity 
State (H=31 000 gauss) 
H\\¢ 
2P., (allowed) 
2P., (forbidden) 
2P; 


4.9 
8.6 
1.4 


5.1 (each line) 
8.4 (each line) 
1.4 (each line) 


Hic 


Um why 


a 
x 


“singlet 
spectrum” 


eatin adhe 


+ 


- -+ 


(1—) 

2-—) 
(3—) 
(4—) 
(5—) 
(6—) 


“doublet 
spectrum” 


(1) 

(2) 6 

(3) 6.8 
(4) 6.5 
(5) 4 

(6) 1.6 


* These states cannot be separated from the 2Sz state; consequently the 
indicated line strength may be greater than that of the 2P.~ state alone. 


mental data is the fact that it assigns the strongest 
2P transitions to forbidden processes. It is not possible 
to obtain even a satisfactory qualitative fit to the 
experimental data unless the strongest transitions are 
assigned as forbidden. The strong forbidden transitions 
are in agreement with the mass analysis of Sec. V, in 
which all the circumstantial evidence indicated that 
the strong 2P transitions must be forbidden. 

Figure 10 shows the experimental and theoretical 
intensities of lines (S—) and (6—) as a function of 
magnetic field. The depth and position of the minimum 
of intensity of line (6—) is a very sensitive function of 
the optical matrix elements. In view of the relatively 
large experimental errors in determining the line in- 
tensity ratios from which A, B, and C were determined, 
the agreement between experiment and theory can be 
considered adequate. Experiment and theory agree that 
the equality of the intensities of lines (5—) and (6—) 
for a magnetic field of 31.000 gauss is accidental, and 
does not occur for other magnetic fields. 

In Sec. IV, it was estimated that the forbidden 2P 
transitions should be about } the strength of the allowed 
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Fic. 10. The theoretical and experimental strengths of the 
(5—) and (6 field. The line 
strengths are in units of at, where a is the peak absorption co 
efficient in cm™ and ¢, the crystal thickness, is 104. Experimental 
data are not given below 15 000 gauss since in this region the two 
lines cannot be resolved 


) lines as a function of magnetic 


3D transitions. Experiment shows that this is at least 
approximately so. 

That the 2P, forbidden lines are much weaker than 
the 2P,; lines is consistent with the experimental 
observation of 3D,» allowed transitions but not 3D, 
allowed transitions. One can easily show, following the 
analysis of Sec. IV, that the strengths of the 2P,, 
forbidden transition is related to the strength of the 
3D allowed transitions by almost the same factor 
that related the strength of the 2P, forbidden transition 
and the 3D4, allowed transition. That the 2P,,; allowed 
transition is weak in spite of the near degeneracy of 
this state from the top valence band and the strong 
1S transition from the second valence band indicates 
that the optical matrix element between the top two 
valence bands at k=0 is truly infinitesimal. 

Perhaps the most disconcerting aspect of the ex- 
planation of the anomalous magneto-optic absorption 
spectrum is that its observation, although theoretically 
plausible, appears to be accidental. The accidental 
nature of the phenomenon is clear from the fact that 
it depends on the magnetic mixing of two exciton states 
of different symmetry by a magnetic field. The phe- 
nomenon thus depends on the accidental near degen- 
eracy of two exciton states. 

A few simple criteria must be met in order to observe 
this type of magneto-absorption spectrum in wurtzite 
CdS, ZnS, ZnO, etc. First, one must be able to observe a 
forbidden exciton absorption line, whose strength will be 
denoted by J;. Second, there must lie a distance ¢ away 
an allowed exciton absorption line, whose strength will 
be denoted by J,. (The spin-orbit splitting of the valence 
band must be greater than yusH, but this is true for 
virtually all crystals.) Third, there must be a magnetic 
coupling between the allowed and forbidden transitions. 
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When this coupling exists, it will usually have an 
approximate magnitude uel. All that is required in 
order to have the possibility of observing the strange 
magnetic-field reversal effects (symmetry permitting) 
is that wpH be of the same order of magnitude as 
(I;/Ia)*e. The quantity (J;/J,)! ranges from about 1 
to 10-*. The accidental degeneracy is, for hydrogenic 
or near hydrogenic excitons, extremely close, and € will 
typically lie, depending on the states involved, between 
10~ and 10~° ev. usH for customary laboratory fields 
is about 2X 10~ ev. 

For the 2P CdS exciton states, € lies between 10-* 
and 10~ ev, a perfectly reasonable and unexceptional 
value. One would then expect, if a forbidden 2P exciton 
line can be observed at all, to be able to observe mag- 
netic field reversal effects for any value of (J;/J.) 
likely to occur in nature. The only accident that occurs 
in CdS is that (J;/J,)* is near 1, making the inter- 
ference effects particularly marked. The anomalous 
magnetic field reversal effect observed in CdS is thus 
expected to occur in the exciton spectrum of most of 
the II-VI wurtzite structure compounds when properly 
selected exciton lines are carefully investigated. 


Vil. PERTURBATIONS 
A. The Effect of the Quasi-Electric Field 


The magnetic perturbation (5), neglected throughout 
the previous analysis, is equivalent to an applied electric 
field perpendicular to q and H. This quasi-field has a 
magnitude of approximately 100 volts/cm for the 
excitons under consideration and a magnetic field of 
31000 gauss. In the absence of all other magnetic 
effects and effects of anisotropy, this quasi-field would 
produce a Stark effect linear in H. This effect would 
give rise to a maximum splitting interpretable as a 
‘‘g value” of about 1 for the n=2 states, and 3 for the 
n=3 states in CdS. 

Fortunately, in the presence of anisotropy and sizable 
ordinary magnetic effects the contribution of this 
Stark effect to the ordinary splittings is much reduced 
by the destruction of degeneracy. The maximum effect 
on the n=2 states is expected to be of the same mag- 
nitude as present experimental error. On the 3D.» 
states the “Stark effect” should lead to an increase of 
about 10% in the measured g value over the true g 
value. The experimental data were not corrected for 
this effect. 


B. The Effect of a Finite Slope Conduction 
Band at k=0 


Casella® has pointed out that the conduction band 
in CdS need not be degenerate away from the line 
k,=k,=0. More recently, Balkanski and des Cloizeaux® 
have given an interpretation of some of the optical 
absorption effects in CdS on the basis of a sizable slope 
band crossing in the conduction band at k=0. The 
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magnetic effects on the 2P excitons are quite sensitive 
to the presence of a finite slope band crossing. All the 
2P., exciton states are degenerate in the effective mass 
approximation in the absence of valence and conduction 
band splittings away from k=0. The presence of a 
finite slope conduction band crossing, even in the 
effective mass approximation, would mix the 2STs 
and 2P4:l's states, altering the energy of the 2Py:T's 
state. The 2P4:1,; state would behave differently, 
since there is no 2S state of the same symmetry. The 
splitting of the 2Pi:T,; and 2P,,l's; states was com- 
puted in lowest order, for a finite slope conduction 
band crossing. The degeneracy (within the experimental 
error of perhaps 0.3 millielectron volt) of all the 2P., 
excitons regardless of symmetry gives an upper limit 
on the slope at the band crossing at k=0 of 


|dE/dk| ,~0<5X 10-" electron-volt centimeter. 


This estimate is at least an order of magnitude smaller 
than that which would have to be assumed by Balkanski 
and des Cloizeaux. A perturbation of this symmetry 
ten times larger would have drastic effects on the 
exciton spectrum, and could scarcely be overlooked. 
The valence band splitting proportional to k* should be 
similarly insignificant. 


C. The Use of the Effective-Mass Approximation 


The analysis has been carried out on the basis of a 
single valence band and the effective-mass approxi- 
mation. Since the ground-state exciton has a binding 
energy of 0.027 ev and the valence band separation at 
k=0 is only 0.016 ev, it is clear that effects of the other 
valence bands are not completely negligible. The mag- 
nitude of the effect of the other valence bands on the 
effective-mass energy levels cannot be calculated from 
presently known parameters. As in the case of the 
finite-slope band crossing, the fact that the 2P states 
show the full effective-mass degeneracy shows that the 
other valence bands do not seriously perturb the n=2 
states. The fact that the 1ST, state and the 2PT; 
states combine to yield a value of g,;,; in agreement with 
other experiments (see Sec. V) may be interpreted as 
indicating that the g value of the 1ST state is not 
seriously perturbed. This does not, unfortunately, 
guarantee that its energy has not been shifted 
appreciably. 


VIII. CONCLUSION 


The energy levels of the excitons in CdS formed from 
the top valence band and the conduction band are well 
represented by the effective-mass approximation. The 
reduced mass of the exciton is only slightly anisotropic. 
In the presence of a magnetic field, it is possible in 
light polarized parallel to the hexagonal axis to observe 
sufficient g values to calculate with the aid of group 
theory the g values of the electron and hole and the 
masses of the electron and hole. The mass assignment 
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which agrees most satisfactorily with all experiments 
and theoretica! considerations are (in units of the free 
electron mass) 


Mri™d, 


m,.= 0.205 (isotropic within 5%), 


mr,=0.7. 


Comparison of the present results with other experi- 
ments supports the suggestion that the k=0 conduction 
band valley is the lowest conduction band valley in 
CdS. The slope of the conduction band at k=0 and 
the displacement of the conduction band minimum 
from k,=k,=0 appear to be negligible. 

Piper ef al.'* have suggested from transport measure- 
ments that 0.03 ev represents the binding energy of a 
hydrogen-like donor in CdS. The donor state binding 
energy of 0.033 ev computed from the electron effective 
mass and the static dielectric constants is in reasonable 
agreement with the observed value. Naive application 
of the theory of Luttinger and Kohn” for the com- 
putation of the hydrogenic acceptor state binding 
energy, using the hole masses from the top valence 
band, leads to a binding energy of 0.4 ev. Correctly 
taking into account the lattice polarizability and the 
fact that the acceptor state binding energy is much 
larger than the k=O valence band splittings, will 
increase the acceptor binding energy. From this calcu- 
lation one would suggest that the ground state of all 
hole traps for which a hole, at long range, feels an 
attractive Coulomb force (such as an ionized acceptor) 
should have a binding energy greater than 0.4 ev. The 
central cell correction will control the actual binding 
energy for such a trap. Optical experiments usually 
indicate that acceptor binding energies are of the order 
of 1 ev, in qualitative agreement with what might be 
expected. It is also of interest that the hole mobility 


18W. W. Piper e¢ al., International Conference at Prague, 
August, 1960 (to be published). 
1? W. Kohn and J. M. Luttinger, Phys. Rev. 98, 915 (1955). 


in the top valence band is expected to be highly aniso- 
tropic, with u,/u;,~6 for an isotropic relaxation time. 

In order to understand the number of observable 
exciton lines, it is necessary to assume that optical 
transitions having an optical matrix element propor- 
tional to the wave vector of the light are of fundamental 
importance. These first forbidden transitions are neces- 
sary to explain the large changes in some magneto-optic 
absorption spectra when the magnetic field is reversed. 
A theory taking into account both allowed and for- 
bidden optical transitions explains quantitatively this 
peculiar absorption spectrum. Theoretical support for 
the existence of large optical matrix elements for 
forbidden transitions also was given. 

Small effects of the quasi-electric field acting on an 
exciton due to its motion through a uniform magnetic 
field have been observed. These effects are sufficiently 
large that the direct measurement of the exciton mass 
(m.1+m,) should be possible in CdS. They also give 
rise to sizable systematic error if the g values of n=3 
and higher exciton states in CdS are interpreted as 
being the g values characteristic of excitons having 
zero wave vector. 

Unambiguous evidence for the quenching of a Zeeman 
effect by lifting of a “group-theoretic” degeneracy by 
the energy difference between longitudinal and optically 
active excitons was observed. 
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The energy release associated with the recovery peak occurring between 600 and 700°K in neutron- 
irradiated copper was measured utilizing a new technique, that of nuclear heating. Following a bombardment 
at 40°C of 1.710” fast neutrons of a 1/£ distribution which raised the critical shear stress to 12.8 kg/mm? 
at 4.2°K (5.2 kg/mm? at 300°K), a release of 7.7 cal/mole was measured. Using this measured value of the 
energy release it is possible to estimate the number of defects annihilated if it is assumed that the annealing 
is. the result of the migration and subsequent annihilation of a single defect. In this way the number of 
interstitials, vacancies, interstitial-vacancy pairs, and dislocation lines required to account for the measured 
energy release were estimated. The values were, respectively, 5 10'* per mole, 2X10” per mole, 4X10 


per mole, and 1X10" cm per mole. 





INTRODUCTION 


HE fast-neutron bombardment of metals results 

in the formation of lattice defects which sub- 
stantially affect some properties of metals.! While there 
is insufficient experimental evidence at this time to 
completely understand the exact nature of these defects, 
it does seem reasonably clear that vacant lattice sites 
and interstitial atoms play an important role. On the 
other hand, the postulate that only these defect types 
are formed by the irradiation makes it difficult to 
understand the observation of a greatly enhanced 
hardness in irradiated metals.” 

Annealing experiments following low-temperature 
bombardment (ranging from 4 to 20°K) have played 
an important role in the determination and possible 
identification of the radiation-induced defects.'*4 These 
experiments, utilizing the electrical resistivity contri- 
buted from the defect formation, show that defect 
recovery occurs in series of stages for many metals. In 
the case of copper there are pronounced annealing 
peaks at 35 to 45°K and at 600 to 700°K, with about 
30% recovery occurring at the former peak and 5% 
recovery at the latter peak with the balance of the 
resistivity dribbling out without the appearance of 
discrete peaks. This latter phenomenon accounts for 
about 7% of the resistivity decrease in the range 
between 7° and 35°K and the remaining 58% between 
45° and 600°K. This annealing spectrum is illustrated 
in Fig. 1. 

While other property changes, for example the 


* Oak Ridge National Laboratory is operated by Union Carbide 
Corporation for the U. S. Atomic Energy Commission. 
1T. H. Blewitt, R. R. Coltman, D. K. Holmes, and T. S. 


Noggle, Creep and Recovery (American Society of Metals, 
Cleveland, Ohio, 1957), p. 84. 

2T. H. Blewitt, R. R. Coltman, and J. K. Redman, J. Nuclear 
Materials (to be published). 

3 T. H. Blewitt, R. R. Coltman, and C. E. Klabunde, Australian 
}. Phys. (to be published). 

‘T. H. Blewitt, R. R. Coltman, and C. E. Klabunde (to be 

published). 
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change in density, recover with a one-to-one corre- 
spondence to the electrical resistivity, it has been 
established that the yield stress, which is extremely 
sensitive to neutron bombardment, does not recover 
in the same manner.’ There is, for example, only slight 
recovery of the yield stress in the temperature region 
below 250°K in copper with the majority of the recovery 
occurring at 600° to 700°K where only a small portion 
of the radiation-induced resistivity recovers. Figure 1 
illustrates this striking difference in the recovery of 
yield stress and electrical resistivity. This difference in 
annealing behavior is one of the factors which suggests 
that a different defect is associated with radiation 
hardness than is associated with the radiation-induced 
resistivity. An important criterion in establishing the 
nature of the defects involved in each case is the energy 
associated with them. The energy associated with the 
recovery of the electrical resistivity in the 35° to 45°K 
region has been measured. It is the purpose of the 
research described here to measure the amount of 
energy associated with the recovery occurring in the 
600° to 700°K ranges where the majority of the radia- 
tion hardness is observed to recover. 


EXPERIMENTAL TECHNIQUES 


The measurement of the stored energy associated 
with the recovery of radiation damage in the 600° to 
700°K region represents a rather difficult problem as a 
comparatively small amount of energy is released over a 
relatively large temperature interval. Furthermore, in 
this instance the specific heat is relatively high and the 
radiation losses are quite substantial, compared to the 
energy release even when radiation shields of relatively 
low emissivity are used. Classically this basic problem 
is solved by measuring the difference in specific heat 
between a standard or “dummy” sample and the sample 
containing the stored energy. In the Sykes’ method 


5 F. W. Jones and C. Sykes, Proc. Roy. Soc. (London) A157, 
213 (1936). 
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Fic. 1. Recovery in irradiated copper crystals. Pulse annealing 
curves of resistivity and the cube of the critical shear stress are 
shown after a low-temperature pile irradiation. The cube of the 
critical shear is plotted against temperature since the radiation- 
induced hardening has been experimentally determined to be 
proportional to the cube root of the bombarding flux. 


both samples are placed in the same temperature 
environment (to reduce radiation effects), and the 


temperature of the environment and of each of the 
samples is raised at the same rate by electrical heat. 
The energy release is determined from the difference in 
heat input of the two samples.® 

The method used in this experiment is a unique one 
insofar as the temperature range is concerned. Heating 
by y rays supplied by the Oak Ridge National Labora- 


tory Research Reactor is substituted for the electrical 
heating used in the Sykes method. This has several 
advantages. First, it permits a high heat input which 
is absorbed homogeneously in the sample so that 
equilibrium conditions always exist. In this experiment 
the y-ray heating amounted to 0.7 watt/g and in the 
case of copper a heating rate of about 100°C/min. 
Secondly, the construction of radiation shields is 
relatively simple as the y rays are also absorbed 
uniformly in the radiation shield, heating them at the 
same rate as the sample (providing they are made of 
the same material). It is thus possible to keep the 
samples in a temperature environment which has the 
same characteristics as the sample. These two advan- 
tages make it possible to determine the stored energy 
by measuring the difference in temperature between a 
sample and a dummy sample. 

It should be noted that considerable experimental 
difficulty was experienced in the construction of a 
suitable differential thermocouple. The major difficulty 
arose from spurious emf’s apparently arising from 
inhomogeneities in the thermocouple as the tempera- 
ture gradient changed during the heating (Thomson 
emf). Careful selection of standard thermocouple wire 
did not correct this difficulty. Good results were 


6 The work of Clarebrough and Hargreaves [L. M. Clarebrough, 
M. E. Hargreaves, D. Mitchell, and G. W. West, Proc. Roy. Soc. 
(London) A232, 252 (1955) ] is an outstanding example of the 
application of the Sykes method to measure the energy release 
in solid state process 
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obtained when statistical wire’ was used as both legs 
of the differential thermocouple. 

The details of the experimental facility are shown 
in Fig. 2. The sample assembly, consisting of an ir- 
radiated sample (3.5X10" fast neutrons/cm?)® and a 
dummy sample in a polished copper radiation shield, 
was thermally isolated from the reactor pool in an 
evacuated aluminum tube. This sample assembly was 
suspended in this tube by the thermocouple wires. Two 
thermocouples were used. A copper-constantan thermo- 
couple was held in a well on the top of the upper (the 
dummy or unirradiated sample): sample along with an 
additional copper lead which formed one leg of a 
differential thermocouple. The lower was 
suspended from the upper sample by a constantan wire 
of about one-half inch in length. The junction of these 
wires formed the hot and cold junction of the differential 
thermocouple. A copper lead was held in a well at the 
bottom of the lower specimen. The thermocouple wires 
were brought out of the evacuated chamber by moulding 
them into a plastic cap which was clamped to a flange 
(an “O” ring seal being used) on the end of a }-in. o.d. 
stainless steel tube four feet long. This tube in turn 
passed through a Wilson seal so that the sample 
assembly could be moved four feet from the center of 
the flux field by withdrawing the rod. This distance 
proved sufficient to reduce the y field (and the neutron 
field) to negligible proportions. 


sample 


Fic. 2. The experimental apparatus shown here are the 
“dummy” and irradiated samples with the attached thermo 
couples. The ceramic stand-offs which thermally isolate the 
samples from the copper radiation shields can also be seen. The 
leads are brought out of the system through the plastic cap 
arrangement seen at the top of the photograph. 

7 Statistical wire is a multistranded copper wire developed by 
Leeds & Northrup Company for lead wires in applications where 
a spurious emf must be reduced to a minimum 

§ This sample was bombarded in the same Oak Ridge research 
facility described above for six weeks, being cooled by helium gas 
to the ambient temperature of the water (60°C). The dose is 
equivalent to 1.710” neutrons/cm? whose energy is distributed 
between 1 ev and 2 Mevina 1/£ distribution 
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The experimental procedure was then as follows. The 
sample assembly was held in the upper position by 
withdrawing the stainless steel rod, and the aluminum 
tube was then evacuated to 2X 10~ mm Hg (two hours 
being required for the evacuation). The stainless steel 
tube was then pushed in causing the sample assembly 
to be on the center line of the reactor flux field. A 
time-temperature curve for the upper sample was then 
determined by recording the output of the copper 
constantant hermocouple. The output of the differential 
thermocouple was also recorded. 


RESULTS 


The time-temperature curve obtained from the copper 
constantan thermocouple can be used to estimate the 
heat losses during the warmup as well as to monitor the 
absolute temperature. 

To a good first approximation the specific heat of 
copper, C >, is given as 


C,=5.39+1.5X 10T cal/mole, 


in the temperature range from 0° to 600°C. During the 
heat input we have 


T t 
f CAT= f ydt, 
336°K 0 


where y=the gamma-ray heating (cal/mole/sec), 
‘=time in seconds, and T=the absolute temperature. 


Then 
T 


f (5.39+1.5X10T)dT = yt, 
336°K 


y= (5.39T— 1.895 X 10°+7.5X 10“T?)/1. 


During the experiment, which lasts about six minutes, 
it is safe to assume that ¥ is a constant and any devia- 
tion in y is a result of heat losses. Figure 3 shows the 
plot of y as a function of temperature as determined 
from the experimental time-temperature curve and the 
above equation. It can be seen that only about six 
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Fic. 3. Effective nuclear heating rate plotted against sample 
temperature. The deviation from a horizontal line represents the 
heat losses of the sample to the radiation shield. 


® American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), pp. 4-42. 
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Fic. 4. Energy release at high temperatures in irradiated copper. 
The differential thermocouple voltage as measured between the 
“dummy” and irradiated sample is plotted as a function of 
temperature. In run I the sample contains the energy associated 
with 3.510" fast neutrons/cm*, and in run II the sample is 
annealed. The difference between run I and run II is the result of 
released energy. 


percent of the heat input is lost, even at 600°C. The 
addition of a second radiation shield would reduce this 
loss still further. 

In Fig. 4 the output of the differential thermocouple 
is plotted as a function of temperature. This graph 
represents the difference in temperature between the 
dummy sample and the irradiated sample as a function 
of temperature. The bump in the curve of the first 
run between 290° and 420°C arises from the release of 
the energy associated with the removal of defects 
introduced by the bombardment, whereas the second 
run shows a smooth curve between 70° and 600°C. 
The differences between the two curves presumably 
arise as a result of the energy release. This corresponds 
to 91 wv or 1.50°C at 460°C. It would appear, however, 
that some difficulty arises from spurious Thomson 
emf’s, as in the region from 460° to 600°C Curve 2 is not 
parallel to Curve 1. It would seem then that an extra- 
polation of Curve 1 in the region from 280° to 600°C, 
making the portion in the region from 460° to 600°C 
parallel to the experimentally determined curve, might 
more accurately fit the picture.”° In doing this it can 
be seen that the 73 uv difference appears which corre- 
sponds to a 1.2°C rise in temperature in the irradiated 
sample. If we use this latter figure, the stored energy 
in the sample amounts to 7.7 cal/mole after a bombard- 
ment of 1.7 10” fast neutrons/cm? (1/£ distribution). 

Samples suitable for resistivity and tensile measure- 
ments were simultaneously bombarded with the stored 
energy sample. It was found that the resolved critical 
shear stress for plastic flow was increased from 0.2 
kg/mm? to 12.8 kg/mm? at 4.2°K (5.2 kg/mm? at 
300°K). The electrical resistivity had increased 3.35 
X10 yohm cm following the bombardment. These 
samples were annealed for ten minutes at 250°C. This 


10 Tt is assumed that the small increase in C, with temperature 
will be just about compensated by the increase in thermoelectric 
power of the thermocouple. In any event, the correction will be 
small. 
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Fic. 5. Comparison of the annealing characteristics of neutron 
radiation-induced resistivity (at 4.2°K) and the cube of the shear 
stress measured at 77°K and 300°K. These data were obtained by 
annealing for a period at successively higher temperatures and 
examining these properties at a reference temperature after each 
anneal. 


anneal did little to the critical shear stress but reduced 
the resistivity 4.5X10-* wohm cm. This anneal was 
followed by an anneal similar to that in the stored 
energy anneal by the use of y-ray heating. This latter 
anneal reduced the resistivity 2.9X10-? wohm cm and 
the critical shear stress to 0.7 kg/mm? at 4.2°K and to 
0.5 kg/mm? at 300°K. It can thus be concluded that a 
release of 7.7 cal/mole is accompanied by a recovery 
of 2.9X 10 yohm cm and 11.8 kg/mm? critical shear 
stress at 4.2°K (4.7 kg/mm? at 300°K). 


DISCUSSION 


It seems reasonably safe to assume that the 7.7 
cal/mole released in this experiment is associated with 
the annihilation of the defects causing the radiation 
hardness. This conclusion is based on the fact that 
release of energy occurs during the same temperature 
interval in which the hardness is observed to recover. 

Figure 5 illustrates the fact that the resistivity, the 
radiation hardening, and the energy all recover in the 
same temperature interval. In this figure the cube of 
the critical shear stress is plotted, as it has been experi- 
mentally determined that the critical shear stress is 
proportional to the cube root of the dose. Presumably, 
the number of defects present will then be proportional 
to the cube of the flow stress. 

It is interesting to compare the ratio of the resistivity 
to the stored energy with that found at the lower 
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temperature. In the case of the low-temperature stored 
energy release, it was found that 0.56 cal/mole was 
associated with a change in resistivity of 3.8x10-% 
pwohm cm so that 148 (cal/mole)/yvohm cm are released 
in this region." The present experiments show an 
energy release of 7.7 cal/mole for a change in resistivity 
of 2.9X10- pwohm cm or 264 (cal/mole)/yohm cm 
which is about 70% greater than the low-temperature 
results. The great difficulty in making stored energy 
measurements, however, makes it questionable as to 
whether this factor lies outside of experimental error. 
At this time, therefore, it is premature to evaluate this 
apparent discrepancy.” 

While the defect responsible for the hardness cannot 
be identified, it is worthwhile to speculate on the number 
of defects formed using different models. Consider the 
cases where this high-temperature annealing is assumed 
to be either vacancy, interstitial, or vacancy-interstitial 
annihilation. If it is assumed that 4 ev is the formation 
energy of an interstitial, and 1 ev is the formation energy 
of a vacancy," then the 7.7 cal/mole (2X10” ev) 
release would be accounted for the annihilation of 
210” vacancies/mole, 5X10" interstitial/mole, or 
4X10" interstitial-vacancy pairs/mole. It has been 
shown that the electrical resistivity varies linearly with 
the dose, and hence it can be expected that the stored 
energy would vary in the same way so that a decrease 
in dose would reduce the number of defects propor- 
tionally. On the other hand, the critical resolved shear 
stress depends on the cube root of the dose so that a 
substantial reduction in the number of defects would 
still leave an appreciable increase in the critical resolved 
shear stress. This is illustrated in Table I. It can be seen 
that an extremely small number of defects, if indeed 
these cause the hardness, can cause appreciable 
hardness. 

It has also been suggested that small dislocation 
loops are formed during the radiation from either a 
theiinal stress" or from the migration, coagulation, and 
collapse of vacancies.'® While the latter suggestion can 
hardly bear on the hardness since the critical shear 
stress is observed to increase at 25°K much below the 
migration temperature of vacancies, it is nevertheless 
worthwhile to estimate the number of loops from the 


1T. H. Blewitt, R. R. Coltman, and C. E. Klabunde, Phys. 
Rev. Letters 3, 132 (1959). 

2Tt should be noted, however, that a room-temperature 
bombardment may not be equivalent to low-temperature bom- 
bardment followed by a room-temperature anneal; and in fact, 
there is experimental evidence indicative of differences in the two 
cases. This is due to a difference in concentration of the radiation- 
induced defects. In the case of the low-temperature bombardment, 
a high concentration of defects will exist as the annealing occurs 
so that self-annihilation has a high degree of probability. On the 
other hand, during room-temperature bombardment the concen- 
tration of defects will be relatively small so that there is a greater 
probability for the defects to be trapped in existing defects rather 
than by self-annihilation. 

13W. M. Lomer, Progress in Metal Physics (Pergamon Press, 
New York, 1959), Vol. 8, p. 255. 

4 F. Seitz, Phys. Rev. 98, 1530A (1955). 

18 J. Silcox and P. Hirsch, Phil. Mag. 4, 1356 (1959). 
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TABLE I. The number of defects associated with radiation hardening. 





IN REACTOR-IRRADIATED Cu 





Critical shear stress 
Dose 


(neutrons/cm?) 


Interstitials* 


Number of defects/mole 


Interstitials and 
vacancies*® 


No. of cm of 


Vacancies/mole> dislocation/mole4 





3.510" 
3.5X 108 
3.510!" 
3.5 1016 


5x10" 
5X 1018 
5X10" 
5x 10'* 


2X 10” 
2x10" 
2X 10"* 
2x10" 


4x10" 
4X 10"8 
4x10" 


1x10" 
1x10" 
1x10" 
1X 10° 








* Based on a formation energy of 4 ev per interstitial (see reference 13). 
b Based on a formation energy of 1 ev per vacancy (see reference 13). 

© Based on a formation energy of 5 ev per pair (see reference 13). 

4 Based on a formation energy of 4 1074 erg/cm". 


amount of energy release. Using a formation energy of 
4X10~ ergs/cm of dislocation line'®’’ the energy 
release of 7.7 cal/mole accounts for the removal of 
1X10" cm of dislocation lines per mole (1.5X10" 
cm/cm*). This corresponds to a density found only in 
samples severely cold worked. The absence of line 
broadening in the x-ray diffraction patterns of heavily 
neutron-irradiated copper crystals does not, however, 
support the concept of a high dislocation density.?’* 

It should be noted that Hirsch and co-workers'® 
do find a dislocation density in irradiated copper which 
is in agreement with this number. This group, also, 
however, finds that line broadening occurs in irradiated 
foils in disagreement with the results found in bulk 
samples. It would seem important that this discrepancy 
be resolved. It should further be reported that recovery 
of radiation-induced expansion and radiation-induced 
resitivity in aluminum is exactly the same in the region 
from 4° to 300°K (from 0 to 99.5% recovery), implying 
that the same defects are recovered throughout the 
annealing process. This, in turn, implies that a very 


146A. H. Cottrell, Dislocations and Plastic Flow in Crystals 
(Oxford University Press, New York, 1953), p. 38. 

17 This value is that given for straight dislocation lines with 
equal edge and screw components. Small dislocation loops un- 
doubtedly have a smaller formation energy per cm so that the 
dislocation densities should be regarded as a lower limit. 

‘8B. R. Warren and B. Averbach (private communication). 








small fraction of the defects is associated with dis- 
location lines. 

From the number of defects determined by the stored 
energy as given in Table I and the measured change 
in resistivity, the resistivity of the defects can be 
determined. Under the assumptions then that all the 
energy release is associated with the defect'in question, 
the resistivity contribution is given as follows: inter- 
stitials 3.5 wohm cm per atomic percent, vacancies 
0.87 wohm cm per atomic percent, interstitial-vacancy 
pairs 4.4 wohm cm per atomic percent, dislocations 
2X10" wohm per cm of dislocation line. Unfortunately, 
all of these values are reasonable ones, and none of the 
annealing models can be thrown out on this basis. 

While the measurement of the stored energy cannot 
by itself distinguish the defect responsible for the 
radiation hardening, the data do show that if point 
defects are responsible a relatively small number will 
produce appreciable effects in the plastic properties of 
single crystals. 
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Direct Current Electroluminescence at Low Voltages 


W 


A. THORNTON 


Lamp Division, Westinghouse Electric Corporation, Bloomfield, New Jersey 
(Received November 29, 1960) 


Electroluminescence due to dc excitation occurs in activated ZnS films at 2.0 volts. Since in the de case 
no ambiguity is introduced by possible transient potential differences within the phosphor layer, these 
experiments show that electroluminescence can occur at applied voltages corresponding to about half the 
band gap (3.8 electron volts) of the ZnS phosphor. The acceleration-collision theory of electroluminescence 
is thus ruled out at low voltage, and since no appreciable difference is found to be characteristic of the 
electroluminescence at low voltages, the acceleration-collision mechanism may not be important in any 


voltage range. 


LECTROLUMINESCENCE at very low voltages 

is of interest since it may indicate the nature of 
the basic electronic processes involved, or at least rule 
out some possibilities. A previous note’ described ob- 
servations of ac electroluminescence at voltages as low 
as 1.5 volts rms in activated ZnS films; this voltage 
corresponds to a peak voltage of 2.2 volts. As already 
pointed out,' in the ac case there is a possibility of space 
charge buildup with a relaxation time too long to allow 
complete decay every cycle; therefore it is possible, 
although unlikely, that the total minimum potential 
difference was 4.4 volts and that electrons could have 
been accelerated to energies greater than that equivalent 
to the band gap (3.8 electron volts) of the zinc sulfide. 

More recent measurements of dc electroluminescence 
in similar films show that electroluminescence occurs at 
direct voltages at least as low as 2.0 volts, again corre- 
sponding to electron energies less than the band gap 
and less than the mean energy of the photons emitted. 
In the dc case, moreover, the possibility of transient 
potential differences greater than the applied voltage 
is eliminated. 

Thin phosphor films? of ZnS:Cu, Mn, Cl about one 
micron in thickness were measured by the procedure 
reported previously’ except for the use of a Regatron 
dc supply and Southwestern Industrial Electronics 
model R-1 dc voltmeter calibrated against a standard 
mercury cell. In Fig. 1 the low-voltage dc electro- 
luminescence emission in foot-lamberts is plotted 
logarithmically against V~!, where V is the applied 
direct voltage. The lowest plotted point corresponds to 
two volts, and there is no indication of a threshold 
voltage. The emission of these films consists predom- 
inantly of the yellow manganese emission near 2.1 
electron volts with some blue emission near 2.7 electron 
volts, and the detector (RCA 6217 photomultiplier) 
cuts off near 1.8 electron volts. 

The present results with dc excitation show in an 
even less equivocal manner that electroluminescence 
can be produced by applied voltages no greater than 
the equivalent mean photon energy of the resulting 
emission, and far less than the band gap of the base 
material or the optical excitation energy (2.8 electron 

!W. A. Thornton, Phys. Rev. 116, 893 (1959) 

2 W. A. Thornton, J. Appl. Phys. 30, 123 (1959) 
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volts) required. Thus the acceleration-collision* theory 
of electroluminescence is ruled out® at these low volt- 
ages ; since the emission at low voltages seems not to be 
characteristically different from that at higher voltages, 
the acceleration-collision mechanism may not be 
important in any voltage range. If electroluminescence 
depends instead primarily on carrier injection, for 
example, trapping processes (of electrons or holes or 
both) can still be important, as is thought to be true 
particularly in the ac case. If electroluminescence de- 
pends on free electron temperature,®’ again no change 
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Fic. 1. The low-voltage dependence of dc electroluminescence 

emission from a thin film of ZnS:Cu, Mn, Cl. 

’D. Curie, J. phys. radium 13, 317 (1952) 

*W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952) 

5 The same conclusion is reached, from quite different experi 
ments, by I. T. Steinberger, V. Bar, and E. Alexander who kindly 
supplied a preprint of a paper which was read at the Torino meeting 
on Color Centers and Crystal Luminescence, September 7—11, 1960 
(to be published). ? 

®R. Goffaux, Bull. Acad. Roy. Belg., ( 
J. phys. radium 17, 763 (1956); 18, 1 (195 

7E. Nagy, J. phys. radium 17, 773 (19 
Sci. Hung. 6, 153 (1956). 
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DIRECT CURRENT 
in the general picture of the process seems required 
except that the necessity for a threshold in the applied 
voltage is eliminated. 

Electroluminescence with dc excitation of similar 
films has led to brightnesses of six hundred foot- 
lamberts, with efficiency rapidly increasing with bright- 
ness or current. These additional results, together with 
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response times, transient, and polarity effects, will be 
described elsewhere. 
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Ferromagnetic Resonance Linewidth in Cobalt-Substituted Ferrites* 


C. WARREN HAAsf AND HERBERT B. CALLEN 
Department of Physics, University of Pennsylvania, Philadelphia, Pennsylvania 
(Received November 14, 1960) 


The effect of small concentrations of substitutional ions on the ferromagnetic resonance linewidth of a 
host ferrite is calculated. The resonance linewidth arises from magnon scattering induced by the variation 
from ion-to-ion of the spin-orbit interaction. This interaction is uniquely large for cobalt ions because of 
the orbital degeneracy of the ground state of the ion in a trigonaliy-symmetric crystalline field. The resultant 
contribution to the linewidth is found to be isotropic and of the order of 20-30 oersteds for each percent 
of cobalt in normal (i.e., noninverse) ferrites or in ferrous ferrite. In other ferrites the effect is diminished 
by the lifting of the ground-state orbital degeneracy at some of the cobalt sites; this diminution is calculated 


as a function of the degree of inversion. 


I. INTRODUCTION 


N typical ferrites, containing any of a large number 

of substitutional ions, the intrinsic ferromagnetic 
resonance linewidths are of the order of 10 oersteds. 
However, the cobalt ion is unique in that even small 
admixtures of cobalt increase the linewidth drastically. 

A contribution to the linewidth in typical ferrites 
(without cobalt) has been calculated by Callen and 
Pittelli' on the basis of magnon scattering induced by 
the random variations from ion to ion of the spin-orbit 
and intra-atomic spin-spin coupling parameters. The 
resulting linewidth contribution is anisotropic, and is 
of the observed order of magnitude? 

We consider specifically the contribution of small 
concentrations of cobalt ions to the linewidth. The 
effect of the spin-orbit coupling is enhanced in this ion 
because it has a degenerate orbital ground state when 
situated in a crystalline field of trigonal symmetry. 
This leads to three important differences in our results: 
(1) The linewidth contribution of a cobalt ion is 
considerably larger than that of a typical (nondegen- 
erate) ion. (2) The dominant linewidth contribution of 
a cobalt ion is isotropic. (3) The linewidth contribution 
of a cobalt ion can be strongly influenced by the degree 


* This work was supported by Office of Naval Research. 

+ National Science Foundation Cooperative Graduate Fellow 
during part of this work. 

'H. B. Callen and E. Pittelli, Phys. Rev. 119, 1523 (1960). 

2 The first calculation of this kind was done by A. M. Clogston, 
H. Suhl, L. R. Walker, and P. W. Anderson, J. Phys. Chem. 
Solids 1, 129 (1956), on the basis of assumed variations of the 
pseudodipolar interaction (which subsequently were found to be 
too small). 


of inversion of the host ferrite, because of the destruc- 
tion of the trigonal symmetry and lifting of the ground 
state degeneracy. 

It is, of course, clear that variations from ion to ion 
of other parameters also lead to spin-wave scattering, 
and thence to linewidth. The strongest interaction at 
play is the exchange interaction, but because the 
exchange commutes with the total spin, variations of 
exchange cannot scatter magnons of zero wave number 
and. hence cannot contribute to the linewidth. Another 
source of possible scattering is the variation in ani- 
sotropy. For cobalt ions the anisotropy is particularly 
large, of the order of 10° oersteds, again because of 
the degeneracy of the ground state, as shown by 
Slonczewski.* For one percent cobalt the mean square 
fluctuating anisotropy field is of the order of 0.01 
X (10°)?= 108 oersteds?. However, Callen and Pittelli 
have shown that in the absence of short-range order it 
requires locally varying fields with mean square magni- 
tudes of the order of 10" oersteds? to produce a line- 
width of 10 oersteds. Consequently, the linewidth 
resulting from variations in anisotropy field is negligible. 

Another mechanism leading to magnon scattering in 
disordered ferrites is the variation from ion to ion of 
the magnitude of the spin. Callen and Pittelli did not 
calculate this effect because it is clearly isotropic and 
consequently is distinguishable from their anisotropic 
linewidth. However, as we shall see, the linewidth 
contribution of cobalt ions arising from spin-orbit 
coupling is also isotropic, and it therefore becomes 


3 J. C. Slonczewski, Phys. Rev. 110, 1341 (1958). 
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necessary to examine the role of spin-magnitude 
fluctuations more carefully. This we do in the Appendix, 
where we show that fluctuations in spin magnitude do 
not make an appreciable contribution to the linewidth. 
We are left, therefore, with the variation of the spin- 
orbit interaction as the only mechanism of appreciable 
linewidth, and this we calculate. 

The large linewidth contribution of the cobalt ions 
depends on the cobalt ions being situated in trigonally- 
symmetric crystalline fields, which is true only if all 
the ions on octahedral sites of the host ferrite are 
equivalent. If all ions on octahedral sites are not 
equivalent, some cobalt ions find themselves in non- 
trigonally symmetric environments. In certain configu- 
rations, this deviation from trigonal symmetry removes 
the ground-state degeneracy and thereby decreases the 
linewidth. In the case of a completely inversed ferrite 
MeFe.Q, we find that the linewidth contribution of 
additive cobalt ions is (for small concentrations) about 
+ of the contribution in normal (i.e., noninverse) ferrites. 

Finally, we note that the linewidth is determined by 
the scattering of magnons of zero wave vector both into 
other magnons and into phonons. The scattering 
mechanism which we consider is a magnon-magnon 
scattering mechanism. The role of each type of scat- 
tering in determining the response of a ferromagnetic 
system to an applied field has been discussed by 
Callen,‘ and methods of experimentally distinguishing 
the various scattering mechanisms have been discussed 
by Fletcher, Le Craw, and Spencer® and by Seiden.® 
Because these methods have not been applied to 
ferrites, we cannot ascribe the observed linewidths to 
either predominant magnon-magnon or magnon-phonon 
scattering. However, there is some evidence, in addition 
to the rough agreement of our linewidth predictions 
with experiment, that the magnon-magnon scattering 
does dominate in the ferrites. This evidence arises from 
the contrast between the properties of the rare earth 
substituted garnets and the ferrites. Kittel’ has postu- 
lated a rapid spin-lattice relaxation of the rare earth 
ions in the garnets and has shown that this leads to g 
values which correlate well with experiment; in the 
ferrites a similar mechanism would lead to g values 
which would be extremely sensitive to the degree of 
inversion, for which there does not appear to be any 
experimental evidence. In addition the unique and 
characteristic temperature dependence of both g values 
and linewidth, predicted and observed in the garnets’:* 
does not appear to apply to the ferrites. White, in 
discussing the applicability of Kittel’s direct spin-lattice 


‘H. B. Callen, J. Phys. Chem. Solids 4, 256 (1958). 

5 R. C. Fletcher, R. C. Le Craw, and E. G. Spencer, Phys. Rev. 
117, 955 (1960). 

*P. E. Seiden (unpublished preprint, Institut Fourier, Uni- 
versity of Grenoble). 

7C, Kittel, Phys. Rev. 115, 1587 (1959). 

8 P. G. de Gennes, C. Kittel, and A. M. Portis, Phys. Rev. 116, 
323 (1959). 

*R. L. White, Phys. Rev. Letters 2, 465 (1959). 
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relaxation to the ferrites has cited the observed corre- 
lation between linewidth and anisotropy; this corre- 
lation is, of course, also present in our spin-orbit 
scattering theory and does not provide a way to 
distinguish between spin-lattice and spin-spin mecha- 
nisms. 


II. ORIGIN OF SCATTERING TERM 


An ion on an octahedral site of a spinel is surrounded 
by six nearest-neighbor oxygen ions and six next- 
nearest-neighbor metallic ions which also occupy 
octahedral sites.” If one neglects a slight displacement 
(i.e., a deviation of the “oxygen parameter” from its 
ideal value of 0.375), the oxygen ions are at the corners 
of a regular octahedron centered at the octahedral site. 
The six nearest octahedral sites exhibit trigonal sym- 
metry about one of the body diagonals [111], [111], 
[111], [111] of the cubic crystal, depending upon the 
particular octahedral site being considered. If the 
metallic ions which occupy these neighboring octahedral 
sites are all the same, the octahedral site under con- 
sideration is in a trigonal environment. 

In a ferrite with complete inversion, half the ions on 
the octahedral sites are ferric ions and half are divalent 
metal ions. Consequently, in such ferrites one generally 
has lower symmetry (i.e., nontrigonal) crystalline fields 
at the octahedral site. However, an interesting special 
case is presented by magnetite above the order-disorder 
transformation; here the ferrous and ferric ions rapidly 
interchange by electron transfer. From resonance 
experiments, this transfer time has been estimated" as 
10~” sec. A similar estimate is obtained by considering 
the conductivity of magnetite above the transition 
point. However, the period of precession of the spins is 
about 10~—” sec in a typical ferromagnetic resonance 
experiment. Therefore, in magnetite, resonance and 
loss processes are governed by the time-averaged charge 
distribution, which has trigonal symmetry. 

We consider first a cobalt ion on an octahedral site 
of magnetite, or of any noninverse ferrite, and hence in 
the presence of cubic and trigonal crystalline fields. 
Abragam and Pryce” have discussed the effect of cubic 
and trigonal crystalline fields on the orbital states of 
the Co** ion. 

In the Co*+ free ion, the lowest orbital state is a 4F 
state with a 4P state about 10‘ cm~ higher. The cubic 
portion of the crystalline field (arising from the nearest 
neighbor oxygen ions) splits the sevenfold degeneracy 
of the ‘F state into two triplets and a singlet and in 
addition admixes some of the ‘P state. We consider 
only the lowest lying triplet and neglect all the higher 
states since they lie about 10‘ cm above this triplet. 


10 See, for example, E. W. Gorter, Philips Research Repts. 9, 
295 (1954). 

1 W. A. Yager, J. K. Galt, and F. R. Merritt, Phys. Rev. 99, 
1203 (1955). 

12 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951); A206, 173 (1951). 
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The trigonal field splits this triplet into a lower lying 
doublet and a singlet which lies about 10° cm above. 
The orbital angular momentum of the doublet state 
lies along the axis of trigonal symmetry; a body 
diagonal. In what follows we consider only this lowest 
lying doublet. 

Abragam and Pryce find it convenient to introduce a 
fictitious orbital angular momentum operator I’. If the 
z’ axis is the body diagonal of trigonal symmetry and 
the x’ and y’ axes are perpendicular to the z’ axis, the 
matrix representation of I’ in a convenient and known 
representation of the orbital doublet is 


1 0 0 0 
ly’= ), Ly’ =] -( ). (1) 
0 -!1 0 0 


The real angular momentum is given by the relations 
L»y=—al,'’, Ly=0, Ly=0 where a is determined by 
the strength of the cubic crystalline field and the 
energy interval between the unperturbed *F and 4P 
states. 

Consider the effect of spin-orbit coupling, AL-S, on 
the doublet. One of the states is lowered by an amount 
aS, and the other state is raised by the same amount. 
Thus the final ground state—the lower state of the 
doublet—is acted on by an effective perturbing po- 
tential of the form, —adS;., where Sj, is the compo- 
nent of the spin along the trigonal symmetry axis of 
the jth site. 

For simplicity we consider a simple cubic array of 
magnetic ions situated on four different kinds of sites. 
At each site we assume a local trigonal crystalline field 
with an axis of symmetry along one of the four body 
diagonals, the sites being otherwise equivalent. 

Hy is the average Hamiltonian, containing the 
exchange, Zeeman, and dipolar terms with the ionic 
parameters replaced by their average values. 

As discussed in the Introduction and in the Ap- 
pendix, the variations of the ionic parameters from the 
average values contribute appreciably to the resonance 
linewidth only in the case of the spin-orbit coupling 
parameters. 

In the notation of Callen and Pittelli,' the effective 
Hamiltonian is then H=Ho+V with 


V=—add Pe(qj—c) (eeS;), (2) 


where ¢ is an index taking four values, indicating in 
turn the trigonal axis directions, [111], [111], [111], 
and [111]; e, is a unit vector along the éth axis; P:;=1 
if site 7 has a /th trigonal axis, = zero otherwise; q;= 1 
if site 7 contains a Co*+ ion, =zero otherwise; and 
c=(q;)av, the fraction of Co** ions present. The part 
of V involving c has been added so that Hy is indeed 
the average Hamiltonian. 

It is this effective perturbing potential, V, which 
produces magnon-magnon scattering. In terms of an 
effective perturbing field, V/yh, the perturbation has 
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the magnitude ~|ad|/yh. Slonczewski® finds |ad| 
= 132 cm“, which corresponds to an effective field of 
10° oersteds. Consequently, the mean square fluctuating 
field is, for 1% cobalt ions, 0.01 (10°)?= 10" oersteds*, 
which, according to the estimate given in the Intro- 
duction, should produce a linewidth of the order of 10 
oersteds. Our actual calculation gives 20-30 oersteds 
for each percent of cobalt. 


Ill. MAGNON SCATTERING 


The spin operator S; in Eq. (2) is conveniently 
resolved along x, y, axes, the z axis being chosen along 
the direction of the magnetization M: 


NJ Neo , ‘ 

S;=e"'Sjzt+e'S jy +S j,. (3) 
The unit vector @ in the z direction has components 
@i, @2, a3, which are the direction cosines of the magnet- 


ization with respect to the crystal axes &, n, ¢. Similar 
relations exist for a’ and a’, and 


z. ay” ay!” a3” Se 
. t ’ ’ uv 
Sy = | a a2 a3 Ay . (4) 


S$, a) ae a3 S; 
Introducing the relations 
S*=S jet iS in, 
we find that 


SS; 
(er8))= (eee) (S- =) +400 (aie) 15 
+3[e:: (a”+ie’) |S. (6) 
The spin-wave variables a(k), at(k) are defined by 
Sj+= (2S/N)! Dx e-™® "a" (he), (7) 
Sj-=(25/N)' Dx et-tia(k). (8) 
In terms of these variables, V becomes 
V= Add Pasl(gi~c) 


/ k,k’ 


1 
x| (ere)(s- > > a(h)at (kere +s) 


2S\3 
+ he: (e"~ia’)(—) Yat (kei 
N/ * 


2S\3 
‘May (e"+ia)(—) Faker] (9) 
l ns 


The Holstein-Primakoff transformation,"* which di- 
agonalizes the unperturbed Hamiltonian, is 

at (k)=cosh(A,/2)ot (k) —sinh(A;,/2)e?*#*0(—k), (10) 

a(k)=cosh(A;/2)o(k)—sinh(A,/2)e~****ot (—k), (11) 


13 T, Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
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with w(k)= yl (H—4e9M N 4-H a?k*)(H—4eM NN, 


! +H .a*k*+49M sin*@) |}, (14) 
w(k) cosh, = yLH —44M NV ,4-H .?k?+2xM sin*@], (12) 


where H,= exchange field, and a= interatomic distance. 


w(k) sinhA,=y[2rM sin’6], (13) Then 


| 1 
V= —arS Prs(ay-0)} (e«)| S- > ei(k—k’ ‘tif cosh(A; 2) cosh(Ax /2)o(k)ot (k’) 
j,t N kk’ 


+sinh(d;/2) sinh (A, /2)e2*(¢*"- #1 (— k)o (—k’) —cosh(A,/2) sinh (Ay /2)e a(k)o(—k’) 
—sinh(A,/2) cosh(A,:/2)e vowel (—o' ke’) 


2S 


} 
) de® [cosh (A, /2)ot (k) — sinh (A;,/2)e?'* 
P 


Hee (alia!) ( 
N 


2S\3 
+ Bee (aia!) De** tiLcosh (A, /2)o(k) —sinh(A 
N k 


The terms of zero order in the annihilation and creation operators are of course constant. The first-order terms 
do not contribute to scattering and can be eliminated by an appropriate transformation. The terms which can 
result in the destruction of one magnon and the creation of another are (neglecting an irrelevant change in notation 
because of this last transformation) 


aX 
- DL Pis(qi—e) (ee we ©? [cosh (A;,/2) cosh (Ax/2)o(k)ot (k’) 


N i,t kk’ 
+sinh(A;/2) sinh(A 


The matrix element between a k=O spin-wave state It is easily shown that 
and a k¥0 spin-wave state is then 
ad 
M n= — > P1;(q;—c) (e1- a) cosh(Ay/2)e**"*7. (17) 
N ie so that 


If we take an ensemble average over all the distri- 
butions of the ions and assume that there is no corre- 
lation in the positioning of the cobalt ions, we find 


oe 
(ad)* . 5 

(| Mox!?)av= c(1—c) cosh?(A,/2)>-(e,-@)?. (18) Integrating over the final states degenerate with the 
4N ; homogeneous mode, the linewidth contribution is 


(ad)*c(1—c)V f?* p* Ok 
: f [ (costa 2)k ) sin8,.d6,.d¢,., 
12ny8N J, Jy Bak) ocnyn. 


where Ao, is the total probability of scattering of the homogeneous spin-wave mode. This can be written as 


AH ~)ox/y=} (ad/yh)*c(1—c) (44M /H,*) 


H2\%2V _ @h 
x|3( ) | [oosh* 2)+ 3 sinh?(A,/2) |? | sin6,.d6 
4nM/ 15rN 5 Ow(R) dace) mc 


H3 \'29V ? Ok | 
+2/ ) |e sin6,.d6;.+, (22) 
4nM/ 1597N%o LL Ow(k) Jacky ae 
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or in the notation of Callen and Pittelli! 
AH = Nos Y 


=1(ad/yh)*c(1—c) (4e9M/H2)1(31, 4212), (23) 


where the integral J; is 1/45 times the integral 
evaluated numerically by Clogston, Suhl, Walker, and 
Anderson" and the int gral J, is an integral evaluated 
by Callen and Pittelli.'4 

We are interested in the contribution to the linewidth 
when small amounts of cobalt are present, that is when 
c is small. For small c, c(1—c) +c and 


AH = \ox/y= 4 (ad/yh)*c(4aM /H)*(31,;4+212). (24) 
Taking Slonczewski’s* value of |a\| = 2.63 10" erg, 
and using 4rM=5000° gauss, H,=10* oersteds, 


w(0)/4rMy=0.7 so that for a sphere J,;=0.011 
T.=0.008, we find 


and 
and 


AH = Xox/y= 1.8X 10% oersteds, 25) 


where we recall that c is the fraction of octahedral sites 
occupied by cobalt ions. Slonczewski’s value of |ad 
was obtained by fitting his theory of the anisotropy. 
However, the value of \ for a free cobalt ion is 3.51 
x<10-“ erg, and the theoretical lower limit for @ is 
unity; hence, we would expect that jad! >3.51K10~" 
erg. Slonczewski attributes the smaller value of |aX! 
found in his theory to covalency. In any case we note 
that if we were to adopt the theoretical minimum value 
for ionic bonding (i.e., |ad| = 3.51 10-" erg) that 


AH = Xox/y= 3.2 X 10%c oersteds. (26) 


Hence we conclude that for small concentrations each 
percent of cobalt should increase the linewidth of 
ferrous ferrite, or of any noninverse ferrite, by approxi- 
mately 20-30 oersteds. 


IV. LINEWIDTH CONTRIBUTION IN 
INVERSE FERRITES 


We now consider ferrites in which two types of ions, 
in addition to the cobalt ions, occupy the octahedral 
sites. This can occur either as a result of the compo- 
sition of the host ferrite or as a result of partial inversion 
of the ferrite. 

As pointed out in Sec. II, the additional crystalline 
fields which are present when not all octahedral-site 
ions are equivalent may result in a splitting of the 
orbital doublet, and if this splitting is large compared 
to the spin-orbit coupling parameter there will be a 
marked decrease in the linewidth contribution. We 
shall assume that if the splitting of the orbital doublet 
of a particular cobalt ion is large compared to the 
spin-orbit coupling parameter, then the contribution of 
that ion to the linewidth is negligible. We begin by 
considering a particular configuration of A and B ions 
(having different ionic charges) on the six octahedral 

144 A.M. Clogston, H. Suhl, L. R. Walker, and P. W. Anderson, 
J. Phys. Chem. Solids 1, 129 (1956). 
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sites surrounding a cobalt ion. By a_point-charge 
calculation we obtain an estimate of the magnitude of 
the nontrigonal crystalline field and determine if this 
field splits the orbital degeneracy by an amount 
exceeding |aA|. 

The six octahedral sites surrounding a cobalt ion lie 
on two parallel planes which are perpendicular to the 
trigonal axis, as shown in Fig. 1. The coordinates of 
the sites relative to the Co*+ ion are 


1: 4a(1,0,1); 4: }a(—1, 0, —1); 
2: 4@(1,1,0); 5: za(—1, —1, 0); 
3: 4a(0,1,1); 6: ja(0, —1, —1); 


where a is the length of a side of the cubic cell and is 
approximately 8.4A. Note that under a threefold 
rotation about the trigonal axis 1 2—+3-—>1 and 
4—5-—6->4, and that under an inversion through 
the central site 1 4, 2+ 5 and 3-—> 6. 

Since two kinds of ions are placed on six sites, there 
are 64 different configurations. However, it is clear 
that any configuration generated from a given configu- 
ration by threefold rotation about the trigonal axis and 
by inversion through the origin has an equivalent 
effect on the orbital doublet of the cobalt ion. There 
are consequently thirteen nonequivalent classes of 
configurations, as listed in Table I. 

By a direct perturbation calculation with a perturbing 
field of the proper symmetry and with the wave 
functions of the Co** orbital doublet, we find that of 
the thirteen distinct classes of configurations four do 
not remove the orbital degeneracy and that the re- 
maining nine classes split the degeneracy by an amount 
large compared to the magnitude of the spin-orbit 
interaction. The classes of configurations which do not 
split the degeneracy are marked by an asterisk in 
Table I, and they represent a total of ten configurations. 

It is possible to visualize which configurations do not 
split the degeneracy, as follows. Consider that the 
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Fic. 1. Position of the six neighboring octahedral sites 
with respect to a cobalt ion. 
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crystalline field due to the six neighboring charges is 
expanded in powers of the spatial coordinates, in the 
vicinity of the cobalt ion. The linear terms do not split 
the effective P-state degeneracy. For consider the 
matrix element /YiVyodr, where ¥; and ye have the 
symmetry of real P states; i.e., xf(r), yf(r), or zf(r), 
and where V is simply proportional to x, y, or z. In 
each case the integrand is odd in at least one coordinate 
and the matrix element vanishes. We therefore consider 
the quadratic terms in the expansion of the field; as 
we shall find that these can split the degeneracy, we 
shall ignore third and higher order terms as compara- 
tively small. The quadratic form representing the 
second-order terms can be associated with a quadric 
surface, which must, in fact, be an ellipsoid. If this 
ellipsoid is an ellipsoid of revolution with a symmetry 
axis along the trigonal axis, it represents the type of 
trigonal symmetry which we have already discussed, 
its effect being to split off one of the three effective P 
states and to leave a remaining ground-state double 
degeneracy. This remaining degeneracy will be split 
only if the trace of the ellipsoid on a plane perpendicular 
to the trigonal axis is not circular. We consequently 
project all charges on this plane, and we consider the 
possibility of having an elliptic (i.e., noncircular) trace 
of the quadric surface on this plane. 

Consider the configuration a listed in Table I; the 
corresponding projection of the charges is shown in 


© —A ion 
e —B ion 


(h) 


Fic. 2. Projection of charges onto plane perpendicular 
arg : I 
to trigonal axis. 
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TaBLe I. Equivalent classes of configurations. Classes denoted 
by an asterisk do not split orbital degeneracy of Co®* ion 


Probability 
Number of _ of each 
equivalent configuration 
configu in class 
ration (random 


Typical configuration 
of class (numbers 


Class indicate occupied sites) 


inclass distribution) 


Al, 2,3, 4,5, 6 ; i—y)! 


A2, 3, 4, 5,6 n(l—n)! 


’ 


n*?(1—n)* 


3(1—n)8 


Fig. 2(a). The resultant field clearly has circular 
symmetry in the plane, and we conclude that this 
configuration does not split the degeneracy—this result 
is, of course, obvious immediately. Consider now the 
configuration 0 listed in Table I, and shown in projection 
in Fig. 2(b). The quadric form can have the elliptic 
projection shown, and the resultant field will therefore 
split the degeneracy. The next three configurations in 
Table I are similarly shown in Figs. 2(c), 2(d), and 
2(e), with the uniquely determined elliptic traces 
shown. Configuration f, shown in Fig. 2(f), is clearly 
circular and consequently does not split the degeneracy. 
Configuration g, shown in Fig. 2(g), is less obvious. 
Three hypothetical elliptical traces are shown on the 
figure, with their axes rotated by 2/3. Inspection 
shows immediately, however, that each of these traces 
is equivalent; we therefore conclude that no unique 
axis exists for an elliptic trace, and that the trace must 
therefore be circular. Consequently, this configuration 
does not split the orbital ground-state degeneracy of 
the Co**+ ion. The remaining configurations can be 
analyzed similarly. The representation of configuration 
h is shown in Fig. 2(h). If the A and B ions are inter- 
changed, the representation of configuration a becomes 
that of m, the representation of 5 that of /, and the 
representation of c, d, and e those of i, 7, and k. 

Having determined the effect of the various configu- 
rations on the orbital degeneracy, we now calculate the 
fraction of cobalt ions which contributes to the line- 
width, as a function of the degree of inversion. We find 
the probability of the various configurations by making 
assumptions concerning the distribution of A and B 
ions and then weigh the configurations according to 
these probabilities. 
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For simplicity, we first assume that the distribution 
of A and B ions on the octahedral sites is completely 
random. If the fraction of A ions on octahedral sites is 
(1—n) the probability of the configuration involving 
all B ions is n°, whereas the probability of the configu- 
ration involving all A ions is (1—n)*. Each of the eight 
configurations involving three A ions and three B ions 
has a probability of °(1—n)*. Hence, the total proba- 
bility that a given Co?* ion will maintain its orbital 
degeneracy is 


n°+8n'(1—n)®+ (1—n)®. (27) 


In order to find the linewidth contribution, we must 
replace the fraction of cobalt ions c in Eq. (24) by the 
effective fraction c[°+-8n*(1—n)*+(1—n)*]. Thus in 
completely inverse MeFe.O; (n=}4), all 64 configura- 
tions have equal probability and only 10/64 or 0.16 of 
all cobalt ions contribute to the linewidth. The corre- 
sponding dependence of the linewidth on the amount 
of inversion of MeFe2Q, is shown in Fig. 3. 

We have also calculated the fraction of cobalt ions 
which contributes to the linewidth as a function of the 
degree of inversion, first assuming that charge neutrality 
is maintained over a unit cell (four molecules) and then 
assuming that charge neutrality is maintained over half 
a unit cell (two molecules). For these two cases we 
calculated the probability of a given configuration 
which maintains charge neutrality over the specified 
region and divided by the total probability of finding 
all configurations which maintain charge neutrality 
over the same region. We are thus able to assign 
relative probabilities to the charge-neutral configura- 
tions and calculate the fraction of cobalt ions which 
contributes to the linewidth. These results are also 
shown in Fig. 3. , 

Fortunately, the different conditions placed on the 
distribution of the ions have little effect on the nature 
of the results. The curves of Fig. 3 may be broken up 
into two parts. As the Me ion concentration of the 
octahedral sites increases from 0 to 0.25, the fraction 
of cobalt ions which contributes to the linewidth 
decreases roughly linearly. As the Me ion concentration 
is increased from 0.25 to 0.50, the fraction of cobalt 
ions which contributes is roughly constant at approxi- 
mately 0.15 to 0.20. 

If we choose the values of M, H,, and w(0) given at 
the end of Sec. ITI, the linewidth of completely inversed 
(or more than half-inversed) MeFe,0, should increase 
by 3-6 oersteds for each percent of cobalt. For a given 
ferrite the parameters would be known and the actual 
linewidth contribution could be evaluated from Eq. 
(24). 


Vv. COMPARISON WITH EXPERIMENTAL RESULTS 


According to the scattering model considered, small 
amounts of cobalt introduced into magnetite should 
result in an increase of the resonance linewidth by 
20—30 oersteds for each percent of cobalt present. As 


ferrous ions on the octahedral site are replaced by 
other divalent metal ions, this contribution to the 
linewidth decreases and for the completely inverse 
spinel, MeFe.Q,, the contribution is about } of that 
found for magnetite (neglecting any change in 4rM 
or H,). 

Unfortunately, the theory cannot be checked easily 
by measurements on magnetite because the very 
itinerant electrons which average the charge distribu- 
tion also contribute large damping. 

Experimental data which can be compared directly 
with these predictions do not seem to exist. Various 
measurements have been made on _ polycrystalline 
samples, but in these samples the inhomogeneity 
broadening and surface scattering certainly dominate 
the intrinsic linewidth. Some single-crystal measure- 
ments have been made by Kaminow™ in connection 
with a study of the effect of hydrostatic pressure on 
resonance properties. His measurements were made on 
nickel ferrite single crystals and on nickel-cobalt ferrite 
estimated to contain 5% cobalt on the basis of the 
melt composition. However, it is difficult to estimate 
the effect of the cobalt on the linewidth because of the 
large scatter in the linewidth measurements, and 
because the cobalt content was not measured in the 
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187. P. Kaminow, J. Appl. Phys. 31, 220S_(1960). 
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crystal itself. Furthermore, it should be noted from 
the experience of Schnitzler, Folen, and Rado'® with 
lithium ferrite that extraordinary care must be taken 
with the polishing of the crystals in order to insure that 
surface scattering does not dominate the intrinsic 
linewidth. 

Fortunately there do exist some data which can be 
compared with our conclusions, although somewhat less 
directly. Schlémann, Green, and Milano!’ have made 
high-power measurements on polycrystalline nickel 
ferrite containing small amounts of cobalt. As the 
power level of the rf field is raised sufficiently, the 
precession angle of the uniform mode approaches a 
maximum. This maximum precession angle, po max, is 
related to the linewidth, AH;,, of the z-directed spin 
waves which are degenerate with the uniform mode by 
the expression'® 


Mo m.x-= AH;/(4xM). (28) 


Schlémann e/ al.'" find that as the cobalt content of 
the octahedral increased from 0 to 2.5%, 
#0 max” Increases approximately linearly from 0.5 10~? 
to 1.010-*. For nickel ferrite, 44M = 3400 gauss and 
therefore AH, increases 6.8 oersteds for each percent 
of cobalt present. 


sites is 


The wavelength of the s-directed spin modes degen- 
erate with the uniform mode is about 200 interatomic 
distances. This is a long wavelength and the intrinsic 
scattering of these modes should be comparable to 
that of the uniform precessional mode. Furthermore, 
Le Craw and Spencer” have found that the scattering 
of such modes is not as surface sensitive as that of the 
uniform mode. Our calculation (making the correction 
for the change in 44M) would predict that the magnon- 
magnon scattering should result in a change in AH, of 
about 3 oersteds for each percent of cobalt present. 


APPENDIX. MAGNON SCATTERING CORRECTIONS 
DUE TO SPIN VARIATIONS 


We show that the variation from ion to ion of the 
spin magnitude produces negligible magnon scattering. 
For this purpose it is analytically convenient to use 
the ‘Dyson spin-wave formalism rather than the 
formalism employed in the body of the paper; although 
the two formulations are, of course, physically equiva- 
lent. 

Consider a sample with two types of magnetic ions. 
On each, the spin commutation rules are 


S(R)xS(R)=iS(R), 


which are formally independent of the magnitude of 


(A.1) 


16 A. D. Schnitzler, V. J. Folen, and G. T. Rado, J. Appl. Phys. 
31, 348S (1960). 

17E. Schlémann, J. J. Green, and U. Milano, J. Appl. Phys 
31, 386S (1960). 

18 EF. Schlémann, Technical Report No. R-48, Research Divi 
sion, Raytheon Company, 1959 (unpublished) 

1 R. C. Le Craw and E. G. Spencer, J. Appl. Phys. 30, 1858 
(1959). 
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S(R). Then defining the flip-up and flip-down operation 
S* in the usual fashion, and letting 


S(k)= 


> S(R)e** R 
\/N R 


the commutation rules become 


S+(k+k’), 
VN 


[S+(k),S.(k’) ] 


—S.(k+k’). 
VN 


[.S*(k),S~(k’) J (A.4) 


All of this is identical to the situation in which all spins 
have the same magnitude. 
Consider now the ground state, in which all spins are 
up. Then clearly 
1 
S.(0)|¢ > S.(R) |g 
J NR 


(A.5) 


where S is the average spin magnitude. Let the 
singly-occupied spin-wave state of wave vector k be 


k)= AS~—(k)! 2), (A.6) 


where A is a normalization factor to be determined. 
Recalling that the adjoint of S~(k) is S+(—k), we have 


(k k)= Ag S+(—k)S-(k)! g (A.7) 


) 
= 4°( S,(0)+S-(k)S+(—k) “) (A.8) 
\/N 


=2A°8, (A.9) 
where we have used Eq. (A.4) to derive (A.8), and 
Eqs. (A.5) and the flip-up property of S* 
(A.9). Thus A = (2S)~? and 


to derive 


k)= (2,8)-4S-(k)| g). (A.10) 


In both Eqs. (A.5) and (A.10) we note the natural 
introduction of the arithmetically 
magnitude. 

The spin-wave states defined by Eq. 
orthogonal to the ground state, for 


averaged spin 


(A.10) are 


(g| k)= (28) Kg! S-(k)| g (A.11) 


= (2SN)-* dor e** Fg) S-(R)|g)=0. (A.12) 
However, the spin-wave states are not orthogonal to 
each other. For 


(k| k’)= (28)-g| S+(—k).S-(k’) | g (A.13) 


? 
= (28) Ks S.(k’—k) 
VN 


+ S—(k’).S+(—k) ‘) (A.14) 
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= (SV) Xp eftt’—© Re | S,(R) |g) (A.15) 


(A.16) 


1 
=——S,"(k—k’), 
S/N 


where S,°(k) is the kth Fourier component of S,(R) 
in the ground state. Of particular interest is the absolute 
square of the matrix element |(k|k’)|?, which by 
Eq. (A.15) is 


| (k| k’) |?= (SN)? > eifk-k’) -(R-R’) 
R,R’ 
<S,9(R)S.2(R’), (A.17) 
where S,(R) is the value of S,(R) in the ground state, 
equal to the spin magnitude of the ion at position R. 
Taking the ensemble average over all distributions of 
the ions, we have 


(\(k k’)|*).~= (SN) Z. ei(k—k’) (R-R’) 
R,R’ 


(S29(R)S.°(R’))ay. (A.18) 

We now compute the _ correlation functions 
(S.9(R)S,°(R’)) ay assuming no short-range order. Let a 
fraction c of the ions have S.“=s, and a fraction (1—c) 
have S,"=52. If R=R’, the correlation function clearly 
is the average squared spin magnitude (S*),y=cs; 
+(1—c)s.*. If R#¥R’ we first select the position R; 
it may contain a spin s;, with probability c, or it may 
contain a spin sz, with probability (1—c). If the site 
R has a spin s;, the site R’ has a probability (Vce—1)/ 
(V—1) of also having a spin s;, and a probability 
N(1—c)/(N—1) of having a spin 5». If the site R has 
a spin se, the site R’ has a probability Nc/(N—1) of 
having a spin s;, and a probability [V(1—c)—1]/ 
(V—1) of having a spin so. Thus, when R¥R’ the 
correlation function is 


(S,9(R)S.°(R’)pvr’) av 


Ne-1 N(1-—c) 
css +32 
N-1 N-1 





Ne N(1-—c)-1 
+(1 =f sx + | 
N-! N-1 


=) 
w-1) 

and 

N aid 


(S.9(R)S.A(R))ur=[ (So —— 
N-1 N—-1 


x (1— 5p p’) +(S*)avin,R’- 
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Inserting this correlation function in Eq. (A.18) gives 
=] 


(kay 7-40 —1)-4 0 — 
(S*)ay 


(S*)av 
* ¥ eile) (RR) 4 
RAR’ NS 
We add and subtract the N diagonal terms R= R’ to 
the summation. The double unrestricted sum is then 
N*6x,x, whereas the diagonal terms to be subtracted 
have the value V. Thus 


(A.22) 


| IL/\l2 T ry (S*)av 
(dk) ar (W—1)>f = 
(S*)av 


1 (S*) ay 
x (a ke ~) + 
NI NS )ev 


1 ((AS)*)av 


N-1 (S*)w 


where ((AS)*)ay is the mean square spin deviation, or 
(S*)av—(S*)av. It will be noted that |(k|k’)|? is equal to 
unity if k=k’, as required by the normalization; 
furthermore it vanishes if k¥k’ and if si=5se, as 
required by the orthogonality of spin waves in single- 
component ferromagnets. 

We now inquire as to the effect of the nonorthogo- 
nality of the spin-wave states on our scattering calcu- 
lations. If a magnon of k=0 is excited at any moment, 
a subsequent measurement will observe a nonzero 
population in other spin-wave states because of the 
nonorthogonality referred to above. The states of 
particular interest to us are those approximately 
degenerate with the k=O state; that is, those in an 
energy interval AE~h/r, where 7 is the mean transition 
time for the scattering mechanism to be considered. 
The scattering mechanism itself will populate this 
group of states with a probability equal to 3, in the 
time 7. Hence, we require that the sum of |(0|k’)|? 
over all states in this degenerate band be much less 
+ in order that the nonorthogonality can be 


than 3 
neglected. 

{| 0] k’) |*)avK3. 
k’ in AE ~hi/r 


(A.23) 


(1—6x,x), (A.24) 


= bx x’ 


(A.25) 


Because the matrix element is independent of k’, we 
have simply 


4 (AS)?) av h 
— ag 
N-1 (Say 


where p(£) is the density-in-energy of spin-wave states 
degenerate with the k=O state. If we ignore the 
directional dependence of the spin-wave dispersion law 


N 47M y } 
lillie —(=-). (A.27) 
4n2yh\ 3H; 
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1/r is equal to Aox, the transition probability. Using 


the expression for the density-in-energy of final 


given in (A.27), 
’ =) 
p= 


where Mo, is the matrix element of the scattering 
perturbation. If we represent the perturbation by a 
fluctuating effective magnetic field' H(R), then 


states 


N| Mol’ 
Aon=— - 


(A.28) 
ah 


9 


y(S?)av| H(k) |? 74M o\ 3 
Aonn= a —( ) , 


. em A.29 
(12) be He — 


where H(k) is the kth Fourier component of H(R). 


Substituting (A.27) and (A.29) into expression 
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(A.26) results in the requirement 


1 ((AS)*)a N (—) 
2n*y \12H2 


VAS?)ar|H(k)|? 47Mo\? 1 
: a Sy’ 
N ((AS))av Mo 


-| H(k) |\?< 
H? 


x 


N-1 6r 
where it is to be recalled that |H(k) 
the values 4rmM)=5000 gauss, H,= 10° 
N/(N—1)=1, we have 


10°, Inserting 
oe, and setting 


7X 10-*(AS)*) aw<K3, (A.32) 


“ \ 


which is certainly satisfied. Thus the corrections to the 
magnon scattering due to the nonorthogonality of the 
spin waves in a disordered ferrite are totally negligible. 
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The x-ray atomic scattering factors of iron, copper, and alumi- 
num were carefully remeasured to obtain more reliable informa- 
tion on the outer electron charge densities in these elements. The 
scattering factors were obtained from measurements of the inte- 
grated Bragg intensities of powder samples using monochromatic 
Mo K, radiation. The intensities were put on an absolute scale by 
direct measurements of the power in the primary x-ray beam. 
Extinction, surface roughness, and preferred orientation effects 
were shown to be negligible in the samples used. The ratios of the 
measured scattering factors of the three elements agree with 
those calculated from Hartree-Fock theory to within 1%. This 


INTRODUCTION 


ie the past few years, several experiments have been 
undertaken to measure the electron distribution in 
the iron transition metals. The ultimate aim of these 
experiments is to help in the basic understanding of 
unresolved problem of the magnetism of these metals. 

In these experiments the intensities of x-ray Bragg 
reflections are experimentally determined and reduced 
to charge densities by comparing the experimental form 
factors obtained from these intensities with those calcu- 
lated from theoretical wave functions. Briefly, the 
chronology of these experiments is as follows; Weiss 


substantiates the findings of Batterman, and, in contrast with 
the previous results of Weiss and DeMarco, indicates that there 
is no large discrepancy between the electronic structures of 
copper and iron. The absolute values of the measured scattering 
factors, however, lie about 4% below theory in the region of low 
sin@/X. It is pointed out that the high theoretical values for iron 
and copper could result from known differences in electronic 
structure between a free atom and one in the solid, but that 
present theory probably cannot account for the discrepancy in 
the case of aluminum. 


and DeMarco! made absolute measurements on single 
crystals of several transition metals and concluded that 
body-centered cubic iron and chromium have a de- 
ficiency of 3d electrons compared with the free atom. 
Batterman? measured relative intensities of powders 
of copper, iron, and rock salt and reported form factors 
in good agreement with calculations for the free atom 
and consequentlyf[ disagreed with the Weiss and De- 
Marco results. Weiss and DeMarco! then repeated 

'R. J. Weiss and J. J. DeMarco, Revs. Modern Phys. 30, 59 
(1958); Phys. Rev. Letters 2, 148 (1959) 

2B. W. Batterman, Phys. Rev. Letters 2, 


47 (1959); Phys 
Rev. 115, 81 (1959). 
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Batterman’s work and reconfirmed their original single- 
crystal measurements. Komura, Tomiie, and Nathans* 
reported absolute measurement of the iron form factor 
from an ordered single crystal of FesAl. This did not 
confirm the Weiss and DeMarco results but gave ap- 
proximate agreement with a free-atom calculation. 

Each of these experiments involved different tech- 
niques and each technique has certain weaknesses 
which would add uncertainty to the reported experi- 
mental atomic scattering factors. The first Weiss and 
DeMarco results are subject to considerable uncer- 
tainty because of extinction effects. To correct for the 
fact that the single crystals used were not ideally im- 
perfect, a theoretical extinction correction was applied, 
which, for the measurements on iron involved extra- 
polations of between 18 and 100% of experimental 
values. By using cold-worked powders, Batterman was 
able to eliminate extinction effects. However, the meas- 
urements were made with Fe K, radiation for which 
the dispersion correction to the iron scattering factor 
is quite large. The accuracy of the reported scattering 
factor, F, is then subject to a considerable theoretical 
correction, the accuracy of which is difficult to esti- 
mate. Because of the difficulty in making absolute 
measurements on powders, Batterman’s results for iron 
are relative to a theoretical form factor for copper or 
rock salt. It would be less ambiguous to make an ab- 
solute measurement of the atomic scattering factor f{ 
for a given element without having to rely upon the 
validity of a theoretical value for another material. 
Komura, Tomiie, and Nathans’ work on an alloy of 
iron has the criticism that the electron density of iron 
in the alloy may not be the same as in pure iron. Their 
form factor values have the additional uncertainties 
inherent in a neutron diffraction determination of the 
long-range order parameter. 


EXPERIMENTAL 


The experiment reported in this paper was proposed 
to overcome the objections outlined above. It was 
decided that the only way to eliminate extinction 
effects was to use powders rather than single crystals. 
Here one can vary the perfection by cold-working and, 
by observing the intensities of the stronger reflections 
as a function of cold-working, it could be decided 
whether or not extinction was negligible. The measure- 
ments were made with Mo K, x rays so that the dis- 
persion (Hénl) corrections would be quite small. For 
example, the dispersion correction of Fe K, radiation 
on the (110) iron form factor is the order of 2.4 units 
in 19 while for Mo K, radiation it is only 0.3 in 19, 
Batterman® chose to use Fe K, radiation despite the 
large Hénl correction because of the problem of surface 
roughness. The surface of the specimen if not perfectly 
flat will increase the effective absorption coefficient, 


3 Y. Komura, Y. Tomiie, and R. Nathans, Phys. Rev. Letters 
3, 268 (1959); J. Phys. Soc. Japan 15, 1434 (1960). 
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the increase probably being iarger at the lower Bragg 
angles. Fe K, radiation puts the Bragg reflections at 
considerably higher Bragg angles than the Mo Kg. 
However, it was felt justified in the present experiment 
to use Mo K, since there was available a method for 
independently checking whether or not the surface 
roughness effect was important. To eliminate the ob- 
jections concerning the measurement of relative in- 
tensities the present results on iron, copper, and alu- 
minum were placed on an absolute scale by directly 
measuring the primary beam intensity. 

A Norelco diffractometer was modified to accept 
Mo K, radiation monochromated with a cylindrically 
bent LiF crystal. The focal point of the bent crystal 
was at the normal entrance slit to the spectrometer. 
The detector consisted of a NaI thallium-doped scintil- 
lation counter used in conjunction with a pulse-height 
analyzer. A separate detector monitored the beam in- 
tensity at all times. Multiple-foil techniques were used 
to check carefully on the linearity of the detector and 
established that the over-all dead time was 4.4 usec, 
which corresponded to an error of less than 1% at 
2000 cps. The dead-time correction was applied to all 
counting rates in excess of 1000 cps. Enough intensity 
for good statistics was obtained by operating at 31 kv 
and 20 ma which did not excite the half-wavelength 
harmonic. Intensity measurements were made using 
symmetrical reflections from the face of a compressed 
powder thick enough to absorb the entire beam. The 
9-26 relationship between sample face and counter slit 
was adjusted to be symmetrical to 0.2° in 20. Serious 
intensity errors can result for low-angle reflections if 
this adjustment is not accurate. 

The iron specimens were made from carbonyl iron 
containing particles the order of 3-5 micron diameter 
and purity 99.5%. The copper specimens were of 
electrolytic powder of 99.2% purity and about 54 
particle size. The aluminum powder had a particle size 
of approximately 5-10 microns and purity of 99.6%. 

The powders were pressed in a highly polished mold 
into disks the order of 0.3 cm thick and diameter of 
1.5 cm which could fit conveniently into the sample 
spinner attachment to the diffractometer. 

Preferred orientation was checked by observing the 
variation of integrated intensity of several reflections 
with molding pressure. The pressure ranged from one 
just sufficient to hold the powder together (the order 
of one psi) to a maximum of 120000 psi for iron, 
60 000 psi for copper and 30 000 psi for the aluminum. 
The generally observed behavior of iron and copper 
was a change in intensity of about 5%, either increase 
or decrease depending on the reflection, from the 
highest pressures down to several thousand psi. The 
variation from zero up to 30000 psi was the order of 
2%. At pressures less than a few thousand psi, the in- 
tensities of all reflections decreased, regardless of the 
sign of the variation of intensity with pressure, this 
decrease was due to surface roughness absorption. For 
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Fic. 1. Absolute experimental scattering factor for iron. The 
H-F curve is taken from reference 7, and the shaded region en- 
compasses the Hartree and T-F-D factors of references 8 and 9. 


copper and iron the surface roughness was independ- 
ently measured by comparing the fluorescence scatter- 
ing from the powder at a low Bragg angle (far from any 
Bragg reflection) with that from a highly polished 
slug of the same material. Where surface roughness 
was present, the fluorescence from the powder was less 
than from the polished specimen. 

By comparing the surface roughness fluorescence and 
the integrated intensity as a function of pressure (and 
consequent cold working) samples could be picked 
which were free of preferred orientation, extinction and 
surface roughness. A further check on extinction was 
to cold work powders before compression to put in 
added cold working. This succeeded in further broaden- 
ing the reflections but did not significantly affect the 
integrated intensities. Preferred orientation and surface 
roughness in aluminum were shown to be negligible by 
comparing reflections from the face of a powder disk to 
the same reflections measured in transmission. 

The integrated intensities on a relative basis were 
taken in the following way: Using a standard receiving 
slit at the counter, the total number of counts was 
recorded as the spectrometer was driven with uniform 
angular velocity through a range that included the 
tails of the reflections. Counts were taken on each side 
of the reflection and the average used to correct for 
background. 


TABLE I. Experimental and calculated parameters used to 
evaluate atomic scattering factors. 


(u,cm?/g) Af’ Ba 
37.46 +-(). 
49.24 +-(), 

5.019 +-(). 


2.8664 
3.6147 
4.0496 


Iron 
Copper 
Aluminum 


x 0.3589 
a 0.5429 
1 0.8528 


320°K, and 395°K for Fe, Cu, 


* Based on Debye 6 of 425°K, and Al, 


respectively. 
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To put the relative intensities on an absolute basis 
the total power in the primary beam was measured, 
using three independent methods. The experimental 
details of the absolute measurements will be given in 
the Appendix. All three methods gave primary beam 
powers that agreed to within 2%. 

The absolute integrated intensity of the iron (110) 
reflection was measured using a circular slit of silver of 
known area. Combining this result with the measured 
primary beam intensity, all data taken relative to the 
iron (110) could be put on an absolute basis. 

It can be shown‘ that the integrated intensity from 
a powder can be expressed as 


Ew nN? e 2 A> (1-++cos*20 4 cos*2@) 
—=—_({ — pr -, (1) 
I be mc? 327rR?_ sin’@ cos8(1+cos?20 u) 


where w is the angular velocity, and A the area of the 
slit; e?/mc? the classical electron radius; F, the room 
temperature structure factor; R, the receiving slit to 
specimen distance; A, the x-ray wavelength; n, the 
multiplicity ; 847, the monochromator angle; V, number 
of unit cells per unit volume; yu, linear absorption .co- 
efficient ; E, total energy diffracted into the counter and 
I the power in the primary beam. Using experimental 
values for EF, w, 7, A, R, and yp, the structure factor, F, 
can be experimentally determined on an absolute basis. 
For our materials, F is related to the atomic scattering 
factor, fo, by 

F=ng| fot Af’ +idf"| exp(—M)(1+a), (2) 


where mo is the number of atoms in the unit cell, the 
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Fic. 2. Absolute experimental scattering factor for copper. The 
H-F curve is taken from reference 7, and the shaded region en 
compasses the Hartree and T-F-D factors of references 8 and 9 


*R. W. James, The Optical Principles of the Diffraction of X-Rays 
(G. Bell and Sons, London, 1950). 
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TABLE IT. Absolute experimental atomic scattering factors for iron, copper, and aluminum. 





Aluminum 
exp 


8.63+0.14 
8.25+0.14 
7.09+0.13 
: 6.42+0.12 
10.17 222 6.19+0.13 
9.58 400 5.48+0.15 


Iron Copper 
Sexp S eneory* hkl Sup 


17.63+0.20 18.50 111 21.29+0.34 
14.70+0.23 15.33 200 19.75+0.34 
12.62+0.21 13.20 220 16.37+0.30 
11.13+0.20 11.63 (311/222)> 14.14+0.27 
10.10+0.19 10.55 422 9.69+0.38 
9.13+0.25 9.66 511-333 


f theory* 


9.03 
8.60 
7.37 
6.69 
6.50 
5.79 


S eneory* 


22.20 
20.78 
16.77 
14.69 





8.37+0.40 
8.75+0.19 9.05 
7.68+0.21 8.12 


* See reference 7. 


> The (311) and (222) reflections of copper were measured as a single peak 


Af’ and Af” are the real and imaginary Hénl correc- 
tions, exp(—M) the Debye factor, M= B(sin*@)/)?, and 
a is a small correction® for the thermal diffuse scatter- 
ing that peaks directly beneath the Bragg reflection. 
Af’ was calculated according to the method of Parratt 
and Hempstead® (Af” is negligible). In Table I are 
given the parameters used in Eqs. (1) and (2) to 
evaluate the form factors from the experimental in- 
tensities. Figures 1, 2, and 3 and Table II give the 
present experimental values for the total absolute 
atomic scattering factors of iron, copper, and aluminum, 
together with the results of Hartree-Fock’ calculations 
for the free neutral atoms. The shaded areas in the 
figures represent the regions included by the Hartree* 
calculations (without exchange) and the statistical 
Thomas-Fermi-Dirac® treatment. 


DISCUSSION OF RESULTS 


It was first pointed out by Weiss and DeMarco that 
a measurement of the x-ray form factor might provide 
information on the outer (3d) electron distribution in 
the iron transition metals. These electrons are respon- 
sible for the magnetic properties of these metals. It 


TABLE III. Relative atomic scattering factors of 
iron, copper, and aluminum. 


Copper Aluminum 
freory” hkl feny* Seveory* hkl Sexy" Senecey” 


110 18.38 18.50 111 22.19 22.20 111 9.00 9.03 
200 15.32 15.33 200 20.59 20.78 200 8.60 8.60 
211 13.16 13.20 220 17.06 16.77 220 7.39 7.37 

6.69 


220 11.60 11.63 311 14.74 14.69 311 6.69 


Iron 


h Al fe x _ 


® See reference 7. 


6D. R. Chipman and A. Paskin, J. Appl. Phys. 30, 1998 (1959) 

6 L. G. Parratt and C. F. Hempstead, Phys. Rev. 94, 214 (1954). 

7 The Hartree-Fock values for aluminum are from A. J. Free- 
man, Acta. Cryst. 12, 261 (1959); for copper from J. Berghius 
et al., Acta Cryst. 8, 478 (1955) and are for Cu*. The neutral-atom 
value was obtained by adding the 4s form factor used by A. J. 
Freeman, Acta. Cryst. 12, 274 (1959). The iron values are values 
from A. J. Freeman and R. E. Watson, Acta. Cryst. (to be 
published. = 

8 H. Vierroll and O. Ogrim, Acta. Cryst. 2, 277 (1949). 

?L. Thomas and K. Umeda, J. Chem. Phys. 26, 293 (1957). 


331 4.96+0.14 
420 4.67+0.13 
422 4.38+0.15 
511-333 4.00+0.16 





. The scattering factor is given at the weighted value of sin@/X. 


follows then, that the lower order reflections are the 
most significant because they are the most sensitive 
to the outer electron distributions. Fortunately, these 
reflections have the smallest statistical uncertainties 
because of their high intensities and favorable signal- 
to-noise ratios. For the lowest order reflection of each 
of the three materials investigated, the combined un- 
certainty on the absolute values is estimated to be 
+1.5%, while the relative form factors have an un- 
certainty of +0.5%. The higher order form factors 
have uncertainties from two additional sources. The 
intensities of these reflections are weak and the signal- 
to-noise ratios are lower so that the statistical uncer- 
tainties in the experimental intensities are high. In 
addition, the absolute form factors depend more 
strongly on the Debye-Waller factor exp(—M) and the 
correction a [see Eq. (2)] for the thermal diffuse 
scattering under the Bragg reflections. This latter cor- 
rection ranges from 0.3% to 3% for iron, 0.4 to 4.3% 
for copper, and 0.5% to 4.8% for aluminum, the per- 
centages increasing monotonically with siné/A. The 
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Fic. 3. Absolute experimental scattering factors for aluminum. 
The region between the H-F curve (reference 7) and the Hartree 
calculation (reference 8) is shaded. 
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uncertainties in all the experimental form factors are 
indicated by the error bars in the figures and in 
Table II. 

Before discussing the discrepancy between the ex- 
perimental values and theory, however, we note that 
the three experimental curves can be viewed as a set 
of relative measurements, without considering the ab- 
solute standardization. In the following sections we 
will compare the data with the latest Hartree-Fock 
(H-F) theoretical scattering factors as the most widely 
accepted theoretical calculations to date. Table III 
results from increasing the data of Table II by a con- 
stant factor 1.042, determined to give the best over-all 
fit to the H-F theory. The table compares these meas- 
ured relative values with the theoretical f factors, for 
the first four reflections of each element. The agreement 
is quite good, being well within experimental error for 
all reflections shown, although it becomes poorer for 
higher order reflections, probably because of the un- 
certainty in the Debye-Waller factor and the correc- 
tion for thermal diffuse scattering. 

Some important conclusions can be drawn directly 
from the data of Table III. Weiss and DeMarco found 
agreement between the measured and theoretical scat- 
tering factors for copper, but measured a value for iron 
which was about 12% below theory at the first reflec- 
tion. They interpreted this as indicating that iron has 
2.3 (3d) electrons in the solid as compared with six for 
the free atom. Batterman subsequently reported that 
he found the ratio of the scattering factors of iron and 
copper very close to that predicted by H-F calculations 
for the free atom. Our present measurements, using a 
shorter x-ray wavelength which reduced the dispersion 
correction, confirm the results of Batterman. Hence 
we conclude that the large differences in the electron 
distribution in the metallic states of iron and copper 
reported by Weiss and DeMarco do not exist. 

Although the relative measurements agree well with 
free-atom theory, we cannot conclude from this that the 
electron distributions of the individual metals, iron, 
copper, and aluminum, are essentially like those of the 
free atoms. To answer this question we must resort to 
the absolute measurements of the scattering factors as 
shown in Figs. 1, 2, and 3. The experimental points 
shown in these figures do not agree with H-F theory 
within the estimated probable error. For the form fac- 
tors atJlower values of sin@/A, which are of particular 
importance in determining the outer electron distribu- 
tion, the discrepancy between theory and experiment 
is about 4.2% in f, (or 8.5% in the measured intensities 
which are proportional to /*), for each of the atoms, 
iron, copper, and aluminum. The estimated statistical 
error is approximately +1.5% in f. 

Thus we are faced with a real discrepancy between 
theory and experiment. This discrepancy can be as- 
sociated with one or more of the following considera- 
tions: (1) There is an error beyond the estimated sta- 
tistical errors in one or more of the measured quantities 
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in Eq. (1); (2) the present experiment has not satisfied 
all the conditions for which the mosaic crystal formula 
[Eq. (1)] has been derived; (3) the experimental form 
factors are accurate and the discrepancy lies within 
the theoretical scattering factors. A fourth possibility 
exists, namely that the mosaic crystal formula is in- 
correct even for the ideal conditions for which it was 
derived. The question of the validity of the mosaic 
crystal formula will not be examined here. The formula 
is widely accepted, but no experimental proof of its 
accuracy to the degree necessary in the present work 
exists. However, lacking any direct evidence of error 
in the formula, it will be accepted as being correct. 

The fact that a uniform 4.2% adjustment puts all 
of the data into agreement with theory (Table ITI) 
suggests that a single error is responsible for these 
differences [condition (1) above]. Consequently, a 
considerable effort has been devoted to cross-checking 
the various parameters appearing in the equation. 
With the exception of the primary beam intensity, Jo, 
the parameters are all quantities which involve quite 
straightforward measurements, and the total probable 
error from these cannot be sufficient to account for the 
difference. The exact measurement of Jy is very diffi- 
cult. However, after finding agreement among several 
independent methods for measuring Jo, we conclude 
that the total experimental error remains insufficient 
to explain the observed difference between theory and 
experiment. 

Granting the above, it is still possible that the 
formula may not apply in the cases where we have used 
it [condition (2) ]. The formula assumes no extinction, 
no preferred orientation, no surface roughness absorp- 
tion, and assumes ideal geometry such as symmetrical 
reflection and proper focusing. However, we believe 
that the checks discussed in the preceding section have 
shown the effects of these considerations to be negli- 
gible in the experiments as performed. 

There are few recent data in the published literature 
with which we can compare our results. However, 
recent absolute measurements of atomic scattering 
factors of two of the elements which we have used are 
available for comparison. These are the data of Bensch, 
Witte, and Wolfel” on aluminum, and the results of 
Komura, Tomiie, and Nathans* on Fe;Al. The data of 
Bensch ef al. must be adjusted by the subtraction of 


TABLE IV. Experimental and theoretical atomi 
scattering factors for aluminum 


200 


Sexp(Bensch et al.) 
S theory (H-F) 


9.03 


1H. Bensch, H. Witte, and E. Wolfel, Z. Physik Chem. 4, 65 
(1955). 
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TABLE V. Experimental and theoretical atomic 
scattering factors for iron. 


0.173 0.286 


sind/d 0.150 0.299 0.449 
} 


ja 20.97 
fexp(Komura et al.) 20.87 
Seneory (H-F) 21.85 





20.19 
20.32 
21.04 


12.16 
12.27 
12.68 


16.12 _ 
16.29 
16.81 


16.53 
16.62 
17,23 





0.1 electron Hénl dispersion correction to be comparable 
with ours. Komura e/ al. have measured reflections of 
Fe3Al involving the difference of the iron and aluminum 
scattering factors, and used the H-F values for alu- 
minum to obtain their final values for iron. We have 
adjusted their data using our values for fai to obtain 
a true experimental value for fre. These comparisons 
are made in Tables IV and V. The results for both iron 
and aluminum lie much closer to the present experi- 
mental values than to the H-F theory, lending support 
to the contention that a real discrepancy exists. 

This leaves us with condition (3) where the H-F 
calculations are to be considered. If it is assumed that 
the H-F calculation for the free atom is sufficiently 
accurate, one can attempt to explain the discrepancy 
as a result of an altered electronic structure for the 
atom in the solid. Wood! and Stern" have calculated 
the outer electron wave functions of iron in the solid. 
Their results indicate a spreading out of the 3d-electron 
distribution which would reduce the form factors of 
the lower order reflections in qualitative agreement 
with the present results for iron and copper. However, 
one would not expect this effect to be as large for 
aluminum. 

The observed scattering factors for aluminum are 
actually lower than the H-F scattering factors for the 
neon core alone, thus implying that a substantial re- 
distribution of the core electrons is required in this 
case. Although such a redistribution is not impossible, 
it would perhaps be equally fruitful to question the 
accuracy of the H-F calculation for the free atom. 

Finally, we would like to reiterate that the data 
cannot be used to extract the number of 3d electrons 
in metallic iron as was attempted by Weiss and De- 
Marco, Using the recent calculations of Watson and 
Freeman" for the scattering factors of free iron with 
different numbers of 3d electrons, the present data 
would give approximately four 3d electrons per atom. 
The calculations of Wood" and Stern” indicate that 
when the effects of the band structure of the solid are 
included, a considerable spreading of the 3d-electron 
wave functions occur, particularly for states near the 
bottom of the 3d band. Stern has shown, for example, 
that solid iron with seven 3d electrons per atom has a 
lower scattering factor that free iron having six such 


1 J. H. Wood, Phys. Rev. 117, 714 (1960). 

2 F, Stern, Phys. Rev. 116, 1399 (1959); Bull. Am. Phys. Soc. 
5, 456 (1960). 

18 R, Watson and A. J. Freeman, Acta. Cryst. 14, 27 (1961). 
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electrons, at the angle of the first Bragg reflection. 
Hence, without more exact information of this sort, 
one will not be able to locate 3d electrons from scatter- 
ing factor data. 

In summary we have found that: (1) The results of 
Weiss and DeMarco showing a large difference in elec- 
tronic structure between iron and copper could not be 
reproduced and must be assumed to be in error. This is 
in agreement with the conclusions of Batterman, and 
of Komura, Tomiie, and Nathans. (2) The absolute 
values of the scattering factors of iron, copper, and 
aluminum were each found to be lower than predicted 
by Hartree-Fock theory, by about 4% in the region of 
the first Bragg reflections, but no ready explanation 
for this difference is available, particularly in the case 
of aluminum. 
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APPENDIX I 


This section describes the techniques used to measure 
the total power in the primary x-ray beam. The beam 
as used in these experiments contained about 2X10’ 
counts per second of nearly monochromatic Mo K, 
radiation with a total angular divergence of about one 
degree. At the distance of the x-ray counter, the beam 
had a cross section of about 5X10 mm. The scintil- 
lating crystal in the counter had an area of uniform 
receiving sensitivity greater than 15X15 mm, so that 
the entire beam could be counted at one setting of the 
receiver, except that the counting rate would then be 
much too high. Multiple-foil linearity checks established 
the over-all dead time of the counting circuitry as 4.4 
microseconds, which makes the dead time correction 
at a counting rate of 4000 counts per second less than 
2%. This counting rate was the maximum which was 
allowed to occur throughout the course of the experi- 
ment. The main problem in the absolute standardiza- 
tion of the data, then, is the reduction of the primary 
beam by an accurately known factor of about 10*. This 
has been done by three essentially independent methods. 

The first method involved an attenuation of the beam 
using a set of zirconium absorbers, each of which re- 
duced the beam by a factor of about nine. The attenua- 
tion coefficient of each foil was measured separately, 
and five foils were used in series to reduce the beam to 
a countable level. Extreme care is needed when so high 
an attenuation is required because the primary beam 
is never completely monochromatic. Wavelength im- 
purities, in addition to the half-wavelength component 
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(avoided here by operating the x-ray tube at 31 kv), 
can arise from fluorescence and other scattering from 
the slits and monochromating crystal holder, from 
Compton and thermal scattering from the monochro- 
mating crystal, and from a small band of wavelengths 
near the K, line diffracted from the continuous spec- 
trum and not removed by the slit system. A first 
attempt to measure the primary beam using aluminum 
absorbers failed because the very small component of 
shorter wavelengths present was greatly amplified rela- 
tive to the K, component by the A’ dependence of the 
absorption coefficient of aluminum. For zirconium ab- 
sorbers, however, with the x-ray tube operated at 31 
kv, the attenuation of all wavelengths shorter than the 
zirconium edge is greater than for the K, radiation. 
(A check can be made for this type of hardening of the 
x-ray beam by comparing the attenuation of a foil 
measured in the nearly pure K, radiation and then in 
series with the five absorbers.) 

A second method for measurement of the primary 
beam, suggested by Weiss, utilized a pinhole in a silver 
slit as an attenuator. The power through the pinhole 
could then be measured using only one zirconium ab- 
sorber. The diffuse scattering, principally fluorescence, 
from a single crystal of germanium was measured at a 
given spectrometer angle with the pinhole in the pri- 
mary beam. Removing the pinhole, and using only one 
zirconium absorber, the diffuse scattering could again 
be measured. From the ratio of the diffuse scattering, 
and the attenuation coefficient of the zirconium ab- 
sorber, the primary beam power can be calculated. With 
this technique only one zirconium foil is needed at one 
time, rather than the five required in the first method. 
Hence, if alteration of the wavelength distribution is 
occurring, the effect should be quite different in the 
two cases. 

A third method, in which the primary beam is meas- 
ured without the need for absorbers, was developed to 
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overcome the difficulty just mentioned. Here use is 
made of the very narrow width of the Bragg reflection 
of a perfect crystal. The power in the primary beam is 
spread over a divergence of about one degree. A perfect 
crystal of silicon has a natural reflecting width for 
Mo K, of about three seconds of arc. A single crystal 


of silicon, set so that its Bragg angle lies within the one 
degree primary divergence, will diffract a beam whose 
intensity is low enough to be measured without the 


need of an absorbing foil. The integrated intensity of a 
particular silicon reflection is then measured by ro- 
tating the crystal with 
through the reflecting region and collecting all the 
diffracted intensity with a wide open scintillation de- 
tector. A separate of the diffracting 
power of the crystal is then made in the following way: 
With very narrow slits, the primary beam is reduced to 
a countable rate, and then the total diffracted power is 
measured as above. Note that the small 
reflecting range of the crystal, the diffracted intensity 
is still comparable to the value before introducing the 
narrow slits. Using this experimentally measured re- 
flecting power, and the integrated Bragg reflection 
without the narrow slits, the primary beam without 
the slits can be calculated. It should be noted that this 
method does not require knowledge of any theoretical 
form factor. 

The three methods of standardization gave primary 
beam powers which agreed with one another to within 


uniform angular velocity 


measurement 


because of 


2%. Thus any of the methods, alone, would be satis- 
factory, but we tend to favor the perfect crystal 
method as the easiest and surest of the three. It might 
be noted that once the reflecting power of the silicon 
crystal has been measured as described above, this 
crystal can be used to standardize Bragg integrated 
intensity data obtained with nonmonochromatic x rays 
from a standard diffractometer, the crystal 
“sees” only the K, component in the beam. 


since 
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Annihilation of Positrons in LiHt 


A. T. Stewart* anp R. H. Marcut 
Dalhousie University, Halifax, Nova Scotia 
(Received November 23, 1960) 


The angular correlation of photons from positron annihilation in LiH and NaH has been measured. The 
data yield a wave-function product density distribution much wider than the outer-shell electron density 
around the negative ion. This result is in contrast with the observations for other alkali halides for which 


these two distributions are much alike. 


NEW effect has been observed in the annihilation 
of positrons in crystals. Previous work’ in a 
variety of alkali halide crystals has shown that, for 
fluorides and chlorides at least, the electron-positron 
wave-function products which give fits to the observed 
momentum distribution of the annihilation gamma rays 
resemble the Hartree-Fock free-ion wave functions of 
the outer shell of electrons of the negative ion. For these 
alkali halides both the wave-function products and the 
free-ion electron wave functions yield density distribu- 
tions in agreement with the density distributions ob- 
tained by x-ray measurement.’ The situation is 
different, however, for positron annihilation in LiH. 
For this crystal the electron-positron wave-function 
product is much wider at the half-maximum position 
and at the same time falls much faster toward zero at 
about one atomic spacing than does the electron wave 
function obtained from the measured x-ray data® or 
from the calculated free-ion wave functions.® 
The experimental results follow. Figure 1 shows the 
angular correlation of photons from positrons annihila- 
ting in polycrystalline LiH and NaH. The two curves 
are hardly distinguishable. These data were obtained 
using the parallel slit geometry previously discussed." 
The slopes of chords of these data are plotted on Fig. 2 
where we also show that an analytic function happens 
to provide a good one-parameter fit to the data. Follow- 
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ing the usual analysis,""” we have taken the observed 
distribution in momentum space, p(p), to be propor- 
tional to the sum over all electrons of the squares of 
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Fic. 1. Angular correlation of the two-photon annihilation 
radiation from positrons annihilating in LiH and NaH. The instru- 
mental resolution function has a width of less than 1 milliradian. 
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Fic. 2. Slope of angular correlation data and 
fit of analytic function. 
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Fic. 3. Comparison of electron density distribution obtained 
from x-ray diffraction and from free-ion calculations with “‘wave- 
function product” squared obtained from this experiment. 


moduli of the Fourier transforms of the wave-function 
products, y+; 
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For the case of LiH it is expected that the positrons 
annihilate chiefly with the electrons of the H— ion so 
that the above sum has one term only. The slope of the 
angular correlation data, which can easily be shown 
to be proportional to pp(p), is seen (Fig. 2) to fit the 
function pexp(—?/2a) for a=0.70/A*. (k=p/h.) 
From this we obtain by Fourier transform |y,|? 
=exp(—2ar*), the wave-function product density. 
This is compared in Fig. 3 with the electron density ob- 
tained by Cochran® from x-ray scattering and with the 
calculated free-ion electron density.’ The three curves 
are normalized to give approximately the same number 
of electrons around the H™ ion. 


AND Bi: H. 
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The considerable difference between charge density 
and wave-function product density for positrons 
annihilating in LiH is in contrast with their similarity 
for positrons annihilating in, for example, NaF. This 
contrast is somewhat strange for, as we show below, one 
might expect any difference to be in the other direction. 
Consider the behavior of the positron wave function 
and of the wave function of the outer closed shell of 
electrons around the negative ions in LiH and NaF. 
The charge density is known to peak at about 0.5 A 
from both H- and F- although the distribution in.H- 
has a much longer tail than in F-. [This is to be expected 
when one considers the binding energies of the last 
electron in H~ (0.7 ev) and in F~ (4.1 ev). | The positron 
wave function starts at zero at the ion positions and 
increases with radius at a rate which is much greater in 
the field of H* than in the field of F*’. Therefore, one 
would expect that the peak of the wave-function 
product distribution would be displaced outward past 
the charge density maximum, more in the fluoride 
results than in the hydride. The opposite is observed. 

A detailed cellular calculation of the positron wave 
function in LiH and in NaF could, of course, disprove 
these simple qualitative conclusions. On the other hand, 
it is interesting to speculate that these data may require 
the use of electron wave functions perturbed by the 
positron or even correlations between the positron and 
the electrons. Both of these effects would be stronger 
in H~- than in F- and would be in the right direction, i.e., 
they would reduce the momentum of the center of mass 
and make the wave function product appear more 
spread out than the charge distribution. In any case, 
this experiment has furnished a criterion, the wave- 
function product in single-particle terminology, for the 
testing of calculations of positron annihilation in a 
simple ionic crystal. 
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Cluster Size in Random Mixtures and Percolation Processes 
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It is pointed out that the topological problem which arises in the theory of critical concentration in 
ferromagnetic crystals, and discussed recently by Elliott et al., is identical! with a problem arising in the 
statistical theory of random mixtures. Additional terms of series expansions are given, and these enable 
improved estimates of the critical concentration to be made. A distinction is drawn between “site mixtures” 


” 


and “bond mixtures, 


the latter having been previously considered under the heading of “percolation 


yrocesses.”’ The critical concentrations for the two problems are usually different. Some rigorous results 
I 


regarding the critical concentrations are quoted. 


N a recent Letter! Elliott ef al. showed that in 
ferromagnetic crystals the critical concentration is 

a topological property of the lattice and is apparently 
independent of the nature of the interaction. In fact 
this topological property is closely related to one which 
arises in the statistical problem of the distribution of 
cluster sizes in random mixtures.? If we consider an 
ideal mixed crystal of A and B molecules, then for any 
proportion p of A molecules we can calculate the 
probability distribution of singlets, doublets, triplets 
. ., and we can hence derive an estimate of the mean 
cluster size in the form of a power series in p. For the 
honeycomb, simple quadratic (S.Q.), triangular, and 
simple cubic (S.C.) lattices, these series are as follows: 


honeycomb, 1+3p+6p?+ 12p'+ 24p'+ 33p° 
+60 p°+ 99p7+ 156p8+ 276p° ; 
S.Q., 14+4p-+ 12p°+ 24p*+ 52p*+ 108p°* 
+224p°+412p7+844p'+- 1528p"; (1) 
triangular, 1+6p+ 18p°+48p*+ 126p* 
+300 p+ 750p*+ 1686p’ ; 
S.C., 1+6p+30p?+ 1149°+ 438 p'+ 154265+5754p°. 


As the concentration p increases from zero to one, 
it is clear that a point will be reached at which a finite 
probability exists of A molecules being contained in 
infinitely large clusters, and this point will be character- 
ized by the mean size of these clusters becoming infinite. 
Hence this critical concentration p, will correspond to 
the radius of convergence of series (1). 

It seems that the series (1) are closely related to 
those derived by Elliott e al.' for the critical concen- 
tration in a ferromagnet. When the molecules A are 
ferromagnetic and B nonmagnetic, the finite probability 
of infinite clusters is associated with the appearance of 
a spontaneous magnetization. 

The series (1) are not very smoothly behaved in the 
initial stages; however, we have derived more terms 
for particular lattices than Elliott e¢ al.' and our 
conclusions differ somewhat from theirs. Thus we think 


1R. J. Elliott, B. R. Heap, D. J. Morgan, and G. S. Rushbrooke, 
Phys. Rev. Letters 5, 366 (1960). 
2C. Domb Nature 184, 509 (1959), 


that 0.60<,.<0.75 for the honeycomb, p.=0.55 for 
the SQ., and 0.51 for the triangular. (Elliott et al. 
estimate 0.49, 0.48, and 0.36, respectively.) In fact it 
can be shown rigorously that ~,.>0.52 for the honey- 
comb lattice, and there are strong theoretical arguments 
which indicate that p.2} for all plane lattices. For 
the S.C. lattice our estimate of 0.28 agrees with theirs. 
We have also undertaken an analysis of the detailed 
behavior of the mean cluster size in the critical region. 

Another problem of a similar character arises when 
the bonds in the lattice are of two kinds a, 6, and we 
consider the probability distribution of connected 
“bond clusters” of a given number of bonds. Such 
problems have been considered in detail by Hammersley 
and his collaborators‘ under the heading of “percolation 
processes,”’ and certain exact results have been derived 
rigorously. Thus for the S.Q. lattice Hammersley‘ 
derived the bounds 0.35< p.< 0.65, and Harris® im- 
proved the lower bound to 0.5. 

For this problem we have derived series corresponding 
to (1) as follows: 


honeycomb, 1+4p+8p'+ 16p°+32p'+54p5 
+ 100p*+ 1827+ 328p'+-494 p°+- 984 p” 

+1572p"'+-2656p"+-4212p* ; 

S.Q., 1+ 6p+ 18p°+ 48p*+ 126p'+-300p° 
+762p°+ 1668p7+4216p°+ 8668p"; (2) 
triangular, 1+ 10p+46p?+ 186p’+ 706p* 
+ 2568p°+ 9004-p°+ 308949’ ; 

S.C., 14+ 10p+50p?+ 238p*+ 111494 

+4998 p°+ 22562p°+98174p7. 


Our estimates for critical points from the series (2) are: 
honeycomb, 0.66; S.Q., 0.50; triangular,® 0.33; and 
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S.C., 0.24; it will thus be seen that for one lattice at 
least, p, differs substantially from (1) to (2). 

We have used the terminology “site mixtures” and 
“bond mixtures” to distinguish between the above two 
problems. The above series (1) and (2) have been 
derived by applying the standard techniques of the 
theory of cooperative phenomena in crystals’ to these 
problems. The configurational problems involved con- 
tain new features but we have been able to employ 
special devices to extend the series. In this work we 
have been greatly helped by our colleagues M. E. 
Fisher and J. Essam, who have also independently 


, 


7C. Domb, Advances in Physics, edited by N. F. Mott (Taylor 
and Francis, Ltd., London, 1960), Vol. 9, pp. 149-361. 
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derived closed-form approximations for the various 
quantities which enter.* 

The methods have also been applied to nonideal 
mixtures in which the energies of interaction between 
A and B molecules are nonzero, and the variation of 
cluster size with temperature has been investigated. 
Details of the work referred to in this note are being 
published elsewhere. 
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Lorentz Force on Screw Dislocations and Related Problems 
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The concept of a Lorentz force on screw dislocations, first introduced by Nabarro, is 


analyzed. It is 


concluded that the Nabarro-Lorentz force on screws and the Lorentz force of electromagnetism are not 
analogous, and that the term a Lorentz force on screws should be dropped in order to avoid confusion. Only 
when the screw is constrained to move on one slip plane is the analogy with electromagnetism complete. Total 
quasimomentum is not generally conserved when screw dislocations interact with elastic waves. 


INTRODUCTION 


N 1951 Nabarro! introduced the concept of a Lorentz 

force on screw dislocations, and since then this con- 
cept has been in current use and seems to be generally 
accepted. However, the published explanations of 
Nabarro! and Eshelby? do not unequivocally establish 
the existence of a true Lorentz force on screw dis- 
locations. 

Hence, the aim of the present paper is mainly peda- 
gogical: We want to make unequivocal and easily 
understood statements about the forces on screw dis- 
locations to clear away possible confusion. This paper 
should not be looked upon as a direct criticism of previ- 
ous work. We merely want to emphasize that what has 
been termed the Lorentz force on screw dislocations is 
not in fact analogous to the Lorentz force in electro- 
magnetism, and that consequently the term “a Lorentz 
force on screws” should be dropped in order to avoid 
confusion. 

So far the Lorentz force on screws has been of little 
practical importance. It has been used in discussions on 


*On leave from Universitetets Fysiske Institutt, Blindern, 
Oslo, Norw ay. 
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dislocation mobility,'* but these discussions do not 
really depend on the existence of a Lorentz force as the 
results obtained are used to illustrate the quasimomen- 
tum balance for elastic waves and screws constrained to 
move on one slip plane, in which case the electromagnetic 
analogy is complete. However, presently a great deal of 
interest is being directed towards high-velocity dis- 
locations resulting from shock-loading, and in this field 
a possible Lorentz force would be important, according 
to Weertman.‘ Thus we should think that the concept of 
a Lorentz force on screws merits some discussion at the 
present time. 


DISCUSSION OF THE NABARRO-ESHELBY 
DERIVATION OF THE LORENTZ 
FORCE ON SCREWS 


Eshelby? has given a simple derivation of the Nabarro- 
Lorentz force on screws, which is not essentially differ- 
ent from Nabarro’s original derivation. Consider a 
procession of screws, ” per unit length, oriented parallel 
to the z axis and with Burgers vector +6 traveling 
across a bar of square cross section with a velocity v, 
(Fig. 1). Then the upper part of the bar, I, will have a 

3 J. Lothe, Phys. Rev. 117, 704 (1960) 

‘J. Weertman in Response of Metals to High-Velocity Deforma 
tion (Interscience Publishers, Inc., New York, 1961, to be pub- 
lished). 
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Fic. 1. Cross-section view of a bar traversed by a procession 
of screws. 


velocity 


V = —nbv,z, (1) 


in the z direction relative to part II. The average be- 
tween the z-direction velocities on the two sides of the 
slip plane is termed w. If the height of the procession is 
raised by dy, V and u being kept constant, the kinetic 
energy per unit depth of the crystal increases by an 
amount 

bE in=nLpbr vdy, (2) 


where L is the width of the cross section and p the 
density of material. This kinetic energy increment must 
be supplied by external forces doing work on the surface 
of the crystal. In accordance with the general definition 
of forces on dislocations in terms of derivatives of ex- 
ternal work done when the dislocations move, it may be 
said that there is a force per unit length, 


F = —pbv.t, (3) 


on each dislocation, resisting motion in the +y direc- 
tion. F, is the so-called Nabarro-Lorentz force, perpen- 
dicular to the direction of dislocation motion. 

A shear stress exerts a force on a screw dislocation and 
makes it move. The arbitrary average velocity of the 
material along the dislocation, %, has no importance for 
the dislocation motion relative to the crystal. Thus, the 
screws are not affected by the forces defined by Eq. (3), 
but are only influenced by the shear stresses. 

In mechanics, a particle, moving in the x direction, 
will continue to do so if the total force on the particle 
has no y and z components. If we want the situation to 
be analogous for screw dislocations, the Nabarro- 
Lorentz force must be dropped because it cannot balance 
shear stress forces. 

We should also point out that if a true Lorentz-type 
force acted on the screw, it could not be derived from an 
energy expression, since by definition Lorentz-type 
forces do no work and do not enter the energy expres- 
sions. Thus the energy change in Eq. (2) does not at all 
imply Lorentz-type forces on the screws. To make this 
point completely clear, we shall show how the energy 
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change Eq. (2) can be calculated under the assumption 
that screws are made to move by shear stresses only. 
Suppose, that by applying pure shear stresses to the 
walls A and B we raise the dislocation wall upwards by 
dy, without any change in the resultant slip velocity V. 
Since, by hypothesis, only shear forces are employed, 
there can be no change in the total momentum per unit 
depth, 
M= pl*i—pyLv. (4) 


Under the condition that no changes in M and V occur, 
the change in kinetic energy per unit depth is found to 
be 
bE xin= ($pLV?— ypV*)éy, (5) 
and, by Eq. (4), there is also a change in %, 
bu= Voy/L. (6) 
We next restore w% to its previous value by imparting a 
momentum 6M =-—pLVéy per unit depth to the bar, 
and, as the bar as a whole has a velocity u, we then do an 
amount of work 
5W = —pLVusy, (7) 
per unit depth. 

Suppose this momentum 6M is imparted to the bar by 
equal forces on the surfaces A. Shear stresses will then 
arise, which must be balanced out by an opposite ex- 
terna! shear stress such that the screws are not ac- 
celerated. The central slab defined by the planes C 
(Fig. 1) has a thickness L—2y and will be given a 
momentum —p(L—2y)Véy per unit depth. Thus, if a 
time ¢ is used to impart the momentum, the average 
shear stresses on the planes C will be of the magnitude 


1 
p(L—2y) Viy. (8) 
2Lt 


Thus, the work done on the dislocations by the external 
shear stress that we apply to balance out the shear 
stress Eq. (8) is 


bo LV i= (—3pLV2+-ypV?)by. (9) 


Adding the expressions Eq. (5), Eq. (7), and Eq. (9) and 
using Eq. (1), we again obtain Eq. (2). 

It is noted that the term Eq. (7) gives the contribu- 
tion from which the Nabarro-Lorentz force is derived, 
and this is the only term which is not directly connected 
with dislocation motion. Therefore, as in the first ex- 
ample, it has been demonstrated that the concept of a 
Lorentz force is specious. 


QUASIMOMENTUM CONSIDERATIONS 
FOR SCREWS 


In electrodynamics two possible ways of deriving the 
Lorentz force exist when all the other Maxwell equa- 
tions are given: (1) Postulate relativistic invariance, and 
(2) postulate conservation of the sum of particle and 
field momentum. The second method is suggestive of a 





JENS 











4 2 AXIS PERPENDICULAR TO PAPER 
Y 








X 


— 
- 





Fic. 2. Cross-sectional view of a bar traversed by a screw along 
the trajectory P. The trajectory is in the middle of a thin sheet of 
thickness /. A refers to the surface of a slab of width s symmetrical 
about the screw, B refers to the surface of the rest of the sheet. 


theory for screws that will be illuminating for this 
discussion: We will directly employ the energy-mo- 
mentum tensor of homogenous media to discuss quasi- 
momentum (field-momentum) relations for the screw. 
As dislocation “momentum” is of the same kind as 
quasimomentum (field momentum), a Lorentz-type 
force on screws would imply that quasimomentum is 
conserved in the interaction between a screw and an 
elastic field. 

Consider a homogeneous medium, and imagine that 
the medium can only be given displacements wu in the z 
direction, and that the displacements do not depend on 
the z coordinate. In this two-dimensional case we have 
the conservation law, 

divT 


= Og/ dt. (10) 


divT is defined as idivT,+j divT,, where T,=i7,, 
+jT,2, and T,=i7.,+j7,,. 
Here 
g= —pu gradu 


(11) 


is called the quasimomentum density. The expressions 
for the tensor components of 7 are 


T z= W-—a,,0u/dx— 5 pu, 


yy= W—a.,0u/dy—F pir, 


T 
has = —¢,,0U Oy, 
T 


yr= —02,0U/ Ox, 


whére W is the strain energy density and a,, and g,, are 
the ordinary stress tensors. 

For an explanation of the above formulas we refer to 
Eshelby.” It should be noted that only in the approxi- 
mation of linear elasticity is T7,,=T7 ,-. 

Now consider a crystal containing a screw, of vector 
(0,0,5), and consider the screw to be passing through the 
crystal along the path P (Fig. 2). For convenience, 
consider the screw when il is moving in the x direction. 
Then divide the crystal into two half-crystals I and II 
separated by a thin sheet of material of thickness h, in 
the middle of which the screw is moving. Divide out of 
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the sheet one small rectangular slab of width s sym- 
metrical about the screw, with surfaces A. B is the 
surface of the rest of the sheet. 

We consider the sheet to be so thin that stress, strain, 
and velocity is continuous from one half-crystal to the 
other across the sheet in the regions B. Across A we 
consider strain du/dy, strain energy W and shear stress 
oz, to be continuous, while du/dx change sign but has 
the same magnitude on the two sides. du/dx is sym- 
metric about a line parallel to the y axis and passing 
through the dislocation, while ¢,, is antisymmetric. 

We postulate the above conditions always to be 
satisfied on the surface of the sheet of thickness h, which 
is defined by the screw trajectory. The screw dislocation 
is characterized by being unable to sustain an external 
shear stress. If we apply an external shear stress, the 
screw is postulated to move with such an acceleration 
and in such a direction that the above conditions are 
satisfied. The effective “‘mass” of the screw will depend 
roughly logarithmically on /, which will be of the order 
of magnitude 0 (one lattice distance). The inertial reac- 
tion of the material within the sheet is completely 
neglected. This is about the same approximation as 
employed previously by Eshelby® in treating the dy- 
namic behavior of the screw. These assumptions should 
be representative of the general screw. A more detailed 
theory would have to consider the actual core structure, 
which would be different for different 
crystal structures. 

Now, integrating Eq. (10) over the volumes V; and V2 
and adding (we always consider the volume of unit 
depth), we obtain 


materials and 


where 


(14) 


S is the external surface of both half-crystals considered 
as one, and V is the total volume V=V,+ V2. The sur- 
face integrals over B cancel. 

It is readily found that / T.dS vanishes, so that 


d 
f tas =—G,. 
8 dl 


For T, only the term —4pw?, Eq. (12), gives a net 
contribution to the integral over A. On the upper 
surface, the average velocity is w—6v./2s so that 


(15) 


—$p(u—bv,/2s)?= —4 pi?+ phiiv./2s—tpb'v 2/s?, 
and similarly on the lower surface 


—4$p(u-+bv,/2s)? _ 4 pb? , Ss, 


— spi? — phitv ,/ 2s 


5 J. D. Eshelby, Phys. Rev. 90, 248 (1953) 
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Only the middle terms on the right-hand sides of the 
above expressions contribute to the integral, so the final 
result is 

d 


f T AS— phiw,=—G,. 
s 


(16) 
it 


Suppose that the crystal is at rest and that the 
dislocation is locked. Then an external force 


(17) 


F,=—be,,= f TAS, 
Ss 


acts on the screw. Suppose there is no F, component. 
When the dislocation is unlocked, it will accelerate along 
a straight path parallel to the « axis in accordance with 
the equation 


F,=dG,/dt. (18) 
Before the dislocation motion affects the surface of the 
specimen, dG,/dt does not depend on an arbitrary 
velocity of the crystal as a whole, so apart from an 
arbitrary constant it is then unambiguous to call G, the 
momentum of the dislocation in its direction of motion. 
The dislocation momentum is then of the same kind as 
the “momentum” of elastic waves.! 

Next suppose the dislocation has been put into 
rectilinear motion along the x axis, and consider it only 
before the dislocation motion reaches the surface, which is 
considered to be at rest. Suppose that no external forces 
are present, fs T.dS= fs T,dS=0. Then the disloca- 
tion will slow down as its mass increases.® The quantity 
G, is conserved. The dislocation shows no tendency to 
move in the y direction. Nevertheless, if we ascribe an 
arbitrary uniform velocity w to the crystal as a whole, 
the quantity G, is not conserved, although no quasimo- 
mentum is pumped in at the external surface because 


J soeas— spit f dS=0. 
s s 


By Eq. (16) we simply obtain 


— phiiv,.=dG,/dlt. (19) 
So, in a crystal containing screws able to move in all 
directions, and with no quasimomentum being created 
at the external surface, total quasimomentum is not 
generally conserved. 

It is instructive to apply the above results to a screw 
interacting with an elastic wave. 

Consider a screw at rest at the origin, and a plane 
shear wave impinging upon it in the y direction (Fig. 3). 

The incident shear wave makes the screw vibrate in 
the x direction, and elastic waves are scattered. The 
elastic wave possesses a y component of quasimomentum 
w/c per unit volume, w being the energy density and c 
the sound velocity. Let ¢., be the shear stress in the 
impinging wave and 2, the dislocation velocity. Then an 
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Fic. 3. A screw at the origin made to vibrate by an incident 
shear wave. 


energy 
nip Ko, y? s)av 


is scattered per unit time, and as the scattered waves 
contain no net momentum, the scattered waves remove 
an amount of quasimomentum 


_— (b [C(O zyVz)avy 
per unit time from the impinging wave. 
Now, according to Eq. (19), the total decrease of 


quasimomentum in the crystal due to the dislocation- 
elastic wave interaction is 


(20) 


(21) 


pbXitv day per unit time. 


(22) 
For the plane wave we have the relation 


u=— (c/p)oey, 


(23) 


where yw is the shear modulus, and inserting Eq. (23) 
into the expression 22 we obtain the expression 21. Thus 
no quasimomentum G, is given up to the screw, and it 
experiences no radiation force. 

It must be emphasized that the above results do not 
alter our previous conclusions about dislocation mobility 
in an isotopic flux of thermal waves,’ even though the 
Nabarro model involving a Lorentz force was employed. 
In practical cases the screw is constrained to move on 
one slip plane. A Lorentz force would then be of no 
consequence as it would be balanced out by the con- 
straint, and a complete electromagnetic analogy can 
then be used. The previous calculations should be looked 
upon as illustrations of what happens in practical cases. 
When the incident wave strikes the dislocation normally 
to the direction of uniform dislocation motion, the re- 
tarding force felt by the dislocation is the same as that 
previously deduced. 

Finally it should be mentioned that it is not straight- 
forward to extend the foregoing analysis to edge dis- 
locations. The coordinates x and y are “embedded” 
coordinates, i.e., they refer to a coordinate network that 
deforms with the crystal. In the case we have considered 
this leads to no complication, since the z coordinate does 
not enter and all displacements are in the z direction. 
With edge dislocations this simplicity would not exist. 
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DEMONSTRATION THAT A TRUE LORENTZ-FORCE 
ON SCREWS INVOLVES AN EXTERNAL CON- 
STRAINT ON THE SCREW CORE 


Only because of the term $pw* in Eq. (12) is quasimo- 
mentum not generally conserved during screw disloca- 
tion movement. It is an interesting possibility then, that 
if by external constraint we keep u=0 at the dislocation 
core, a true Lorentz force on the screw will 

The wave equation of the medium is 


Ou Ou 1 Ou , 
+ aa ) | 
Ox; Oy" Cc Ol p 


If we make the Lorentz transform 


arise. 


where 


Equation (24) does not change form, and 
coordinates r’ a solution is 


in cylinder 
u=A{Jo(kr’)—ilo(kr’)je*"’, k=w/c. (27) 


Jo and J» are Bessel functions of the first and second 
kind, respectively, and the solution represents outgoing 
waves far out. 


When &r’<1, and requiring that “= when r’=r,’, 
we obtain asymptotically for the real part 


uy 
u Inkr’ sinw/’. 


Inkro’ 


(28) 


In the subsequent analysis it should be understood that 
we only retain terms which dominate as ro’ > 0. 
Transforming back to x, y, ¢, we obtain the solution 


Uo 
u=— 
Inkro’ 


Inkr’ sinf Bw(t—v,"/c?) ]. (29) 


The derivative of the logarithm does not contribute to 
the average velocity around r’=r,'. With the conditions 


such that the point r’=0 is at x=0 when /=0, the 
average velocity for r’=r»' is 
Uig= Bug cos(wl/B). (30) 


- 


Expanding wu in &, where 


x=0,I-+ 


3 (31) 


LOTHE 
Eq. (28) becomes 


ito 
“= Inkr’ sin(wt/8) 
Inkro’ 
Buywrv,£ Inkr’ 
cos(wil $8). 


Inkro’ 


The first term in Eq. (32) is symmetric around the 
singularity and gives rise to no uniform shear stress over 
the surface r’=ro’. However, the second term will give 
rise such a uniform the 
linearity in £. The logarithm can be regarded as a con- 
stant. So, over the surface r’=r,’ we obtain a uniform 
shear stress, 


to shear stress because of 


O:2=p(Ou/ OE) 
or, by Eq. (30), 


O22 —~MUU 


Now, choosing tio= 
velocity which the core matter would have if no external 


—, where % now means the average 


constraint on the core was present, we obtain 


A positive screw at the singularity (Burgers vector +6 
referred to the +2 direction 
force per unit length 


would then experience a 


F = —o.20= — pbvm, (36) 


which is just what is given by Eq. 


CONCLUSION 


Because (1) only shear stress forces can move screw 
dislocations; and because (2) total quasimomentum is 
not generally conserved when a screw able to move in all 
directions interacts with an elastic sound disturbance; 
we must conclude that the term, “a Lorentz force on 
screws,” should be excluded from dislocation theory. 
Otherwise confusion will result. Only if an external 
constraint is applied to the matter along the screw 
dislocation core to keep the displacement velocity zero, 
does a true Lorentz-type force appear. 
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The two-electron, Auger-type transitions which occur when an 
ion of sufficiently large ionization energy is neutralized at the 
atomically clean surface of a diamond-type semiconductor are 
discussed. Consideration of the basic elements of the problem 
leads to a computing program which enables one to calculate the 
total electron yield and kinetic energy distribution of ejected 
electrons in terms of a number of parameters. It is possible to 
account for the experimental results for singly-charged noble gas 
ions incident on the (111) faces of Si and Ge and the (100) face 
of Si. The fit of theory to experiment is unique in its principal 
features yielding numerical results concerning: (1) the state 
density function for the valence bands of Si and Ge, (2) the energy 
dependence of the matrix element as it is determined by sym- 
metry of the valence band wave functions, (3) the effective ioniza 
tion energy near the solid surface, (4) energy broadening, and 
(5) electron escape over the surface barrier. Over-all width of the 


I. INTRODUCTION 


A THEORY of the Auger-type electronic transi- 
tions, which occur when an ion is neutralized at 
a solid surface, is presented in this paper for the case 
of the diamond-type semiconductor. It has been de- 
veloped in an attempt to understand the experimental 
results for noble gas ions incident on atomically clean 
surfaces of germanium and silicon.! 

Massey,? Shekhter,*? and Cobas and Lamb‘ have 
treated the two-stage process consisting of neutraliza- 
tion of the ion to an excited state by resonance tunneling 
at a metal surface followed by de-excitation of the ex- 
cited atom in a two-electron, Auger-type transition. 
Shekhter*® has also discussed the direct neutralization to 
the ground state in the two-electron, Auger-type transi- 
tion with which the present paper is concerned. In each 
of these theories the attempt was made to calculate 
matrix elements from assumed wave functions. The re- 
sults are of limited value because the wave functions 
were not accurate and because a number of very impor- 
tant elements of the problem were ignored. 

In the author’s previously published theory of Auger 
ejection of electrons from metals® a computer calcula- 
tion was made of the kinetic energy distribution and 
total yield of ejected electrons. In this work a number 
of the elements previously ignored were incorporated 
in the theory. These are: (1) energy distribution of 
initial electronic states in the solid, (2) dependence of 
the matrix element on the angle which the excited elec- 


1H. D. Hagstrum, Phys. Rev. 119, 940 (1960). 

2H. S. W. Massey, Proc. Cambridge Phil. Soc. 26, 386 (1930); 
27, 469 (1931). 

83S. S. Shekhter, J. Exptl. Theoret. Phys. (U.S.S.R) 7, 750 
(1937). 

‘A. Cobas and W. E. Lamb, Jr., Phys. Rev. 65, 327 (1944). 

°H. D. Hagstrum, Phys. Rev. 96, 336 (1954). 
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valence band is found to be 14-16 ev for both Si and Ge. Width 
of the degenerate p bands is 5.1 ev in Si, 4.3 ev in Ge. The matrix 
element for p-type valence electrons is 0.3 times that for s-type 
valence electrons. Effective ionization energy is 2.2 ev less than 
the free-space value for 10-ev He* ions and decreases linearly with 
ion velocity. Energy broadening is small for 10-ev ions and in- 
creases approximately linearly with ion velocity. Probability of 
electron escape is several times that predicted for an isotropic 
distribution of excited electrons incident on a plane surface bar- 
rier. A general theory of Auger neutralization is given in which the 
conclusions of the fit to experiment are interpreted. Investigation 
of the matrix element as a Coulomb interaction integral involving 
wave functions whose general characteristics are known but which 
are not explicitly evaluated leads to an understanding of its 
principal dependences on energy and angle. 


tron’s velocity makes with the surface normal and the 
effect of this on the probability of escape from the solid, 
(3) variation of energy levels in the ion as it approaches 
the solid surface, (4) the fact that ion neutralization 
occurs over a range of distances from the surface, 
(5) finite lifetime of the initial state, and (6) the role 
of resonance tunneling to an excited state in determining 
the partition between Auger neutralization and Auger 
de-excitation processes. 

In the theory for metals the following basic facts 
concerning the Auger neutralization process were 
established. 


(1) The magnitude of electron yield is determined by 
the ionization energy, the initial state density distribu- 
tion, and the probability of electron escape. It is not 
determined, as Shekhter assumed,* by the integrated 
transition probability over all distances from the sur- 
face, which is unity. 

(2) The form of the kinetic energy distribution is 
determined by an integral transform of the energy level 
distribution in the filled band of the solid in which the 
electrons initially reside as was discussed for another 
Auger process by Lander.*® 

(3) The role of the ion’s incident kinetic energy is to 
determine energy level shift in the atom and energy 
broadening by determining the average distance from 
the surface at which the process occurs. 


More recently, Sternberg’ has again attempted to 
calculate matrix elements from assumed wave functions 
for the resonance tunneling and Auger processes. Con- 
siderable improvement over the earlier calculations of a 

6 J. J. Lander, Phys. Rev. 91, 1382 (1953). 

7D. Sternberg, Ph.D. dissertation, Columbia University, 1957 


(unpublished) ; available from University Microfilms, Ann Arbor, 
Michigan. 





HOMER D. HAGSTRU 


Taste I. Definitions of notation.* 
free electron. 
electron inside semiconductor. 
number of electrons in the valence band used in 
Eq. (89). 
energy of valence electron measured from bottom 
of valence band. ri(e’,e’’,0,¢,5) 
(e’ +e") /2. R,(s) 
energy above bottom of valence band of excited —Po(s,v0) 
electron inside solid. 
uncertainty in «, introduced by the Heisenberg  P,(s,vo)ds 
uncertainty principle. 
energy of vacuum level above bottom of valence 
band. Px (ex,s)dex 
energy of bottom of conduction band above 
bottom of valence band. PQ(6,€x,s)dQ 
energy of top of valence band above its bottom 
(i.e., total width of valence band). T (5e,,5)d (Sex) 
e/e,at bottom of degenerate p band making width 
of degenerate p band (1—)é. 
kinetic energy of particle (atom, ion, electron) P.(ex), Pe(Ex) 
outside solid measured from zero at the vacuum 
level. Nature of particle may be expressed in pa- 
rentheses after the symbol as in Ey(e~), Ex (He*). a, B 
free space ionization energy. 
effective ionization energy at a distance s from 
the solid surface 
E(n,S) energy of interaction between normal atom and 
solid surface 
E(i,S) energy of interaction between ion and solid 
surface. 
5(e) Dirac 6 function on energy. 
distance of particle from plane of outermost 
nuclei of solid 
distance at which P;(s,v9) is maximum 
distance between electrons 1 and 2. N.(e) 
incident velocity of particle toward solid. Ni (ex) 
angle between surface normal and velocity of 
excited electron inside solid. No(Ex) 
maximum @ for escape over surface barrier 
azimuthal angle about surface normal. T (©) 
Asi matrix element of Auger transitions. Ty(e) 
ya" “elemental”? matrix elements derived from each 7 
other by electron exchange [ Eqs. (49) and (50) ]. 
AH” /H’. 
average values of H’ for @<0, and @>8., re 
spec tively 
H\/He 
1—1/f?. 
wave functions of electrons 1 and 2 at ¢’ and e”’ 
in the valence band, respectively. 


this table. 


M 


wave function of electron 1 in atomic ground state. 


wave function of electron 2 when excited to en 
ergy «, if it is transmitted across surface barrier. 


wave function of electron 2 excited to energy e€; if 
it is reflected at surface barrier 


transition rate for elemental Auger process 
total transition rate. 


probability that ion of velocity v will reach s 
without undergoing Auger neutralization. 


probability that ion approaching surface with ve 
locity vp will undergo Auger neutralization in ds 
at s. 

probability that a process occurring with incident 
ion at s will produce excited electron in de, at ex. 


probability that excited electron of energy e 
formed at s has velocity in dQ=sin@déd¢ at 6, ¢. 


probability that the energy of an excited electron 
formed by a process occurring at s will be uncer- 
tain by an amount de, due to the Heisenberg 
uncertainty principle 


probability that excited electron at «,= EF, 
will escape from solid 


parameters in the P, function 


parameters in exponential transition rate R;(s) 
=A exp | — @$) 


parameters in exponential repulsive interaction 
term B exp(—ds) (subscript i denotes ion, m de- 
notes normal atom) 


density of states in valence band 


effective density of states in valence band which 
includes dependence of matrix element on energy. 


N,.'(€)/N»(©) which specifies variation of matrix 
element with e«. 


factor by w hich a / electron is less effective than 
an s electron in the Auger neutralization process. 


density of states in conduction band 


distribution in energy of excited electrons inside 
solid. 


distribution in energy of ejected electrons out- 
side solid. 

Auger transform of N,’(e) [Eq. (16) ] 

broadened Auger transform |Eq. (17 


broadening function taken to be Gaussian in 
this work 


parameter determining spread of Gaussian 
function. 


o factor from variation of energy level 

o factor from Heisenberg principle 

width at half maximum of the function / 
total electron yield in electrons per ion 


dielectric constant of the semiconductor. 


similar nature has been made, but it still appears to be author’s previous theory for metals. A computer calcula- 
impossible to calculate the total electron yield in this _ tion of the total yield and kinetic energy distribution is 
way. again made in terms of the basic parameters of the 

The present work for the diamond-type semicon- problem. In order to fit the theory to the experiment in 
ductors may be considered to be an extension of the this case, however, it is necessary also to take account 
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of the variation of the matrix element with energy of 
the initial states. Furthermore, the greater width of the 
filled band in Ge and Si as compared to W makes it 
probable that resonance tunneling to the ground state 
can occur for the singly-charged noble gas ions of 
ionization energy less than that of Het. 

In the present paper the experimental facts to be 
explained are first presented (Sec. II) and the electronic 
transitions are specified (Sec. III). Consideration of the 
basic elements of the Auger neutralization process (Sec. 
IV) leads to the computer program (Sec. V) for calcu- 
lating the kinetic energy distribution of ejected electrons 
and the total electron yield in terms of the essential 
parameters. Solutions based on simplifying assumptions 
which are progressively removed are presented in Sec. 
VI. Energy broadening is then included in the theory 
(Sec. VII) and uniqueness of the theoretical fit dis- 
cussed (Sec. VIII). Solutions previously made for Het 
ions of various kinetic energies incident on the (111) 
face of Ge are then extended to the other singly-charged 
noble gas ions and to the Si(111) and Si(100) crystal 
faces (Sec. IX). The basic conclusions demanded by the 
fit of theory to experiment are summarized in Sec. X. 
In Secs. XI-XV a general theory of the phenomenon 
is presented in terms of which these conclusions are 
interpreted. The state density functions determined for 
the Si and Ge valence bands are discussed in Sec. XVI 
and surface effects in Sec. XVII. Notation used gen- 
erally throughout the paper is defined in Table I. 


Il. EXPERIMENTAL FACTS TO BE EXPLAINED 


The phenomenon we are attempting to understand is 
the release of electrons from a diamond-type semi- 
conductor which accompanies the neutralization of an 
ion of sufficiently large ionization energy at the semi- 
conductor surface.* The basic experimental information 
concerning this phenomenon comprises the kinetic 
energy distribution, Vo(£;,), and its integral, the total 
yield, y;. These quantities are found to depend specifi- 
cally upon the nature of the solid and the state of its 
surface as well as the nature of the ion and its incident 
kinetic energy. 

In this paper we shall concern ourselves with atomi- 
cally clean and atomically smooth surfaces of the ele- 
mental semiconductors silicon and germanium. Thus we 
shall not attempt to include in the theory the effects of 
surface steps, surface terminations of dislocations, 
foreign atoms adsorbed on the surface, or any other 
surface “defect”. In the experiments atomic cleanliness 
has been demonstrated but the surfaces used certainly 
had steps and dislocations on them. For the (111) 
faces there is evidence that reasonably large areas of 
the surface are most likely atomically plane. Thus on 

8 In this paper the term “ionization energy of an ion” is used to 
mean the first ionization energy of the parent atom from which 
the ion is formed and not to mean, as strict usage would demand, 
the first ionization energy of the ion itself, which is the second 
ionization energy of the parent atom. 
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Fic. 1. Experimental kinetic energy distributions, No(Ex), of 
electrons ejected from the Ge(111) face by 10-ev singly-charged 
ions of the noble gases (reference 1). The curves drawn through 
the experimental points represent smoothed experimental 
distributions. 


most encounters the surface should appear to be atomi- 
cally smooth to the ion which senses only a few neighbor- 
ing surface atoms at the distance from the surface at 
which the electronic transitions occur. However, we 
shall not limit our model to the single dimension normal 
to the surface but shall also discuss the possible effects 
of surface atomicity. 

Experimental results, in terms of which the present 
theory is developed, are those for the (111) face of ger- 
manium [Ge(111) ].! In Fig. 1 are shown No(E,) dis- 
tributions for noble gas ions of 10-ev incident kinetic 
energy. No(£,) is found to change in form as ion kinetic 
energy is increased. Experimental data for He* ions of 
five different kinetic energies are shown in Fig. 9. Since 
the area under an No(£;,) curve is the total yield +, in 
electrons per ion, Fig. 9 indicates that for He* ¥; 
changes little with ion energy. This is also true for the 
other singly-charged noble gas ions. These experimental 
results for Ge(111) are much like those for Si(111) and 
Si(100) for which data are also available.’ We shall see 
that the present theory can account for all the principal 
features of these experimental results. 


III. THE ELECTRONIC TRANSITIONS 


As has been shown previously for the refractory 
metals, we are dealing here with the release of electrons 
from the semiconductor in a two-electron, Auger-type 
process termed Auger neutralization.® The electronic 
transitions are shown in the energy level diagram of 
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Fic. 2. Energy level diagram for an electron inside the semi 
conductor or in the field of the atomic core a distance s outside 
the solid surface. The two sets of Auger transitions shown (1, 2 
and 1’, 2’) are obtained from each other by electron exchange. 
A resonance tunneling transition (3) to an excited atomic state is 
also shown. Energies inside the solid indicated to the left are taken 
to be zero at the bottom of the valence band. Energies outside the 
solid given by the scale at the right are zero at the vacuum level, 
the energy of a free electron at rest an infinite distance from both 
ion and solid. 


Fig. 2. The two electrons involved have energies ini- 
tially at e«’ and e” in the valence band which extends 
from 0 to ¢,. One of these electrons tunnels into the 
ground state of the atom outside the solid. The second 
electron is simultaneously excited to the energy e, in 
the conduction band which extends from ¢. upward. 
As indicated in Fig. 2, 
possible which are derived from one another by electron 
exchange. The impossibility of resonance tunneling to 
an excited state in the noble gases is pointed out in 
Sec. IV. Resonance tunneling to the ground state for 
Net, At, Kr+, and Xet is discussed in Secs. IV and IX. 

Equating the energy drop represented by transition 1 
(or 1’) to the rise represented by transition 2 (or 2’) 
leads to the following statement of the conservation of 
energy : 


two processes of this type are 


2e=e. + eo—E;,’ E.42¢€- E;’. (1) 


In Eq. (1) £;’ is an effective ionization energy for the 
atom near the solid surface which we do not expect to 
be the same as the free-space value £;,. 

Since ée’ and e” may lie anywhere in the valence band, 
we expect «, to be distributed over a band of energies 
whose limits may be calculated using Eq. (1). Maxi- 
mum e¢, occurs for ¢’=«’’=e, when both electrons lie 


HAGSTRUM 


initially at the top of the valence band. Thus, 


,/ 
(€:) max = Ey’ — eo +2e,. 


Minimum ¢« is given by 


(€,)min=E,;’—€9 for 
E f—eg< 


€ for 


E,’—€ is calculated from (1) for e’=e’’=0 when both 
electrons lie initially at the bottom of the valence band. 
However, any process for which E;’— €9- 
because it specifies a final state for the excited electron 
or in the 


€. is impossible 


lying either in the forbidden gap, €,<«.<€., 
already filled valence band, 0< «<e,. 

The limits on kinetic energy outside the solid for 
those excited electrons which can surmount the sur- 
face barrier are: 


(4) 


0 for 


For e¢-<ex<eo the Auger neutralization process can 


occur but none of the excited electrons can leave the 
solid. 


IV. BASIC ELEMENTS OF THE PHENOMENON 


It is our purpose in this section to present the basic 
elements of the Auger neutralization process upon which 
the theoretical calculations of this paper are based. 
Equations introduced here appear again later in the 
numbered sequence of equations used in the calcula- 
tions (Sec. V). A more detailed justification of the 
principal assumptions upon which the calculation rests 
is given later in the paper (Secs. XI-XV). 

We calculate the distribution in kinetic 
energy, Vo(E,.) or No(e.), of electrons outside the semi- 
conductor in terms of a number of parameters. The 
total electron yield, y;, is then the integral of No(ex) 
is related to the distribution in 


wish to 


over all energies. No(e;) 
energy, N;(e,), of all excited or Auger electrons inside 
the solid through a probability of electron escape or 
vacuum-level cutoff function, P.(e,). Thus, 


Nole, N (ez) P(e). 


P.(€) specifies the fraction of electrons in A i(€ 
energy having sufficient momentum normal to the 


at any 


surface to escape over the surface barrier. It is calculable 
for a plane barrier and an N;(e,) distribution which is 
isotropic in velocity at all e«. In general, P.(e) will 
depend upon the nature of the angular distribution of 
velocity in the N;(e) distribution and upon the shape 
of the surface barrier. Under all circumstances it is a 
function which rises from zero at the vacuum level, 
and approaches 3 for very large «, if the proba- 
bility of eventual release of an Auger electron moving 
initially away from the surface is small. No, Vi, and P, 
functions: for Het 111) face of 
germanium are shown in Fig. 3. 


€x= €0, 


ions incident on the 
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like that of Fig. 2 on which are 
plotted the functional depend- 
ences of the theory introduced in 
the text in Sec. IV. The positive 





direction in which each function is 
plotted is indicated by an arrow 
alongside the function symbol. 
The functions plotted are those 
derived without energy broaden- 
ing for the case of He* ions inci- 
dent on the (111) face of ger- 
manium. However, they may also 
be taken as indicating schemati- 
cally the types of functions in 
terms of which the theory is 
developed. 
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The N,(e,) distribution, in turn, is expected to de- 
pend upon the variation of the matrix element of the 
Auger process with energy and upon the distribution, 
N,(e), of initial energy states in the valence band. In 
general, the matrix element may be expected to depend 
upon the initial energies e’ and e” directly and upon 
possible combinations of these energies such as their 
difference ¢’ 2A. The direct dependence on initial 
energy may be accounted for by using an effective 
energy-level density function in the valence band, 
N,'(e), which is the:product of the true density function 
N,(e) and a function g(e) which specifies the relative 
variation of transition probability with energy. Thus, 


, , 
—eE= 


N,'(e)= g(e)Ny(e). 


This equation states that a direct dependence of transi- 
tion probability on energy is indistinguishable from a 
variation with energy of the number of electrons avail- 
able to the Auger neutralization process. Smaller transi- 
tion probability is equivalent to smaller effective num- 
ber of electrons, and conversely. We shall see that this 
assumption is necessary and sufficient to account for 
the principal features of the experimental results. The 
forms of V,(e) and N,’(e) for germanium are shown in 
Fig. 3. 


The dependence of V;(e,) on V,’(€) may now be seen. 
Electrons populating the energy interval de at ¢’ and 
é’ will produce excited electrons in the element 
de, (=2de) at &. But so will electrons in intervals de at 
all pairs of energies e’ and e” which are symmetrically 
disposed with respect to the energy e. Thus, we should 
expect 'V;(e€,) to be proportional to an integral over the 
product of effective state densities in the valence band, 
that is, proportional to the function T(e,) where T(e) 
is given by 


T(e)= [x.e- A)N,'(e+A)dA. 


The integration stops when e—A=e” or e+A=e” 
reach the bottom or top of the valence band, respec- 
tively. The change of variable from € to «& is that dic- 
tated by Eq. (1). T(e) is the analog, for N,’(e), of the 
Auger transform defined by Lander® in terms of N,(e) 
for another Auger process possible in solids. It is noted 
here in passing that \V;(e) should also depend upon the 
density of conduction band states, N.(ex). Ne(ex) is 
assumed here to be a constant; its role in the theory 
will be discussed again later. 

Because of the high probability of an Auger process 
relative to any radiative process,*:” we expect every ion 
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Tase II. Semiconductor parameters used in this work 


Ge(111) 16 
Si(111) 4.7' 12 
Si (100) 5.1¢ 12 


* This value is taken to be close to the value of the work function g =4.79 
ev measured by J. A. Dillon, Jr., and H. E. Farnsworth [J. Appl. Phys. 
28, 174 (1957) ] on the grounds that the experimental surface, although 
clean, was strongly p type. 

bj. A. Dillon, Jr.. and H. E. Farnsworth [J. Appl. Phys. 29, 1195 
(1958) ] quote ¢ for this face equal to 4.77 ev quenched, 4.67 ev annealed 
for one sample, 4.73 ev either quenched or annealed for a high resistivity 
floating zone sample. Eisinger [F. G. Allen, J. T. Eisinger, H. D. Hagstrum, 
and J. T. Law, J. Appl. Phys. 30, 1563 (1959)] measured 4.77 ev after 
heating, which agrees well with the value of ¢ =4.76 ev for a cleaved surface 
measured by R Simon [Bull. Am. Phys. Soc. 4, 410 (1959) ]. The value 
used here is again a little greater than the annealed value for a p-type 
surtace. 

¢ Dillon and Farnsworth (footnote b) give ¢ =4.92 ev quenched, 4.82 ev 
annealed. J. Eisinger as quoted by F. G. Allen (J. Phys. Chem. Solids 8, 
119 (1959)] measured a less certain value of 5.05 ev. In view of this un 
certainty, the value 5.1 ev listed here is that found from fitting to the ex 
perimental data 

1 These energy gap figures are rounded off to the nearest 0.1 ev from con- 
siderably more accurate data. See J. R. Haynes, M. Lax, and W. F. Flood, 
J. Phys. Chem. Solids 8, 392 (1959). Also, G. C. MacFarlane, T. P. McLean, 
J. E. Quarrington, and V. Roberts, J. Phys. Chem. Solids 8, 388 (1959): 
Phys. Rev. 111, 1245 (1958) 

© These are approximate figures of sufficient accuracy for present pur 
poses based on more accurate measurements in the infrared and at lower 
frequencies. See H. B. Briggs, Phys. Rev. 77, 287 (1950); W. C. Dunlap and 

L. Watters, Phys. Rev. 92, 1396 (1953 


to be neutralized by Auger neutralization if direct 
resonance tunneling to the ground or excited states in 
the atom is impossible. Under these circumstances 
N;(€,) is normalized to a total area of one electron per 
incident ion. Direct resonance tunneling to an excited 
level, illustrated by transition 3 in Fig. 2, appears to be 
impossible for the noble gas ions incident on silicon and 
germanium because all excited levels lie above the top 
of the valence band, at distances from the surface where 
these processes can occur. This may be seen by compar- 
ing €9—e€, values in Table II with the variation of ex- 
cited levels with distance shown in Fig. 24 of reference 5. 
Tunneling into the excited state, if it occurs, will be 
followed by the Auger de-excitation process which pro- 
duces Auger electrons distributed differently in energy 
from those produced by Auger neutralization.® It is thus 
essential to establish that resonance tunneling to an 
excited state cannot occur. Direct tunneling to the 
ground state is possible if the ground state lies at an 
energy above the bottom of the valence band, that is if 
E,' <o. Its occurrence thus depends on the magnitudes 
of the ionization energy and the total width of the 
valence band and appears to be definitely impossible 
only for Het ions. This theory, in which N;(¢) is nor- 
malized to one electron per ion, will overestimate the 
Auger yield if a fraction of the incident ions are neu- 
tralized by tunneling to the ground state (Sec. IX). 

It is now necessary to introduce three further ideas, 
namely, (1) the dependence of transition probability on 
distance, s, of the atom from the surface, (2) the varia- 
tion of ionization energy with distance of the atom from 
the surface, and (3) energy broadening of the V; and 
No distributions. All ions approaching the solid will not 
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undergo Auger neutralization at the same distance from 
the surface. Transitions 
s according to a probability distribution we shall call 
P,(s,v9) defined such that P,(s,v9)ds is the probability 
that an ion moving with velocity v» will undergo neu- 
tralization in ds at s. P;(s,vo) is a peak-shaped function 
like that shown in Fig. 3, passing through a maximum 
at S=S». 


will be distributed in distance 


The ionization energy near the surface is less than 
the free-space value and varies with distance s. This 
results from the image and repulsive interactions be- 
tween ion and solid and the repulsive interaction 
between neutralized atom and solid. Van der Waals 
interactions are so small relative to the energy dis- 
crimination of the experiment that they may be neg- 
lected. The form of the dependence of the effective 
ionization energy, £,’, on s is also shown in Fig. 3. 

The combination of a P, function of finite width and 
the variation of E;’ with s results in a variability of the 
energy level of the atomic ground state relative to the 
electronic energy levels in the solid. This introduces a 
broadening in energy « of the V; and «Vo distributions. 
Further energy broadening results from the Heisenberg 
uncertainty principle by virtue of the finite lifetimes in 
initial and final Auger neutralization 


process. 


states of the 


V. STRUCTURE OF THE THEORETICAL 
CALCULATION 


The preceding discussion of the basic elements of the 
theoretical problem suggests a procedure for calculating 
the No( Ex) distribution. We start with a state density 
function, V,(e), derived from what is known about the 
general features of the population of the valence band 
in a diamond-type semiconductor.’ Two of the four 
valence electrons are distributed over the entire valence 
bandwidth, 0<e<e,. These electrons vary in symmetry 
character from pure s at the bottom of the band to 
pure p at the top and account for the s electron and one 
of the three # electrons of the tetrahedral sp* hybridiza- 
tion of the valence band. The remaining two # elec- 
trons are distributed over narrower bands which are 
degenerate if we neglect spin-orbit coupling. These 
€, at the top 


degenerate p bands lie at energies pe, <e: 
of the wider s-p band. 


We assume a form of N,(e) involving the two pa- 
rameters €, and p which is compounded of four parabolas 


Ni, No, N3, and N4. Thus, 


4 
N,(e) =>. V,(e), 


, 
r=] 


(6) 


°F. Herman, Phys. Rev. 93, 1214 (1954); Proc. Inst. Radio 
Engrs. 43, 1703 (1955); Revs. Modern Phys. 30, 102 (1958); J. 
Callaway, in Solid State Physics, edited by F. Seitz and D. Turn- 
bull (Academic Press, Inc., New York, 1958), Vol. 7, p. 99. 

J. C. Phillips, Phys. Rev. 112, 685 (1958). 
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where 
Ni(e)=Cye', 
N2(e)=Ci(e,—)}, 
N3(€)=C2(e— pe,)}, 
N4(e)=C2(€,—€)}, 


O<e<e,/2, (7) 
€,/2S Ser, (8) 
peSeS(1+p)e/2, (9) 
(14+p)e/2<e<e,. (10) 


The constants C, and C, are determined by normalizing 
the area under each of the four parabolas to one elec- 
tron. This yields: 


C\= 3 (€, i 2) i 


C.=$3[(1—p)e,/2}4=Ci(1—p)-4. 


(11) 
(12) 


Values of p and e, determined from the fit to experi- 
ment for germanium are p=0.73 and ¢,=16 ev, giving 
C,=0,.0664 and C,=0.473. For silicon p=0.68, ¢,= 16 
ev, giving C,;=0.0664 and C.=0.366. The use of pa- 
rabolas for the V, functions means that we are assuming 
constant effective mass in each of the subbands. 

The effective state density function NV,’(€) is now de- 
fined in terms of V,(e) by the equations: 


4 
N,'()=Gg(ENo(E=>d gqrle)Nale) for O<e<e, 
wml (13) 


=Q for e(O,e)e. 

As discussed above, this introduces a variation of 
transition probability with energy through the q(e) 
function. We shall anticipate later discussion by stating 
here that this energy variation in all probability results 
from the variation of symmetry character of the valence 
electrons from s to p type through the band and the 
conclusion that a p-type valence electron has a lower 
transition probability than an s electron at the same 
energy. These statements lead to a g(e) function of the 
form, 


(14) 


(15) 


qi(e)=g2(e)=1—(1—1) (€/e,), 
g3s(e)\=qale)=r, 


in which r, another parameter of the problem, is the 
ratio (<1) of transition probability for a p to that for 
an s electron at the same energy. Equation (14) assumes 
a linear variation from s to p character through the 
s-p band specified by NV; and N»2. Equation (15) reflects 
the fact that the degenerate bands given by 3 and N,4 
are completely p in character. At this point we may take 
(14) and (15) as giving an empirical form for g(¢) to be 
justified on the basis of the fit to experiment and later 
theoretical discussion. V,(e), V,’(e), and q(e) are plotted 
for r=0.3 in Fig. 4. 

The theory now proceeds with a calculation of the 
Auger transform 7(e) of the effective state density 
function, It is: 


T(e) J V,(e—A) Ny’ (e+ A)dA. 


U 


(16) 
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Fic. 4. The state density function N,(e) of Eqs. (6)—(10) 
(curve 1) and the effective state density function N,’(¢) of Eq 
(13) (curve 2) used in the theory for germanium. The q(e) func- 
tion is specified by g:=q2 of Eq. (14) (curve 3) and g3=q, of Eq. 
(15) (curve 4). Parameters used are ¢,-=16 ev, p=0.73, r=0.3. 
Critical energies are indicated at the top of the diagram. 


The details of computing this function for the assumed 
forms of V,(e) and g(e) are given in the Appendix (Sec. 
XIX). By virtue of the definition of V,’(e) in Eq. (13) 
integration over A stops whenever either e—A or e+A 
leave the energy range of the valence band. 

At this stage we introduce energy broadening by 
convoluting T(e) with a broadening function ¢,(x) 
yielding the broadened Auger transform: 


8) 


Tu)= f ¢o(x)T (e+x)dx. 


—o 


(17) 


This procedure is introduced to account both for 
Heisenberg broadening and for broadening resulting 
from the variation of Z,’ with s and the finite width of 
the P, function on the s scale. In the present work a 
Gaussian broadening function, 


¢o(x)=[1/0(2r)!] exp(—x?/20°), (18) 


has been used. o is the fourth parameter of the problem. 

The simplification of using a single broadening func- 
tion to account for the total effect of two quite different 
types of broadening is permissible for the slowest ions 
(10 ev) for which broadening effects are small. For 
faster ions where broadening becomes increasingly im- 
portant, Gaussian broadening predicts the basic features 
of the experimental results but not the detailed form 
of the No(e&) distribution. Auger transforms T(e) and 
T,(e) derived from the V,(e) and .V,’(e) distributions of 
Fig. 4 are plotted in Fig. 5. 

N,(e,) is now taken to have the form of the broadened 
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Fic. 5. T(e) and T,(e) transforms derived from N,(e) and 
N,' (©) of Fig. 4 for germanium. Curve 1 is the unbroadened T(e) 
from N,(e) (curve 1, Fig. 4, r=1). Curve 2 is the unbroadened 
T(e) from N,’(e) (curve 2, Fig. 4, r=0.3). Curves 3 and 4 are 
broadened 7,(e) functions from curve 2, Fig. 4, r=0.3. For curves 
3 and 4¢ has the values 0.85 and 2.5 appropriate to the solution 
for 100- and 1000-ev ions, respectively. Critical energies are in 
dicated at the top of the diagram 


Auger transform, 7,(e). Thus, 


N (ex) =GT)| 3 (ex. + e0—E,’) |, (19) 
in which G is a normalization factor. This step requires 
the change of variable from ¢ to €, according to Eq. (1). 
We may use a single value for £;’ in (1) since the effect 
of E,’ variation with s and finite P,; width have been 
accounted for in the broadening procedure. The value 
of E,’ required by fit to experiment should be close to 
Ej’ (Sm), the value at the maximum of the P, function 
(Fig. 3). £;’ is the fifth parameter of the problem. €p is 
known from the assumed value of ¢, and the photo- 
threshold (€9—e,) which has been measured for several 
crystallographic faces of germanium and silicon (Table 
IT). 

The N;(e;) distribution is now normalized to an area 
of one electron per incident ion, 


D 


f N;(e.)de,=1 electron per ion, 


€¢ 


(20) 


yielding for the normalizing factor G of Eq. (19) the 
result: 


1 c= f Ti 4 (ex teo—E,) ]. (21) 


€¢ 


N;(e&,) distributions obtained from the 7T(e) functions 
of Fig. 5 are plotted in Fig. 6. On this basis the theory 
gives an electron yield per ion neutralized in the Auger 
neutralization process. This result may be compared 
with that observed, as discussed above, only when 
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Auger neutralization is the only neutralization process 
occurring. 

Calculation of the external distribution No(e,) re- 
quires knowledge of the probability of electron escape 
over the surface barrier. F or NV ;(e,) isotropic in velocity 
relative to the surface normal and for a plane surface 
barrier of total height €9 above the bottom of the val- 
ence band, assuming that no electrons escape which are 
initially directed into the solid away from the surface, 
P, is calculable and is given by® 


P(e) 4[1— (€o a 


(22) 
QO for « 


Equation (22) is plotted as curve 4 in Fig. 6. It is a 
function which starts from zero at e,=€, the vacuum 
level, and approaches 3 for large e,. We shall find that 
use of expression (22) permits the escape of too few 
electrons to account for the experimental electron yield. 
A one-parameter expression giving greater escape proba- 
bilities is that derived earlier": 
P.(ex.)=3[1—(e ex)? | [1 — Aa En / € for € - € (23) 
=0 for @&<6. 7 
reduces to (22 
| or UO a ‘ 
same 


For a=0 expression (23) 
gives P,=}3 at all energies. 
than (22) but has the 


rising from zero at « 


for a=1 it 
23) lies higher 
general characteristics of 
1 


€y and approaching 4 for large 


Ej; -€9+2€¢y — 


Ej -€9+2€y 
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Fic. 6. Graph showing several N;(e,) and P,(e,) functions 
appropriate to the case of 10-ev Het ions on Ge(111). Curve 1 
results from curve 1 of Fig. 5 with £,;’= F;=24.6 ev, curve 2 from 
curve 1 of Fig. 5 with /;’=22.4 ev, and curve 3 from curve 2 of 
Fig. 5 with £;’=22.4 ev. Curve 4 is a plot of Eq. (22), curve 5 of 
Eq. (24) with a=0.78, B= , and curve 6 of Eq. (24) with 
a=0.25, 8=1.0. Critical energies are ir at the top of the 
diagram 


dicated 


un Equation (55) in reference 5 





THEORY OF AUGER 
Tas e III. Procedure for obtaining theoretical 
No(E,) distribution and ¥;. 


Other 
quantities* 


Param- 
eters 


€v, P 


Step Equations 
(1) Assume N,(e) (6)—(12) 
(2) Assume q(e) (14), (15) 
(3) Calculate N,’ (6) (13) 
(4) Calculate T(e) (16) 
(5) Assume ¢,(x) (18) 
(6) Calculate T,(6) (17) 
(7) Calculate N;(«;,) (19) 
(8) Normalize N; (ex) (20), (21) 
(9) Assume P, (ex) (22)-(24) 

(10) Calculate No(E,) (25) 

(11) Calculate +; (26) 


® See Table II. 


e.. A somewhat more convenient P, function, which 
has been used extensively in the present work, is the 
two-parameter expression : 


P(e.)=4[1— (€0/ex)8 ]* for 


=0 


Ej; > €p 
(24) 


for €e<€. 
For a=1,8=4 expression (24) reduces to (22); for 
a=0, 840 it gives P,=} at all energies. For given 
80, a in the range 1>a>0 determines the general 
magnitude of P, and gives values higher than (22). The 
8 parameter largely determines the curvature of the 
function as e; increases from €9. Curves 5 and 6 in Fig. 6 
are plots of this function. Expression (24) also ap- 
proaches $ at large e, for all positive a and 8 provided 
840. P.(e,) functions of Eqs. (23) and (24) are also 
plotted in Fig. 15. 

In terms of one of the P, functions introduced above 
we may now calculate No(e,) as 


Nolex)=Nilex) P(e), (2 
and the total electron yield y; as 


L D 


v= ff No(ex)de, -f No(E,)dkFy. 
€ 0 


(26) 


The calculational procedure presented here has been 
programmed for an electronic computer (IBM 704 or 
7090). The steps involved are summarized in convenient 
form in Table III. The program operates when supplied 
with the necessary parameters (column 3, Table IIT) 
and the other quantities involved (column 4, Table ITT), 
and prints out y; and the functions No(e.), Ni(ex), 
T(e,), and T,(¢,) for energy intervals in ¢€ usually taken 
to be 0.25 ev. 


VI. SIMPLEST SOLUTION AND STEP-BY-STEP 
REMOVAL OF ITS SIMPLIFICATIONS 


We begin our attempt to fit the experimental results 
for He* ions shown in Fig. 1 by a calculation based on 
the simplest of assumptions. We shall: (1) neglect 
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broadening making o=0 in (18) and 7,(e)=T(e) by 
(17); (2) use the P.(e,) function of expression (22) 
which assumes an isotropic V; distribution incident on 
a plane barrier; (3) use the free space ionization energy, 
that is, take E;’= E;= 24.6 ev in (19); and (4) neglect 
any dependence of transition probability on energy, 
thus taking r=1 which gives g(e)=1 by (14) and (15) 
and NV ,’(e)=N,(e) by (13). These assumptions eliminate 
steps 2, 3, 5, and 6 of Table ITI. In addition we shall use 
€,=16 ev and p=0.73 for germanium which are the 
values found for the ultimate fit. We investigate varia- 
tion of e, and p in Sec. VIII. 

The N,(e) function used here is curve 1 of Fig. 4 
which leads to the 7(e) function of curve 1 of Fig. 5. 
The N;(e,) distribution is curve 1 of Fig. 6 and the 
assumed P, function is curve 4 of Fig. 6. The resulting 
No(e,) distribution is curve 1 of Fig. 7 yielding a theo- 
retical y; of 0.056. Comparing these results with the 
experimental y; of 0.196 and with the experimental 
points also shown in Fig. 7, we see that this first theo- 
retical No(e,) is too small in magnitude, lies too high 
on the energy scale and has the wrong form. We shall 
now attempt to correct these deficiencies by a step-by- 
step removal of the simplifying assumptions. 
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Fic. 7. Theoretical No(e,) distributions (full lines) for 10-ev 
Het ions on Ge(111) obtained with various simplifying assump- 
tions. The experimental distribution is indicated by the points 
only. Curve 1 corresponds to curves 1, Figs. 4, 5, and 6 for the 
case of r=1, E;’= E;=24.6 ev and P, of Eq. (22). Curve 2 corre- 
sponds to curves 1 of Figs. 4, 5, and 6 with r=1, /;’=24.6 ev and 
P, of Eq. (24) with a=0.78, 8=1.0. Curve 3 corresponds to 
curves 1, 1, 2 of Figs. 4, 5, 6, respectively, with r=1, E;’=22.4 ev, 
and P, of Eq. (24) with a=0.78, 8=1.0. Curve 4 corresponds to 
curves 2, 2, 3 of Figs. 4, 5, 6, respectively, with r=0.3, £;’=22.4 ev, 
and P, of Eq. (24) with a=0.25, 8=1.0. Critical energies are 
indicated at the top of the diagram and an £;, scale is given at the 
bottom. 





HOMER D. 


HAGSTRUM 


Tas ie IV. Parameters used in theoretical calculations.* 


K.E. 


ev 


Ex! (Sm) 


ev 


Ion Target € 


ev 


€ 

ev 
16. 
16. 
16. 
16. 
16. 
16. 


16.0 
16.0 
16.0 
16.0 
16.0 
16.0 
16.0 
16.0 
16.0 
14.0 
14.0 
10.0 
10.0 
16.0 
16.0 
16.0 
16.0 
16.0 
16.0 


He* 
He* 
He* 
He* 
He* 
He* 
He* 
He 

He* 
He 

He* 
Het 
He 

Ne* 
5 Ne* 
At 

Kr* 
He* 
He* 


10 
10 
10 
10 
10 
33 
100 
333 
1000 
10 
10 
10 
10 
10 
10 
10 
10 
10 
10 


re (111) 
ye (111) 
ve (111) 
7e(111) 
xe (111) 
ye (111) 
ye(111) 
Ge(111) 
Ge(111) 
Ge(111) 
Ge(111) 
Ge(111) 
Ge(111) 
Ge(111) 
Ge(111) 
Ge(111) 
Ge(111) 
Si(111) 
Si (100) 
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€0 
ev 
20.8 
20.8 
20.8 
20.8 
20.8 
20.8 
20.8 
20.8 
20.8 
18.8 
18.8 
14.8 
14.8 
20.8 
20.8 
20.8 
20.8 
20.7 
21.1 


> 


Yi 


| 
| 
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0.056 
0.137 
0.120 
0.191 
0.198 
0.198 
0.196 
0.198 
0.203 
0.194 
0.196 
0.181 
0.174 
0.166 
0.145 
0.079 
0.825 
0.191 
0.127 


0.78 

0.73 

0.25 

0.248 
0.248 
0.248 
0.248 
0.248 
0.300 
0.316 
0.318 
0.318 
0.248 
0.290 
0.248 
0.248 
0.935 
0.935 


0. 
0.30 
0.30 
0.30 
0.30 
0.30 
0.32 
0.34 
0.4 

0.4 

0.30 
0.25 
0.30 
0.30 
0.34 
0.34 
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0.73 
0.68 
0.68 
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* Parameters of particular interest in any sequence of runs are indicated in bold-faced type. _ 
b The P.(«,) expression for any line of the table is that of Eq. (22) if neither @ nor 8 is specified, Eq. (23) 


8 are given. 


The only way to increase substantially the magnitude 
of No(e) above that of curve 1 of Fig. 7 while meeting 
other requirements is to increase the probability of 
escape. If we replace Eq. (22) for P. by Eq. (24) with 
a=0.78,8=1.0 P, has the form of curve 5 of Fig. 6. 
Keeping all other parameters at the values initially 
chosen, we obtain for No(e.) curve 2 of Fig. 7, the 
product of curves 1 and 5 of Fig. 6. The values of a and 
8 used were chosen to give a height of the No(E£,) func- 
tion approximately equal to that of the experimental 
one. 
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Fic. 8. Theoretical No(/,) distributions (lines) compared with 
the experimental distribution (points only) for 10-ev He* ions 
incident on Ge(111). The full curve is for a small amount of 
energy broadening (o=0.3), the dashed curve for no broadening 
(o=0). Parameters used in the calculation of these curves are 
listed in lines 5 and 4 of Table IV, respectively. 
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if a only is given, and Eq. (24) if both a and 


We now proceed to bring the high-energy limit of 
No(Ex) into agreement with the experimental data. 
The controlling step here is the change of variable in- 
volved in calculating N,(e.) from T(e) (step 7 of 
Table III). Equation (4) indicates that (Ex)max is 
governed by both £,’ and the photothreshold (¢)—e,). 
Since the latter is known for germanium, the only 
parameter at our disposal for shifting the high-energy 
limit of No is E,’. Our choice of E,’= E;= 24.6 ev for 
Het is clearly too high. If £;’= 22.4 ev, we obtain curve 
2 of Fig. 6 for N;(e,). Again using curve 5 of Fig. 6 for 
P., the No(e,) of curve 3 of Fig. 7 results. 

Curve 3 of Fig. 7 still represents a wide departure 
from the experimental distribution. The theory at this 
point produces proportionately far too many electrons 
near the top of the distribution which are those coming 
from near the top of the valence band. We need a varia- 
tion of transition probability with energy through the 
valence band which discriminates against electrons 
lying high in the band. This is provided by the gq(e) 
function given in Eqs. (14) and (15) and introduced 
into the theory as indicated in Eq. (13). It is found that 
a value of r=0.3 is necessary to fit the data. This gives 
curve 2 of Fig. 4 for V,(€) with g(e) given by curves 3 
and 4, The corresponding T(e) and V;(e,) functions are 
curve 2 of Fig. 5 and curve 3 of Fig. 6, respectively, 
keeping E;’=22.4 ev. It is now necessary to increase 
the magnitude of P,(e,) further to obtain an No func- 
tion of the experimental magnitude. Curve 4 of Fig. 7, 
in good agreement with the experimental points, is 
obtained for the P, of curve 6 of Fig. 6 for which 
a=0.25, B= 1.0. 

It should be observed that the steps required to go 
from curve 1 to curve 4 in Fig. 7 are unique. The pa- 
rameters involved (lines 1-4, Table IV) affect No(Ex) 
in what might be termed an orthogonal manner. In 
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curve 4 of Fig. 7 we have achieved a quite respectable 
fit of theory to experiment without energy broadening. 
We shall not be surprised to find that for 10-ev ions 
broadening effects are small. However, the theoretical 
solution is so close to correct for ¢=0 and the solution 
is so insensitive to relatively large changes of ¢ in the 
range 0<o@<0.5 that one cannot accurately determirie 
o for 10-ev ions based on the 10-ev results alone. Fitting 
theory to experiment at higher ion kinetic energies, 
where broadening is important (Sec. VII) gives by 
extrapolation o~0.3 ev for 10-ev Het ions. In Fig. 8 
theoretical curves for e=0 and o=0.3 are shown and 
compared again with the experimental points. 


VII. ENERGY BROADENING AND THE VARIATION 
WITH ION KINETIC ENERGY 


Energy broadening, although relatively unimportant 
for 10-ev ions, becomes increasingly important as ion 
kinetic energy is increased. This fact enables one to 
study more closely the nature of energy broadening in 
the Auger neutralization process. In Fig. 9 are shown 
experimental No distributions for Het ions of five 
different kinetic energies incident on Ge(111). There 
are two distinguishable effects to be seen in these curves. 
As ion energy increases the distribution is increasingly 
broadened as is evidenced by the formation of a longer 
and longer tail at high energies and the gradual dis- 
appearance of the higher energy peak of the two present 
in the 10-ev curve. The second effect is the shift of the 
higher energy peak to lower energiesYindicating a re- 
duction of £;’ as ion energy increases. 

An attempt has been made to predict these chariges in 
N (Ex) using the calculational procedures of Sec. V and 
Table III starting with the parameters which fit the 
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Fic. 9. Experimental No(£;) distributions for He* ions incident 
on Ge(111) having the kinetic energies indicated (reference 1). 
These curves are smoothed distributions like those of Fig. 1 
drawn through data points which are not shown. 
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Fic. 10. Theoretical No(£;) distributions to be compared with 
the experimental ones of Fig. 9. Parameters used in the calcula- 
tions are listed in lines 5-9 of Table IV. 


10-ev curve and changing £;’ and o only as ion energy 
is increased. The results are shown in Fig. 10. The 
general features of the experimental curves have cer- 
tainly been reproduced by theory. The detailed fit 
becomes poorer as ion energy increases, however, most 
likely as a result of the use of Gaussian broadening. The 
values of the £;’ parameter were chosen so that the 
theoretical distributions all cross each other at E,(e~) 
~ 10.2 ev as do the experimental ones. The T;(e) func- 
tions for the 100-ev («=0.85) and 1000-ev (¢=2.5) 
kinetic energies are curves 3 and 4 of Fig. 5, 
respectively. 


VIII. UNIQUENESS OF THE FIT OF THEORY 
TO EXPERIMENT 


We must now look into the question of uniqueness of 
the theoretical solutions. We have already noted the 
uniqueness of the steps required to go from curve 1 to 
curve 4 in Fig. 7. In these calculations, however, values 
for e, and p were used which were those of the ultimate 
best fit. We shall now investigate the uniqueness of the 
solution for He*+ (10 ev) on Ge(111) with respect to 
variation of each of the parameters of the problem. 
This will also indicate the probable error with which 
each parameter is obtained. 

E;’, (eo—€,). These parameters enter the theory in 
the combination E,;’—2(¢>—e,) and determine by Eq. 
(4) the upper energy limit of the No(Z;,) distribution. 
Even though the photothreshold, (¢.—¢,), is known 
for Ge(111) (Table II), the effects of small variations 
in both E,’ and (e9>—e,) are shown in Fig. 11. 

p. Figure 12 shows that near the true solution varia- 
tion of p affects only the width of the higher energy 
peak of No(E;). 
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Fic. 11. Effect of variation of the parameters /;’ and (€—e,) 
on the theoretical No(/;) for 10-ev Het ions on Ge(111). Curve 2 
is the best fit of line 5, Table [IV with £;’=22.4 ev and (¢€)—e,) 
=4.8 ev (Table II). The other curves have the same parameters 
except that (€9—e€,)=5.2 ev for curve 1 and £; 
curve 3. Note that increase in F;’ by 0.4 ev increases the upper 
energy limit by the same amount whereas increase in (¢ 
0.4 ev decreases this limit by twice 0.4 ev 
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Fic. 12. Effect of variation of the parameter p. Curve 2 is 
again the best fit of line 5, Table [IV with p=0.73. For curves 1 
and 3, p has the values 0.70 and 0.76, respectively, all other 
parameters remaining unchanged. 
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r. Figure 13 shows that small changes in r affect 
only the height of the higher energy peak of No(£;,). 

P(e). Variation of the level of P.(e,) by variation 
of the parameter a in either of Eqs. (23) or (24) affects 
the height of the whole Vo(£,.) distribution as shown in 
Fig. 14. Changes in curvature of the P,(e) function 
keeping the general level constant (Fig. 15) produce the 
changes in No(£,) shown in Fig. 16. Such changes in 
the curvature of P(e.) cannot be distinguished in this 
theory from other gentle variations with energy intro- 
duced by minor modifications in the forms of the g(e) 
and N.(e) functions. g(e) most likely is not strictly 
linear as assumed in Eqs. (14) and (15), and N,(e,) is 
not constant as assumed above. This coupling among 
q(e), N.(e), and P,(e,) in no way alters the principal 
conclusions of the fit (Sec. X). Only relatively minor 
changes in any one of these functions may be com- 
pensated for by reasonable changes in the others. 

¢,. It was found early in this work that for both 
germanium and silicon serious difficulties were met 
when the attempt was made to fit the experimental 
data for values of €, much below 16 ev. Attempts to fit 
the 10-ev He* data on Ge(111) for ¢,=14 and 10 ev 
are shown in Figs. 17 and 18, respectively. One con- 
cludes, on the basis of extensive investigations of this 
type, that «, must lie in the range 14-16 ev for both 
Ge and Si. It is recognized that this result is more 
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Fic. 13. Effect of variation of the parameter r. The best fit of 
line 5, Table IV with r=0.30 is shown by curve 2. In curves 1 
and 3, r has the values 0.33 and 0.27, respectively, all other 
parameters unchanged. Curve 4 shows the result of choosing r=1 
with the parameters of P, (line 3, Table IV) chosen to give ap 
proximately the correct height for the higher energy peak. 
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sensitive to the form chosen for N,(e) than are the 
values obtained for the other parameters (see Sec. 
XVI). 

a. It was shown in Secs. VI and VII that the fit at 
10 ev is insensitive to o since broadening is small and 
that the best value for 10-ev ions is determined by ex- 
trapolation from higher ion energies where No(e,) is 
more sensitive to o. A study of the accuracy with which 
broadening can be specified at higher ion energies must 
await the use of a broadening function which more 
accurately reproduces No(£,) at these ion energies than 
does the Gaussian function. Possible error in o for 
higher ion energies will not change the conclusion that 
o is of the order of 0.3 for 10-ev ions. 

From the foregoing we see that uniqueness of the 
main features of the solution is maintained when the 
variation of all parameters is considered. From a study 
of the graphs showing the effects of varying the pa- 
rameters individually, one can determine that a change 
of one parameter cannot be compensated for by any 
combination of changes in the other parameters. This 
uniqueness allows latitude for only minor variations in 
the functions g(e), N.(e), N-(e), and P.(e&), as has 
been mentioned above and will be discussed again in 


Sec. XV. 
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Fic. 14. Effect of variation of the a parameter in the two- 
parameter formula for P.(¢x) [Eq. (24) ]. Curve 2 is again the best 
fit of line 5, Table IV with a=0.248. For curves 1 and 3, a is 0.224 
and 0.272, respectively, all other parameters remaining unchanged. 
Curve 4 is for P.(ex) [Eq. (22) ] appropriate to an isotropic ve- 
locity distribution of excited electrons incident on a plane barrier. 
Parameters for curve 4 are given in line 1 of Table IV. 
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Fic. 15. Plots of several P,(e,) functions. Curve 1 is for the 
isotropic N;(e,) distribution on a plane barrier [Eq. (22) ]. Curve 2 
is a plot of Eq. (23) with a=0.956. Curves 3 and 4 are plots of 
Eq. (24) with a=0.248, 8=1.0 and a=0.366, 8=2.0, respectively. 
Curves 2, 3, and 4 show P, functions of about the same level but 
of different curvature. 
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Fic. 16. Variation of the theoretical No(,) distributions for 
Het (10 ev) on Ge(111) caused by the use of P,(¢x) functions of 
different curvature. Curve 1 is the best fit (line 5, Table IV) using 
Eq. (24) with a=0.248, 8=1.0 (curve 4, Fig. 15). For curve 2, 
Eq. (24) was used with a=0.366, 8=2.0 (curve 3, Fig. 15). For 
curve 3, Eq. (23) was used with a=0.956 (curve 2, Fig. 15). All 
other parameters were the same for the three curves except for r 
which was varied from the 0.3 value for curve 1 to 0.28 and 0.26 
for curves 2 and 3, respectively, in order to compensate for the 
change in slope of the P, functions used. 
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Fic. 17. Two attempts to fit the experimental No(£,) dis 
tribution for Het (10 ev) on Ge(111) using a total bandwidth, ¢,, 
of 14 ev. The parameters used in curves 1 and 2 are listed in lines 
10 and 11 of Table IV, respectively. It is impossible to reproduce 
the minimum of the experimental distribution both as to depth 
and position under these circumstances. 
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Fic. 18. Two attempts to fit the experimental No(£;,) dis- 
tribution for He* (10 ev) on Ge(111) using ¢,=10 ev. Parameters 
for curves 1 and 2 are listed in lines 12 and 13 of Table IV. Note 
the impossibility of producing a minimum in the curve at the 
correct energy position and of the proper depth. 
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IX. SOLUTIONS FOR OTHER NOBLE GAS IONS 
AND FOR SILICON 


Theoretical No(;) distributions have also been cal- 
culated for 10-ev Net, At, and Krt ions incident on 
Ge(111) in an attempt to fit the experimental data of 
Fig. 1. The simplest procedure is to use all the pa- 
rameters found for 10-ev He* (line 5, Table IV) except 
E,’ which is determined for each ion so as to reproduce 
the experimental high-energy limit of No(#,). The re- 
sulting theoretical No(£,) distributions for Ne+ and 
Kr* are shown in Figs. 19 and 20, respectively. Pa- 
rameters for Ne+, At, and Kr* are given in lines 14-17 
of Table IV. 

The theoretical Vo(#;) lies increasingly higher than 
the experimental data through the sequence Net, At, 
Krt. The factor by which the theoretical curve, and 
hence theoretical total electron yield, must be multi- 
plied to bring it down to the experimental data is 0.87 
for Ne*, 0.45 for At, and 0.36 for Kr*+. Neither experi- 
ment nor theory is very reliable for Xe*. It is believed 
that the principal reason for this increasing disparity 
between theory and experiment as £; is decreased is an 
increasing resonance tunneling into the ground state. 
If a fraction W of incident ions is resonance neutralized 
to the ground state, we should use 2.” ;(€,)deg=1—W 
in place of Eq. (20). The factors 0.87, 0.45, and 0.36 by 
which the theoretical yield exceeds the experimental for 
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Fic. 19. Attempts to fit theoretically the experimental No(Fx) 
distribution for Ne* (10 ev) on Ge(111). Points are experimental. 
For curve 1 (line 14, Table IV) only /,’ was changed from that 
used for the He* curves (o=0.3) in Fig. 8 (line 5, Table IV). For 
curve 2, in addition to the change in £;’, r and a were changed 
slightly from the He* values (line 15, Table IV). Curve 2 is quite 
close to the curve one obtains by multiplying curve 1 by 0.87. 
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Net, At, and Kr* are then to be interpreted as 1—-W 
for these ions. The fact that W increases with decreasing 
E,’, as is expected for resonance tunneling, lends cre- 
dence to this explanation. It is true that as E;’ decreases 
the theoretical fit becomes more sensitive to the detailed 
forms of N,’(€), o.(x), P(e), and to the exact value of 
E,’. One cannot decrease W to zero for A+ and Krt+ by 
changes in the theoretical parameters which are at all 
reasonable for Het and Net. Relatively minor changes 
in the parameters for the Ne* fit will reduce W to zero 
for Ne* as is indicated in Fig. 19. If W is in fact greater 
than zero for Net, it means that ¢9> E,’(Net+)=19.8 ev 
(line 15, Table IV). This sets a lower bound for e, of 
E;‘— (eo— €,) = 19.8—4.8= 15 ev, since e97—€,= 4.8 ev is 
known (Table II). If resonance tunneling occurs first 
for At, then the lower bound on e, is E;/(At)— (e0— €,) 
=9.4 ev using the data of line 16 of Table IV. 
Theoretical calculations have been made of No(F;) 
and y; for Het, Net, At, and Kr* incident on the (111) 
and (100) faces of silicon for which experimental data 
are also available.! The theory works as well here as 
for germanium. Theoretical No(£,) curves for 10-ev 
Het on Si(111) and Si(100) are shown in Fig. 21 where 
they are compared with experimental data. £;’ is 
within 0.2 ev of that found for Ge(111). The level of 
P.(e.) is approximately the same as that required for 
Ge(111). Little difference in ¢€, is found between Si and 
Ge, but p is smaller by a significant amount for Si 
predicting a somewhat wider degenerate p band. It is 
for this reason that the minimum near 5 ev in No(E;) 
for 10-ev He* on Ge(111) is not nearly as well de- 
veloped in the corresponding No(E;) for Si(111). 
Theoretical No(E,) curves for Het ions of various 
kinetic energies incident on Si(100) have been calcu- 
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Fic. 20. Comparison of theory and experiment for No(/:,) from 
Kr* (10 ev) on Ge(111). Points are experimental. Curve 1 is 
theoretical for the parameters of line 17, Table IV, and curve 2 
is curve 1 multiplied by 0.36. 
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Fic. 21. Theoretical No(E;) distributions compared with the 
experimental points for 10-ev He* on the (111) and (100) faces 
of Si. Parameters for the Si(111) curve are given in line 18 of 
Table IV. The same parameters were used for the Si(100) curve 
except for «9 which is determined by the appropriate change in 
photothreshold ¢9—¢€, (see Table II and line 19 of Table IV). 


lated also. The same degree of agreement with experi- 
ment was found, as is reported here for Het on Ge(111), 
in Figs. 9 and 10. These results bolster one’s confidence 
in the general credibility of the theoretical model. 


X. CONCLUSIONS OF THE FIT OF THEORY 
TO EXPERIMENT 


In what has preceded in this paper we have discussed 
the basic elements of the Auger neutralization process 
and devised a calculational procedure for fitting the 
experimental data. It has been possible to find a unique 
solution which reproduces all the principal features of 
the experimental results. The requirements of the fit 
have forced upon us four basic conclusions concerning 
the Auger neutralization process. These are: 

(1) The relative Auger transition probability repre- 
sented by the function g(e) decreases with energy 
through the valence band having a value at the top of 
the band about 0.3 that at the bottom (r=0.3). 

(2) The effective ionization energy, E;,’, in the Auger 
process is less than the free-space value, E;, and de- 
creases with increasing ion velocity. For Het the E,’ 
values in lines 5—9 of Table IV are represented with 
reasonable accuracy by the expression: 


E,— E/2+0.06(E,+2)!, (27) 


in which £;, is the ion’s incident kinetic energy at s= © 
and £;, E;’, and E;, are in ev. E;— E,’ obtained from the 
fit to experiment is compared with the predictions of 
Eq. (27) in Table V. 

(3) Energy broadening is small for the slowest ions 
(10 ev) but must be included for faster ions (< 1000 ev). 
The parameter o in the Gaussian broadening function 
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TasLe V. Comparison of ;—;" and o obtained 
fit of theory to experiment and the empirical formulas [He 
on Ge(111)]. 


E;— FE,’ 
From the 
fit® 


o (ev) 
From the 
fit* 


(ev) 
2+-0.06 
x k + 2) 


0.083 
xX (Ei 
0.29 
0.49 
0.84 
5 1.52 


., 
a 2.64 


FE, (H tr) 


10 
33 
100 
333 
1000 


(0.3) 
0.50 
0.85 


a a) 


WRN dS 
pom pm OP 


* Lines 5-9 of Table IV. 


used is found to increase approximately linearly with 
ion velocity at the distance from the surface where 
Auger neutralization takes place. For Het o values in 
lines 5-9 of Table IV are given with good accuracy by 
the expression: 


19 


o=0.083 i (28 


in which again £; is the ion’s kinetic energy at s= © and 
both o and F, are in ev. Table V also includes a com- 
parison of o values from the fit to experiment and those 
derived from Eq. (28). 

(4) The probability of electron escape in the range 
of external electron energy involved here (0-12 ev) is 
several times greater in magnitude than that predicted 
for an isotropic distribution of internal Auger electrons 
incident on a plane barrier. This ratio is a function of 
energy and is best seen by comparing the levels of 
curves 2, 3, and 4 with that of curve 1 in Fig. 15. 

It is our purpose in the next sections of the paper to 
discuss these conclusions in the light of theory. Our 
purpose is to get at the basic significance of these con- 
clusions rather than to attempt to derive them rigor- 
ously from first principles. 


XI. TRANSITION RATE AND BASIC 
PROBABILITY DISTRIBUTIONS 


The transition rate, r,, for an elemental Auger transi- 
tion (Fig. 3) is given by time-dependent perturbation 
theory using the method of variation of constants as 


r.(e,e’ 0,0,5) = (24/h)| H7;|2N -(&)dQ. (29) 


The rate r; is expected to be a function of initial electron 
energies, e’ and e”, of direction of the excited electron’s 
velocity, @ and g, and of distance, s, between ion and 
surface when the process occurs. In Eq. (29), Hy; is the 
matrix element, average final-state 
density function which smooths out the variations with 
angle and energy caused by diffraction effects. dQ 
= sinOdéd¢ is the element of solid angle. 

The total transition rate, R;,(s), is obtained by inte- 
grating r, over all possible initial and final states as 
well as over the uncertainty, de, in the energy of the 


and N.(e;) an 


final state, €,, introduced by finite lifetimes in initial 
and final states. This energy uncertainty is introduced 
by convoluting r; with a distribution function /(é«;,,5). 


from the 
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The / function depends upon s because initial state 
lifetime depends on r; which in turn depends on s. 
I (Se.,5) specifies the analog of natural linewidth for the 
Auger neutralization process. Integration over initial 
states «’ and e” introduces as weighting factors the 
densities of initial states V,(e’) and V,(e’’). The general 
expression for R,(s) is then 


Risd= ff ff fx h)| Hyi\*N (ex) 7 (6e.,5) 


XN, (€)No(e")5(e' +e" +E, 


— €9— € — be; dQ 


XK de'de’'d (be de... (50) 


The 6 function on energy assures that Eq. (1), with e 
replaced by e+e, is satisfied. 

R,(s) is the transition probability per unit time that 
the Auger neutralization process will occur for ions at a 
distance s from the solid surface. From it we may obtain 
another probability distribution, P;(s,v) already defined 
in Sec. IV such that P;(s,v9)ds is the probability that 
an ion approaching the surface with velocity vp will be 
neutralized in ds at s. In terms of the probability 
Po(s,v9) that an ion reaches s wi/hout undergoing Auger 
neutralization we may write 


P,(s,v9)\ds= Ri(s)Po(s,t 


P, is defined in terms of R;(s) by 


Po(s,v0) exp] — R(s)ds/2 ). 


We now define two other probability distribution 
functions P;(e,,s) and Po(@,e.,s) as P,.(e,s)ds 
is the probability that the Auger electron produced in a 
process occurring at s will have energy in the interval 
de, at €,. Po(0,e.,5)dQ is the probability that the Auger 
electron produced in a process occurring at s and of 


follow Ss, 


energy €, will have a velocity lying in the element of 
solid angle d2=sin@édédy. We assume that Pe depends 
only on @, the angle with respect to the surface normal 
inside the solid and not upon the azimuthal angle ¢. 
Pa Pm Po the 


equations : 


and are normalized according to 


L 


f P(e 5 )de 1, 


€¢ 


f P9(0,€.,5) sin6déd o= 1. 


In terms of the three probability distributions ?,, Px, 
and Pg, we may now write the distribution, V;(«&), of 
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excited electrons inside the solid formed in a sufficiently 
large number of individual processes. It is 


N,(ex)= f f f P (8,00) Pe (€x,5) 


X Po(0,€x,5) sinOd@dgds. (36) 


Normalization of P; by Eq. (33) means that we are 
assuming all incident ions to undergo Auger neutraliza- 
tion. Equations (33), (34), and (35) result in the 
normalization of N;(¢,) to an area of one electron per 
incident ion given in Eq. (20). 

Electrons in the N; distribution which approach the 
surface with sufficient momentum to cross the potential 
barrier there will escape from the solid. For an electron 
to be in this class the condition 6<0,(e,) must be ful- 
filled. 6, is the critical angle for refraction of the elec- 
tron’s velocity into the plane of the surface and de- 
pends upon the electron’s energy, ¢,, and the height of 
the barrier €o. For 0>6, the Auger electron is internally 
reflected at the surface. The external electron dis- 
tribution No(e,) may now be written 


Lh or 6¢ 


X Po(,€x,5) sin6d@dgds. (37) 

Equations (36) and (37) may be reduced to more 
manageable form only if the integrations over @ and s 
can be separated. Since R,(s) is a function which in- 
creases approximately exponentially with decreasing s, 
we expect P;(s,v9) to be peak shaped and to limit the 
integration over s to a relatively narrow range. In this 
range Po(0,¢,s) may be approximated by Po(4,€x,5m), 
where s=S,, is the distance at which the P, function is 
maximum (Figs. 3 and 22). When this approximation 
for Pg is made, Eq. (36) reduces to 


va)= f P (5,00) Px(ex,s)ds, (38) 
0 


using (35). Equation (37) now reduces to 


No(es)= Noles) f f P9(0,€%,5m) sinddédy. (39) 
0 0 


The double integral in (39) is the fraction of elec- 
trons at e, in the internal distribution which surmount 
the surface barrier and is thus the probability of escape 
already defined in Sec. IV. Its definition in terms of 


Poa is 
2 6 


Pila)= f f P9(0,€x,5m) sinOd6d ¢. 


Equation (39) is thus a restatement of Eq. (25) intro- 
duced earlier. 


(40) 
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Fic. 22. Plots of the Py and P; functions of Eqs. (42) and (43) 
in the text. The quantity a in the ordinate is that in Eq. (41) for 
R;:(s), and sm is given by Eq. (44). 


Of the three probability distributions defined here, 
we have indicated only how P;(s,v) in Eqs. (31) and 
(32) is related to the transition rate R,(s) and hence to 
the matrix element through Eq. (30). Both the P;(e,s) 
and Po9(6,€:,5m) distributions must also relate in a funda- 
mental way to the energy and angle dependences of the 
matrix element as will be seen. 

It is instructive to look at the properties of the P; 
function for an exponential rate function of the form 


R,(s)=A exp(—as). (41) 


Equation (32) gives 


Po(s,v0) = exp[— (A/avo) exp(—as) ], (42) 


and Eq. (31), 


P,(s,v9)= (A/v) exp[— (A/avo) exp(—as)—as]. (43) 


This P; function passes through a maximum at S=Sm 
with 


5n>= ( 1, ‘a) In(A ‘avo), 


(44) 
and its value there is 


P (Sm) = a/e=0.368a, (45) 


independent of vp. A graphical solution for the width 
of the P; function of Eq. (43) at half maximum gives 


W (P,)=2.48/a. (46) 


Written in terms of s,, expressions (42) and (43) 
become 
P(s,v0) = exp{ —expl[—a(s—sm) ]}, (47) 


and 


P,(s,v0) =a exp{ —exp[—a(s—S5m)]—a(s—Sm)}. (48) 
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Fic. 23. Schematic representation of electronic wave functions 
plotted on an electron energy diagram like that of Fig. 2. Two 
positions of the atom outside the solid are shown at A and B. 
Two wave functions for the excited electron at ¢, are shown. One, 
u,, corresponds to electrons which cross the potential barrier at 
the surface (@<@,.). The other, u,’, represents electrons internally 
reflected at the surface barrier (@>9.). 


These two functions are plotted in Fig. 22. Equations 
(45), (46), and (48) indicate that for an exponential 
rate function the form of P; is independent of v. The 
position of P; relative to the solid surface, however, is 
determined by v through s,, [Eq. (44)]. It can be 
shown” that the mean distance of Auger neutralization 
under these circumstances is close to Sm. 


XII. THE MATRIX ELEMENT 


We turn now to a discussion of the matrix element. 
We shall first introduce the wave functions and discuss 
the effects of their antisymmetrization. The initial state 
wave functions are 1,’ for electrons at ¢’ and 
é” in the valence band, respectively. The final state 
u. for electrons in the ground 


and u,"" 


functions are “, and 
atomic state and in an excited state at e, in the conduc- 
tion band, respectively. Figure 23 shows schematic 
representations of these four functions. We note that 
each of the two u, functions has an appropriate range 
of @. The functions u,’ and u,” are periodic inside the 
lattice but fall off exponentially at sufficiently great 
distances outside the surface. , is the spherically sym- 
metric s function of the ground state of the noble gas 
atom. #, can take either of two forms, depending upon 
whether the electron is transmitted through or inter- 
nally reflected at the surface barrier. u, in Fig. 23 cor- 


2 Equations (45)—(47) and accompanying text in reference 5 
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responds to transmission (@<@,) and is periodic but of 
different wavelength on the two sides of the barrier. 
u. corresponds to the case of internal reflection (@>6.) 
and, like the valence band functions, has an exponential 
tail outside the solid. 

Consider now angular dependence and normalization 
of the electron wave functions. For a plane barrier the 
tails of the #, functions outside the solid will vary as 
exp{ —[[2m(eo— cos’) }'s/h}, which decreases in mag- 
nitude at any s if either @ is increased at constant e, or € 
dtcreased at constant 0. In the discussion which follows, 
it is necessary only that the two w#, functions be nor- 
malized in the same manner. The wu, and u,’ functions 
are normalized on a flux basis, each representing the 
flux of one Auger electron as it passes over or is reflected 
by the surface barrier. For given e, the wavelengths of 
u, and u,’ inside the solid are the same although the 
range of @ is different for the two functions. Again, for 
a plane barrier, the magnitude of x,’ outside the solid 
varies as the exponential given above with @>68, 
= cos! (€/e,)! [Eq. (102) ]. 

Neglecting spin we may “elemental” 
matrix elements corresponding to the two sets of transi- 
tions shown in Fig. 2. The matrix element 


a= f furaueae 112)Uy (1)u,’’(2)dridrz (49) 


corresponds to transitions 1, 2 of Fig. 2 


E r= f furansare 112)Uy' (1)uy’’(2)dridr. (50) 


corresponds to transitions 1’, 2’. In these expressions 


the numbers in parentheses indicate the space 
ordinates of electrons 1 and 2. The perturbation is the 
Coulomb interaction, e*/ri2, between the participating 
electrons. For a metal one expects this interaction to be 
screened and for a semiconductor to be reduced by the 
dielectric constant. Such effects will be dependent on 
distance from the surface and will thus contribute to 
the form of the rate function, R;,(s). Since the exact 
nature of the interaction does not affect the basic con- 
clusions reached here, it will not be considered further. 


write two 


and 


co- 


We must now introduce spin and take account of the 
Pauli principle by antisymmetrizing the wave functions. 
Symmetric and antisymmetric orthonormal space func- 
tions for the final states may be written as: 

ujst=2-§[u,*(1)2 (1)}. (51) 


o*(2)+u,*(2)u.* 


The functions, 


u;+= 2-3,’ (1), (2) a,’ (2) (1) J, (52) 


are similar space functions for the initial states. As spin 
wave functions we use the usual orthonormal functions, 
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three of which are symmetric: 
s;=a(1)a(2), 
S2= 2a (1)8(2)+8(1)a(2)], 
$3=B(1)8(2), 

and one antisymmetric: 
S4= 2-'[a(1)8(2)—B(1)a(2) J. 


The four final-state and four initial-state anti- 
symmetric wave functions which result from all pos- 
sible combinations of the above space and spin functions 
are Us—S1, Us So, Us S3, UstS4, UiS1, Ui So, UiS3, UitS4. By 
virtue of spin function orthogonality only four matrix 
elements remain of the 16 possible using these 8 func- 
tions. Using the normalization properties of the spin 
functions, these four matrix elements may be written 
out and reduced to expressions in terms of the “‘ele- 
mental” matrix elements H’ and H” of expressions 
(49) and (50). The results are three integrals of the form, 


n= f uj-(e/r12)u-dridta=H’—H", (57) 


derived from the three sets of functions involving the 
antisymmetric space function, and one integral of the 
form 


Hy= fut /nodutdrdn= H'+H", = (58) 


derived from the single set of functions involving the 
symmetric space function. These represent the four dis- 
tinguishable elemental Auger processes involving elec- 
trons initially at specific energies e’ and e”’ in the valence 
band when spin is accounted for. The term | H;;|? in ex- 
pression (30) is to be replaced by the sum of the squares 
of the four matrix elements. When this is done, we 
obtain 

|H,:|*=3[/3H2+H? ]=(H"+H'"—H'H"), (59) 
in which we have divided out the numerical factor 4 
resulting from the total number of ways the spins of 
the two electrons can be arranged. 

Expression (59) is to be compared with the corre- 
sponding expression obtained, if the Pauli principle is 
neglected : 

| H,:|*=(H"+H’"). (60) 
We see that if H’=H”’, the Pauli principle results in a 
decrease of a factor 2 in the transition rate. This factor 
merely changes slightly the distance at which the 
process occurs and is unimportant. What is important is 
the possible energy dependence of | H;;|? introduced by 
the functional dependence of expression (59). Our ex- 
pression for the total matrix element can be shown to 
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be consistent with that given by Burhop.” For the 
three symmetric spin functions Burhop’s f/;"=H’ and 
fo"=H", thus making his f;"—f2"=H'—H" =H. For 
the single antisymmetric spin function Burhop’s f/;"= H’ 
and f."=—H" yielding fi"—f."= H’'+H”" = Hy. When 
the four corresponding 6,’ given by his Eq. (2.12) are 
added one obtains the sum of squares given here in 
expression (59), 

We may express the total matrix element taking 
account of the Pauli principle in more convenient form 
as follows. Let us assume that H’>H” and write 


H"=mH', 0<m<1., (61) 


Then expression (59) becomes 
| H|?=H"[1—m+m* |= H"(3+ (m—4)*]. (62) 


Thus A; as a function of m is symmetrical about its 
lowest value at m= at which point |H,;,;|?=2H”. 

We shall now introduce a way of looking at the matrix 
element, H’ say, which brings to light its possible de- 
pendencies on energy and angle. Rewriting expression 
(49) in such a way as to group together functions in 
the coordinates of a single electron on each side of the 
perturbation term, we obtain 


a= ff ug*(tyu,'(t)(€/rsdu.t(2)ue" Qader (63) 


We now see that H’ has the form of a Coulomb inter- 
action energy between two charge clouds eu,*(1)u,’(1) 
=eF(1) and eu,*(2)u,"’(2)=eG(2). Because the atomic 
ground state, for He at least, lies farther below the 
vacuum level than do the valence states, F(1) will bea 
function limited to the vicinity of the atom. Its magni- 
tude will vary with ¢ through the valence band as does 
the u,’ function at the atom position. The matrix ele- 
ment is then the integral of the product of F(1) and 
G(2) weighted by the inverse distance between elec- 
trons, 1/rie. Here u,*(2) is the complex conjugate of 
either “, or #,’ shown in Fig. 23 as appropriate. 

The picture of the matrix element as a Coulomb 
interaction integral leads to the following possible 
energy dependences: 


(1) A dependence on ep—e’ and e9>—e’’, the depths of 
the valence energy levels below the vacuum level, by 
virtue of the exp{ —[[2m(eo—« cos’@) }'s/h} term in the 
u, functions. 

(2) A direct dependence on ¢’ and e” brought about 
by the change in symmetry character of the u, func- 
tions with energy. 

(3) An energy dependence on (e’—e’) arising from 
exchange matrix element cancellation as expressed in 
Eqs. (59) or (62). 


%E. H. S. Burhop, The Auger Effect and Other Radiationless 
Transitions (Cambridge University Press, New York, 1952), p. 15, 
Eq. (2.12). 
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Fic. 24. Plots of the radial distributions of electrons in the 
n=4,1=0, 1, 2, and 3 orbitals of the hydrogen atom. Here the 
radius is designated by s. 


We shall discuss each of these items in turn. Each de- 
pendence will, in general, depend on s, which fact must 
also be discussed. 

For neutralization at large s (position A in Fig. 23), 
the dependence on ¢9—e’ and ey>—e” should be marked. 
It is a very strong dependence and would limit partici- 
pation in the Auger process to only those electrons which 
lie at the top of the valence band. That this is not the 
case can be seen directly in the experimental data of 
Fig. 1. Here for He*+ we observe Auger electrons over a 
range of energy 12 ev wide. This means that we are 
observing electrons which come from the valence band 
to an average depth in the band 6 ev below the top. 
For neutralization close to the surface (position B in 
Fig. 23) where the barrier between solid and atom is 
thin and the exponential tails of the #, functions are 
not well developed, we should expect the dependence on 
€ép>—e’ and ej—e” to be small or nonexistent. From the 
fact that the theoretical fit to the experimental data 
given in Sec. VI requires that transition rate decrease 
as € increases, we conclude that the ion is neutralized 
sufficiently close to the surface to prevent any appreci- 
able dependence on depth in the well (item 1 above). 

The direct dependence on ¢’ and e’”’ brought about by 
change in symmetry character of the «, functions from 
s to p as e increases (item 2) rests upon the fact that 
at a given distance a p-wave function is smaller in mag- 
nitude than an s function of the same energy. This 
can be seen from a plot of radial distributions of hydro- 
genic wave functions of the same energy. In Fig. 24 


such distributions are plotted for the s, p, d, and f 


electrons having n=4-. For distances from the nucleus" 
greater than 14 A we are in the tails of these functions 
and the s function is greater than the p, the p than the 
d, etc. The large distances in this example come from 
the choice of the n=4 shell for illustrative purposes 
and are not indicative of distances to be expected in 
the Auger neutralization process. 

We may estimate the magnitude of the ratio of transi- 
tion probabilities for s and # electrons in the following 
way using Hartree wave functions for germanium. We 
take the radial part of the atomic wave function to be 


4 Since r has been used as a parameter, we shall use s in this 
discussion for distance from a free atomic nucleus as well as dis- 
tance from the solid surface defined as distance from the outer- 
most nuclei in the solid. 
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of the form," 


P(s)= f(s) expL— (2mE;/h*)!s |. (64) 


Here f(s) includes the dependence on angular mo- 
mentum. The exponential term gives for the atom the 
energy dependence on depth in the potential well 
analogous to the (e)—«) dependence discussed above. 
Hartree, Hartree, and Manning" give values of P(s) 
for the 4s and 49 electrons of Ge. The energies required 
to ionize these electrons are 63 600 cm [Gel (4s*4p? *P») 
to Gell (4s*4p ?P.;°) | for the 4p electron, and 115 600 
cm [Gel (4s*4p? *Po) to Gell (4s4p? 4Po,,) ] for the 4s 
electron.'® One can then calculate the ratio r of the 
squares of the f(s) functions by correcting for the ex- 
ponential dependence on £; according to the expression : 


fap(s) P P4,(s) 
P4,(s) 


fas(s) 
Xexp{ — (2m/h*)'LE} (4p) — E;\(4s) Js}. 


(65) 
This quantity is plotted in Fig. 25 where s is now taken 
as the distance from the solid germanium surface. 

As discussed in Sec. IV, a direct dependence on ¢’ 
and e”’ can be accounted for in the theory by the use of 
the effective state density V,’(e)=9(e)N,(e) defined in 
Eq. (13). By Eq. (30) the transition rate R; will then 
depend on gq’. Since | 7,;| depends on the product of two 
u, functions, we expect it to depend directly on r of 
Eq. (65) and R; by (30) on r*. Thus, ¢(€) should depend 
on the first power of r as indeed was assumed in Eqs. 
(14) and (15). If we take s=2.2 A, the nearest neighbor 
distance in germanium, as a reasonable distance at 
which Auger neutralization occurs we find that Fig. 25 
predicts r~0.3, the value found in the fit to experiment 
in Sec. VI. This numerical agreement indicates a basic 
consistency between the distance at which the process 
occurs and the nature of the energy dependence which 
is operative. 

The third possible energy dependence listed above 
is that involving exchange matrix element cancellation 
arising in the (1—m-+-m*) term of Eq. (62). We expect 
m to be a function of the energy difference (e’’—e’) 
between the initial electronic states. For «’ =e’, m=1 
and |H,;|?=H"”. For ¢’#é«’, m may vary from unity 
but the dependence of H;; on m is such that it can never 
fall below 3H”, its value for m=4. Electron exchange 
changes F(1) from u,*(1)m,’(1) to u,*(1)u,"(1) and 
G(2) from u,*(2)u,""(2) to u.*(2)u,’(2). This inter- 
change would have no effect if the range of integration 
limited the significant parts of the G(2) function to a 
volume about the atom as small as that in which the 
F(1) function has value. Even though the volume over 


16 W. Hartree, D. R. Hartree, and M. F. Manning, Phys. Rev. 
59, 306 (1941). 

16 Atomic energy level data are taken from C. E. Moore, Atomic 
Energy Levels, National Bureau of Standards Circular No. 467 
(U. S. Government Printing Office, Washington, D. C., 1952), 
Vol. IT. 
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Fic. 25. Plot of the quantity (/4p/fas)?, calculated from the 


Hartree wave functions for germanium as discussed in the text 
of Sec. XII. 


which G(2) is integrated is significantly greater than 
the volume in which F(1) has value, changes in F and G 
brought about by interchange of the u, functions will 
certainly tend to compensate. We thus expect the 
parameter m not to depart too drastically from unity 
and that |H;;|?~H”. 

Any energy dependence introduced by the (1— m-+-m*) 
term should of the following kind. (1—m-+m*) can de- 
part farthest from unity when the integration in ex- 
pression (30) over e’ and ¢’’ extends over the greatest 
range, that is when e, the mean of é’ and e’”, lies near 
the center of a band or subband. As ¢’ and e” both 
approach the same edge of a band their difference de- 
creases and | H;;|? approaches 7”. Thus, any energy de- 
pendence introduced by the (1—m-+m*) term should 
be representable by a function which is symmetric 
about the center of a band and approaches unity at the 
edges. This symmetry is the same as that of the func- 
tions used to specify the state density function, N,(e). 
Hence, an energy dependence introduced by exchange 
matrix element cancellation, if it exists at all, could not 
be separated from the form of the N,(e) function. It 
perhaps should be included among the minor variations 
with energy discussed under P,(e,) in Sec. VIII and in 
Sec. XV. 

Finally, H,;; could also depend on the angles @ and ¢. 
The picture of the matrix element as a Coulomb inter- 
action integral indicates that a dependence on @ will 
arise by virtue of the difference in magnitudes of the 
u, and u,’ functions outside the solid and the fact that 
they apply over different ranges of 6. The u, function 
representing escaping electrons for which 6<@, is larger 
in magnitude in the vicinity of the atom than is the u,’ 
function which applies for 6>@,. Further, the tail of 
the u.’ function decreases in magnitude as @ increases 
above 6,. Thus the matrix element might be expected 
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to change rather abruptly at @2=8, where the final state 
wave function changes from u,(@<6,) to u,’(@>0,) and 
to decrease with further increase in @ above 6.. 

One might expect H,; to depend upon ¢ as a result of 
surface atomicity of the solid and possible dependence 
on impact parameter relative to a given surface atom. 
It appears not unreasonable to suppose, however, that 
such differences average out to independence of ¢ on 
integration over the surface. 

The above discussion indicates that we expect the 
principal energy dependence of the matrix element to 
be a direct dependence on ¢’ and ¢” which can be 
accounted for by an effective state density function for 
the initial states. This validates the assumptions leading 
to Eqs. (13), (14), and (15) and illuminates the first 
conclusion of Sec. X. Dependence of H,; on 6 may be 
accounted for in terms of the angular probability dis- 
tribution P9(0,€.,5m) of Sec. XI. These conclusions con- 
cerning the matrix element are incorporated in the 
theory by writing 

|Hy|?= (h 2r)Cq(e’)q(e’) Pa(O,€:,5m), (66) 


in which C is a constant. Integrations over energy and 
angle are now separable in Eq. (30) which, using Eq. 
(13), reduces to 


Rd=Cf f f f [rxcereaon ine 


Kb(e’ +e! +E! — ep — €, — 5) Po (0, €% 55m) 
x dQde'del'd (5e, dex. 


XIII. THE AUGER TRANSFORM AND THE 
INTRODUCTION OF ENERGY 
BROADENING 


(67) 


We now consider the double integral, 


f fxone 


K5(e’ +e’ +E,’ —eo— ex, Sex de'de”’, + (68) 


to be found in expression (67). Changing variables from 
e’ and e” to « and A, we obtain 


J fan (rae! —e~ a —ber)dlde 
= [ Tob Qe+ Ee. bea)d 


= T[3 (e,+6e,.+€0— E/)], 


in which T(e) is the Auger transform of Eq. (16). 
Making use of (68) and (69), expression (67) reduces to 


Ris)=Cf f f v-le)1Geu9) 


»4 T(3 (ex, +e.+€0— Ei’) \Pa (0,€%,5m) 
XK dOd (6ex)de,. 


(69) 


(70) 
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Integrating over angle and inserting integration limits, 
we obtain 


R.(s)= cf f N Cex) 7 (be,,5) 


XT (ex tben+e0— Ey’) \d(6ex)dex. (71) 
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We now make use of the identity, 


x 


R,(s) f R.(s) Pi (ex,s)dex, 


which results from the normalization condition (34) on 
the P, function. Comparison of Eqs. (71) and (72) 
leads to the following expression for the P;.(€,,s) proba- 
bility distribution: 


(72) 


velo) f I (Sex) TL4 (eg tbe, +eo—E,’) jd (be ) 


—2 


P.(€x,5) 


At this point one could perform the integration over 
de, indicated in the above expressions using a suitable 
distribution J (6,5). This would account for the energy 
broadening due to finite lifetimes of initial and final 
states. However, it is expedient to delay this step until 
somewhat later in the development when it can be 
coupled with a similar integration to account for energy 
broadening caused by the finite width of the P;(s,v) 
distribution and the variation of atomic energy levels 
with distance from the solid surface. 

Equation (73) relates P,(¢,s) to the matrix element 
of the Auger process and its integration over initial 
states. Putting it into Eq. (38) and neglecting the 
normalization factor, we obtain 


wo L 
Wales) = Ne(es) f f P1(8,00)7 (6€:,5) 


XT[4 (ex +e. +€0—E,’) |d(6e,)ds. (74) 


We note that T is a function of s through E,’ which 
depends on s. 

The integrations over s and de, in (74) can be shown 
to be successive convolutions of the T function by the J 
and P, functions and thus to represent a broadening of 
the T function. Again using the fact that the expected 
form of the P, function limits the integrand of (74) 
to a relatively narrow range of s, we may replace 
I (6e..,s) by I (d¢€x,5,) and E;’(s) by 


Ej! (s)S2E¥ (Sm) +k(s—Sm), 

in which 
k=[dEj'/ds]s=sm. (76) 
Since P,(s,v9) is zero for s<0, we may replace the lower 
integration limit of zero for s in (74) with —«. The 
nature of the double integral in expression (74), which 
we call the broadened Auger transform 7;,(e), 
more clearly if we write it in terms of e, where 


is seen 


Qe= ex +5€,+ eo— Ey’ (Sm). 


f f N. (ex) 1 (6ex,5) 7 [4 (ex +5e,+e0— E;’) ld (be, \de, 


and let 
y= —k(s—Sm) (78) 
(79) 


P,and J are then functions of y and z, respectively, and 
the double integral in (74) becomes 


Tile= f f P(Sm— 2y/k)I(22)T(e+y+2)dydz. (80) 


In the calculations outlined in Sec. V broadening of the 
T(e) function was accomplished by a single convolution 
with a Gaussian function [Eq. (17) ]. Equation (80) 
will reduce to (17) if P:(sn—2y/k) and J(2z) are re- 
placed by Gaussian functions which we shall designate 
gei(y) and ¢geo(z), respectively. These successive con- 
volutions with the Gaussian function are the equivalent 
of a single convolution with a Gaussian function for 
which 


, 


a= (a;’+0,")?. (81) 
l 2 


Formula (17) appears to be a good approximation to 
(80) for low ion energies where broadening is small but 
introduces significant error in detail at higher ion en- 
ergies where broadening is important. 

Equation (74) leads to the following expression for 
N (ex) in terms of 7;(e): 


Ne) ToL4 (e,.+€0— Ej’ (Sm )) 
Nile) =— (82) 
f N.(e; \T.[ 4 (e, +e— Ei (Sm)) lde, 


tc 


Equation (82) reduces to Eq. (19) if NV.(e) is taken to 
be constant or its energy dependence subsumed into 
the P.(e.) function (Sec. XV). 

Convolution of T(¢) with the P, function in Eq. (80) 
accounts for the variation in energy of the atomic 
ground state over the range of distances, specified by 
the P, function, in which the Auger transitions occur. 
The form of the P, function for exponential R,(s) 
plotted in Fig, 22 is not unlike the Gaussian function. 
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Broadening by the P; function is in fact more sym- 
metrical than the plot of P; on the s scale indicates by 
virtue of the fact that £,/(s), contrary to the simple 
assumption of Eqs. (75) and (76), varies more rapidly 
for s<s,» than for s>s,». If the P; function in Eq. (80) 
is replaced by a Gaussian function ¢e:(y) of equal 
width at half maximum and if an exponential rate 
function is assumed, we may calculate o; as follows. 
The width of the P; function at half maximum on the s 
scale is then (2.48/a) by Eq. (46). From (78) this width 
on the y scale is 1.24k/a. Using (76) we obtain 

W (¢o1) = (1.24/a)[dE;/ds |s =m. (83) 


The relation between the parameter ¢ in the Gaussian 
function [Eq. (18) ] and the width at half maximum, 
W (¢z), is 

o=W(¢,)/2.36. 


From (83) and (84) we obtain 
01> (0.53/a)[dE;’/ds }s = 8m. 


(84) 


(85) 
We may estimate values for ; only after we know more 
about the functional dependence of the effective ioniza- 
tion energy, E,’(s). 

Convolution by the J function in Eq. (80) accounts 
for energy broadening by virtue of finite lifetimes in 
initial and final states and the Heisenberg principle. 
Broadening due to initial-state lifetime here should re- 
semble natural line broadening which is characterized 
by the Lorentzian function. Neglecting, for the moment, 
finite lifetime in the final state, (6€:,5,) should be 
given by 


I (6€:,5m) = 1/{ (5€x)°+[32Ri(Sm) P}. 


Approximating this by a Gaussian is poorer the greater 
Ri(Sm). However, if this approximation is made and 
widths at half maximum are again equated, one 
calculates 


(86) 


W (¢e2) = shR, (Sm) = tharo. (87) 
This results from the fact that the width of J (de,,5») 
at half maximum is #R,(s,,) on the de, scale and from 
the use of Eqs. (79), (41), and (44). From (84) we 
obtain!” 


o2=0.212har. (88) 


We reiterate that the values of o; and a2 just derived 
are based on the approximation of the P; and J func- 
tions by Gaussian functions and the assumption of an 
exponential rate function, R;(s). 

Final-state lifetime arises because the holes left by 
the Auger neutralization process at e’ and e” in the 
valence band are filled by secondary Auger processes 
involving electrons lying higher in the band. These 

17 This equation differs from that given in Eq. (87) in reference 
5 by a factor 2. The equation in reference 5 is in error because of 
the neglect there of the relation between de, and z [Eq. (79) in the 


present work ]. Note also that there is a confusion of yy and 2 in 
Eqs. (78) and (79) of reference 5. 
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processes are of the type proposed by Skinner'® to 
account for tailing observed at the long-wavelength 
limit in the soft x-ray spectra of metals. Landsberg” has 
shown that this broadening for metals is maximum for 
holes at the bottom of the band and falls to zero as the 
holes are moved to the top. In semiconductors this 
broadening should fall to zero at a point lying below 
the top of the band by a forbidden gap width, since 
holes can rise no higher than this in subsidiary Auger 
processes involving transition of electrons across the 
gap. Thus the final-state broadening is least significant 
for the upper part of the valence band which is of most 
interest in this work. 

We further observe that, unlike initial-state broaden- 
ing, final-state broadening is independent of ion ve- 
locity. Thus final-state broadening can be no larger 
than that needed to account for all broadening for the 
slowest ions. Estimates to be made presently of initial- 
state broadening and broadening due to variation of the 
energy of the atomic ground state with distance indi- 
cate that together they can account for the broadening 
observed for 10-ev ions, leaving little to be ascribed to 
final-state broadening. This conclusion is-corroborated 
by an estimate of final-state lifetime based on a mean 
free path for pair production estimated by Wolff.” 
Wolff? considers his value of 15 A for this mean free 
path to be essentially what one would expect for a hole 
at midband in the present case. Taking the hole ve- 
locity to be 10'°A sec, one obtains a lifetime of 
1.5 10-" sec. This leads by the Heisenberg principle 
to an energy uncertainty of 0.4 ev. Taking this to be 
another de, like that in Eq. (79), it leads to a width 
W (ges) at half maximum of a third convoluting Gaus- 
sian ges equal to 0.4/2=0.2 ev on the z scale. o3 from 


little to broadening for 10-ev ions for which o=0.3 
because the components of ¢ combine as the square root 
of the sum of squares [Eq. (81) ]. Bronshtein and 
Segal’ give values for the range of slow secondary 
electrons in several metals which vary from 7 to 12 
atomic layers. These results imply a somewhat longer 
free path, greater lifetime, and hence smaller broaden- 
ing than does Wolff’s estimate. One appears to be on 
safe ground in neglecting entirely broadening effects 
due to final state lifetime. 


XIV. EFFECTIVE IONIZATION ENERGY AND THE 
MAGNITUDE OF ENERGY BROADENING 


We turn now to a discussion of the effective ioniza- 
tion energy near the solid surface. We have seen that it 
enters into the theory directly in the change of variable 
18H, W. B. Skinner, Phil. Trans. Roy. Soc. London A239, 95 
(1940). 

9 P. T. Landsberg, Proc. Phys. Soc. (London) A62, 806 (1949). 

2” P. A. Wolff, Phys. Rev. 95, 1415 (1954), Sec. II. 

21 P. A. Wolff (private communication). 

1. M. Bronshtein and R. B. Segal’, Fizika Tverdogo Tela 1, 
1489 and 1500 (1959) [translation: Soviet Phys.-Solid State 1, 
1365 and 1375 (1956) ]. 
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‘1G. 26. Potential energy 
process [Eq. (89) ] 


from ¢ to e, [Eqs. (19) and (82) |] and that the fit of 
theory to experiment yields an empirical dependence of 
E;—E; on ion energy [Eq. (27) ]. [dE;’/ds ]s=sm helps 
to determine energy broadening through Eq. (85). In 
this section we shall investigate the dependence of E,’ 
on distance s between atom and solid and shall show 
that the second and third conclusions of the theoretical 
fit to experiment listed in Sec. X are reasonable 
terms of more basic theory. 

The dependence of E,’ on s is best discussed in terms 
of a potential energy diagram for the whole system of 
atom and solid. Such a diagram for the Auger neutraliza- 
tion of Het at the (111) face of silicon or germanium is 
shown in Fig. 26. This diagram is to be distinguished 
from that of Fig. 2 which is an electron energy level 
diagram. In Fig. 26 we consider the Auger process as 
the transformation of the system consisting initially of 
the Het ion and » electrons, es~, in the semiconductor 
to the isoelectronic system of the neutralized He atom, 
a free electron e~, and (w—2) electrons remaining in 
the solid. The Auger process may thus be written 


Het+nes~ — He+e7+ (n—2)es— 


The initial state in Eq. (89), Het+nes~ for Het at 
rest at s= 0%, has a discrete energy which we take to be 
zero. The final state, He+-e~+ (n—2)es~ for He and e~ 
at rest at s= ©, may have potential energy anywhere 
in a band extending from 2e—E to —LE;—2(e)—«,) |. 
These limits may be derived from the energy trans- 


(89) 
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formations dictated by Eq. 
the forbidden 


(89) at s=o neglecting 
gap and the Pauli principle and assuming 
that one can choose the two electrons to lie initially at 
any energy in the valence band. 

As s is decreased toward zero, both initial and final 
states will vary in energy. The initial state will vary 
with s as does the interaction energy, E(i,S), between 
the ion (z) and the solid (S). E(i,S) should involve the 
image potential and a repulsive term. The Van der 
Waals interaction is completely negligible compared to 
the energy and is 
neglected. We also neglect the possibility of covalent 
bonding between ion and solid. 


discrimination of the experiment 


Thus we write 


E(i,S)= — (x—1)e?/4(k+1)s+B; exp(—bdjs), (90) 


in which « is the dielectric constant of the semicon- 
ductor. The final state varies with s as does the inter- 
action E(n,S) between the 


solid (S$), for which we write 


neutral atom (7) and the 


> 


E(n,S)=B, exp(—6,s (91) 
again neglecting any Van der Waals interaction. Curves 
1 and 5 in Fig. 26 are plots of Eq. (90), 
of Eq. (91). Each curve : plotted with respect to its 
corresponding asymptote at s= « 

Also plotted i in Fig. 26 are two P, distributions, 
curves 6 and 7 for 10-ev and 1000-ev ions, respectively. 
These are plots of Eqs. (43) or (48) for the case of an 
exponential rate function. Note that as incident 
locity increases P; moves closer to the surface as Eq. 
(44) demands. Values of in the 
curves of Fig. 26 were obtained as the preliminary re- 


curves 2 and 3 


ve- 
the parameters used 


sults of a program mentioned later in this section. For 
our present purposes the general structure of Fig. 26 is 
all that matters. 

The Auger 
Fig. 26 as a vertical transition from the 
curve 1 to some suitable final state curve. The vertical 
transition (constant s) expresses the fact that the 
Franck-Condon principle holds for these transitions. 
This principle also demands that E,(He*) just before 
transition is equal to &,(He) just The result of 
these conditions is that the kinetic energy, E,(e~), of 
the free electron e~ in the final state outside the solid 
is given by the vertical distance between curve 1 and a 
final state curve lying below The value of E,(e~) 
indicated in Fig. 26 is for a transition from curve 1 to 
curve 4 occurring at the maximum (s=s,,) of curve 6. 
Maximum £;,(e~) is obtained in transitions from curve 1 
to curve 2. 

Final states which lie curve 1 at any s will 
give rise to electrons which can leave the solid. These 
are the transitions for which ¢,> 9 or E,.>0 in Fig. 2. 
Final states lying between curves 1 and 5 correspond to 
allowed Auger transitions for which the excited electron 
cannot leave the solid (€.<¢,<¢9). Final states be- 
tween curves 3 and 5 are forbidden because they re- 


neutralization process is represented 
initial state 


below 
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quire the excited electron to lie either in the forbidden 
gap or in the already filled valence band (€,<e,). These 
statements may be compared with the energy limits 
stated in Sec. III. 

We may now obtain an expression for E,’(s) from the 
value of [Ex(e~) Jmax, the vertical distance at any s 
between curves 1 and 2. This is equal to E;—2(eo—e,) 
+E(i,S)—E(n,S) from Fig. 26. But [Ex (e~) max also 
equals E’(s)—2(e>—e,) from Eq. (4). These facts lead 
to the following expression for the difference between 
the free space and effective ionization energies : 


E;— Ej (s)= E(n,S)— E(i,S) 
= (x—1)2?/4(x+1)s—B; exp(— d,s) 
+B,exp(—bd,s). (92) 
In this expression evaluation of the ionic and atomic 
repulsive energy terms at the same value of s is justified 
by the Franck-Condon principle. 

Equation (92) may be shown to lead to an expression 
for E;—£,’ in terms of ion energy like the empirical 
formula (27) found to fit the experimental data. If we 
assume that the Auger process occurs at s=s,, given by 
Eq. (44) and that b,=0;=6, and use x=16 for gei- 
manium, we obtain 


E;— EZ (Sm) 


= 3.2/sm+B exp(—b5m) 
= 3.2a/In(A/avo) + B(av9/A)? - 


(93) 
in which B= B,—B; in ev, s, and 6“ are in angstrom 
units. The first term in (93) is the image force inter- 
action and varies slowly with s,, or vo. We shall write it 
as a constant, K,;=3.2/8,,, where §,, is a mean value for 
Sm over the v range in question. v% will then be propor- 
tional to (E.+K,)! where Ey is the incident kinetic 
energy. If it is further true that ba, Eq. (93) may 
finally be written as 

E;— Ei = K,+K2(Ex+))}, (94) 
which becomes the empirical formula (27) if A,=2 and 
K.=0.06. 

The above discussion indicates how the second con- 
clusion listed in Sec. X could result from more basic 
considerations. The third conclusion in Sec. X con- 
cerns energy broadening and indicates that the over-all 
broadening parameter o varies linearly with v or 
(E,.+K,)*. We have seen that ¢ comprises two com- 
ponents a; and oe, given for exponential rate function 
by Eqs. (85) and (88) and compounded according to 
Eq. (81). If Heisenberg broadening (o2) predominates 
Eq. (88) justifies the empirical result [Eq. (28) ] di- 
rectly. If o; contributes we must determine its depend- 
ence on v% through [dE,’/ds |s=sm. 

Differentiating Eq. (92) yields 


dE,’ /ds= (x—1)e?/4(x+1)s°?—b,B; exp(—);s) 


+b,B,exp(—)dnzs). (95) 
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Evaluating this expression at s=s,,, with x= 16, b;=6, 
=b, and B= B,—8; as before, we obtain 


[dE /ds |s=sm=3.2/Sy2?+6B exp(— bdsm) 
= 3.2a?/[In(A/avo) P+bB(ar9/A)*/*. (96) 


a; [Eq. (85) ] will thus be linear in 9 if ba and if the 
second term in (96) predominates. Comparison with 
Eqs. (93), (94), and (27) taking b~5 A~ indicates that 
the two terms in (96) are about equal for 10-ev ions 
and that the second term increases to about 10 times 
the first at 1000 ev. Thus o, and hence a, will be ap- 
proximately linear in v» at the higher ion energies where 
broadening is important and the empirical result of 
Eq. (28) also appears justified in terms of the more 
basic elements of the problem. 

It was pointed out in the work on metals® that for 
most any interatomic repulsive interaction, whether be- 
tween free atoms or between atoms or ions in a crystal 
lattice, the coefficient of distance in the exponent is of 
the order of 5 A~'. It was also shown that an estimate 
of a in the exponential rate function based on the over- 
lap of exponential wave functions gives a value of about 
the same magnitude. This is not unreasonable since both 
the repulsive interaction and the Auger matrix element 
depend on overlap of the same wave functions. 

There remains to discuss the magnitude of o at 10 ev. 
Equations (93), (94), and (96) may be used with (85) 
to obtain 


o1= (0.53/a)[(K °/3.2)+0(E;—E/'—K,) J. (97) 
If we make the reasonable assumption that b=a=5 A“, 
use K,=2 and E;—£E;’ from Table V we obtain o;~<0.2 
ev. a2 is also about 0.2 ev from Eq. (88) which makes 
o~0.3 ev using Eq. (81), in agreement with what was 
found from the fit to the experimental No(E;) 
distribution. 

The above discussion and the potential energy dia- 
gram on which it is based illuminate the possibilities 
with respect to distance from the surface at which the 
ion undergoes Auger neutralization. Comparison of 
Eqs. (94) and (27) indicates that at 10 ev, E;—E,’ is 
accounted for predominantly by the image force term 
with repulsive interaction contributing little. This in- 
dicates that at 10 ev the ion is neutralized at such dis- 
tance from the surface where the repulsive interaction 
is just beginning to be felt. This is shown in Fig. 26 in 
the placement of curve 6 relative to curve 2. This must 
mean that s,, for 10-ev ions is about 2 A or about half 
the sum of the nearest neighbor distance in the semi- 
conductor (2.2 A) and the viscosity diameter of the He 
atom (also 2.2 A). This result justifies the view that the 
Auger process occurs close to the solid at position B in 
Fig. 23. As ion energy increases Eqs. (94) and (27) 
indicate that to account for the further change in 
E;—E,;' one must include the repulsive interaction as 
neutralization occurs closer to the surface. 

We may also conclude from the width and position 
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of the P, function that all ions are neutralized before 
striking the lattice (Fig. 26). By Eq. (46) the width of 
the P, function is 2.48/a=0.5 A for a=5 A. Thus we 
expect all 10-ev Het ions to be neutralized within 
+0.5 A of the mean position of ~2 A. 

It is observed that the parameters A (or Sm), @, Bn, bn, 
B;, and b; could be derived from Eqs. (44), (81), (85), 
(88), (92), and (95) using values of E,’(s,,) and o deter- 
mined by fitting experimental No(£,) distributions at a 
series of ion energies. The parameters used in drawing 
Fig. 26, which do not differ greatly from those used in 
the above discussion, were obtained in this way. The 
results must be considered preliminary because they 
were based on Gaussian broadening which we have 
seen can be improved upon for the higher ion energies. 


XV. PROBABILITY OF ESCAPE 


Equations (39) and (40) indicate, in agreement with 
Eq. (25), that the external distribution in electron 
energy, No(e.) is obtained from the internal distribu- 
tion, V;(e.), by multiplying by the probability of elec- 
tron escape, P.(¢,). Using Eq. (82) for Vi(ex), we may 
write 


Nolex)= P.(ex)G’N (ex) Tif 4 (eat eo— Ei’ (Sm)) ]. (98) 
Here G’ is the normalization factor in (82) given by: 


2] 


1/G'= i) Nlex)TsL3(exteo—Ei'(Sm)) Mer. (99) 


G’ differs from G of Eq. (21) only by virtue of the in- 
clusion of the final-state density function, V.(€,). 

In Eq. (98) we call attention to four gentle variations 
with energy ¢«, which result if minor changes are made 
in (1) the specific form of the P,(¢,) function as dis- 
tinguished from its general level and form, (2) the 
specific form of the N.(e) function, again as dis- 
tinguished from its general level which is taken care of 
by the normalization factor G’, (3) the specific form 
chosen for the V,(e) functions of Eqs. (6)—(10), and/or 
(4) the specific form chosen for the g(e) function of 
Eqs. (14) and (15). The functions g(€) and V,(¢) are in- 
volved in 7; of Eq. (98) as indicated in Eqs. (13), (16), 
and (80). What is of interest here is that g(€) may not 
be strictly linear as assumed nor V,(e€) built up of exact 
parabolas. Minor changes in the forms of P.(ex), V.(ex), 
g(e), and N,(e) all amount to gentle variations with 
energy ¢, in Eq. (98) which cannot be separated. For 
this reason we carry NV ,(e,) no further in the calculation 
and revert to the definition of No(e.) given in Eqs. (25), 
(19), and (21). The probability of escape is still to be 
defined by Eq. (40) with the understanding that it may 
contain gentle variations with energy introduced by 
the specific choices of g(e) and N,(e), and the assump- 
tion that V,.(€,) is constant. This is the only way in 
which the uniqueness of the theoretical fit is com- 
promised. It can be said categorically that this can 
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have only a minor effect on the basic conclusions con- 
cerning the parameters of the problem. 

By Eq. (40), P.(€.) is seen to depend both upon the 
angular variation of the matrix element specified by Po 
in Eq. (66) and the critical angle for escape over the 
surface barrier, 0,(¢,). If the matrix element, and hence 
the N;(e,) distribution, is isotropic, then 


P9(0,€x,5m) = 1/42. (100) 


It is then true for any barrier having cylindrical sym- 
metry about the @2=0 normal through the atom that 


P(e.) =3[1—cos0.(€) ]. (101) 


If the barrier is plane and Pg isotropic, 8, is given by 


0.(€,) = cos! (€p/« (102) 


which from (101) results in the P,(e,) function given in 
Eq. (22). We have concluded from the theoretical fit 
(item 4 in Sec. X) that this probability of esc ape is too 
small by a factor of several times unity. It is our pur- 
pose here to see what the general theory we have been 
developing has to say on this point. Clearly, one can 
depart from Eq. (22) either if Pg is anisotropic or if @, 
is greater than that characteristic of plane barrier 
[Eq. (102) ]. Both effects are most likely operative. 
We discuss first the anisotropy of P9(0,€%,5m). We 
have seen in connection with Eq. (63) that the matrix 
element is the Coulomb interaction between a charge 
cloud ef (1)=eu,*(1)u,’(1) and another cloud eG(2) 
=eu,*(2)u,'’(2). F(1) is limited to the vicinity of the 
atom by u,*(1). G(2) may take on two different forms, 
one involving the u, function of Fig. 23 for electrons 
which pass over the surface barrier and the other in- 
volving «,’ for electrons which are internally reflected. 
Over the volume of integration about the atom dictated 
by the 1/rj2 interaction, the matrix element involving 
u, will be greater than that involving u,’. This will 
be true even though w, oscillates through as many 
as several cycles in the volume of integration. Such 
oscillation is expected since the wavelength of a 6 ev 
electron is 1.6 A. Its effect is to reduce the transition 
probability over that which would be obtained for 
longer wavelength. However, we do not expect this 
effect to be as large as replacing an oscillatory «, with 
an exponentially decaying u,’. Thus the matrix element 
for 6<@, is expected to be greater than that for @>4@.. 
If we take its value to be constant in these ranges, 
i.e., to have the value H,; for 6<@, and H» for 9>8,, 
then Pg will have the form shown in Fig. 27. We may 
take H, and Hy, to be the suitable average values of 
the matrix elements in the two angle ranges. Putting 


H,=fH2, f>1, (103) 
it follows that 
Po=f?Pox, (104) 
with 
Poi= (1/4r)[1—a cos8, | . 6<6,, 


Po2=(1—a)Poa1, 98>, 


(105) 
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in which 


a=1—1/f%. 


The resulting escape probability is 


(106) 


P.(€.)=4(1—cos.)/(1—a cos6,), (107) 


for any cylindrically symmetrical barrier. Equation 
(107) for a plane barrier [Eq. (102) ] reduces to Eq. 
(23). Po in the form of (105) could depend on s, 
through / if f varied with distance. This variation must 
be small because use of the same P,(e,) function for the 
N,(E,) distributions plotted in Fig. 10 for five different 
incident energies, and hence s,, values, showed no 
significant departure from the experimental measure- 
ments in the variation of total yield with ion energy 
(Fig. 9). If the large escape probability were attributed 
entirely to anisotropy of Pg, then a in Eq. (23) must 
have a value of 0.956 (curve 2 of Fig. 15) for He* on 
Ge(111). By Eq. (106) this requires a ratio of matrix 
elements f in Eq. (103) of 4.8. 

The second factor which can contribute to an escape 
probability larger than that of Eq. (22) arises from the 
bulge in the surface barrier caused by the potential 
well of the neutralized ion outside the surface. This 
bulge in the equi-energy surfaces outside the solid is 
cylindrically symmetrical about the surface normal 
through the atom. This leads to a greater critical angle 
6.(e,) than that of Eq. (102) for the plane barrier. 
Either Eq. (101) for isotropic Pg or (107) for anisotropic 
Po will give higher P.(¢.) for larger @,. Classical orbit 
calculations have been made for electrons starting along 
radii through the atom and moving in the image field 
of reasonable approximations to the solid surface and 
surface bulge. These result in appreciable increases in 
6.(e,). In the actual case the electron orbits certainly do 
not all pass through the center of the atom. Electrons 
may be thought to originate throughout a volume about 
the atom in which the Coulomb interaction of the 
matrix element has value. The larger this volume, the 
less will be the effect produced by the bulge in the 
equi-energy surfaces about the atom. It is not possible 
without detailed calculations to determine the relative 
magnitude of the effects of Pg anisotropy and of the 
bulge in the surface barrier. But these are the possible 
reasons why P,(e) is several times larger than what 
Eq. (22) specifies. Total electron yield is thus not deter- 
mined, as assumed by Shekhter,’ by integrated transi- 
tion probability over all distances, which is unity as we 
have seen. y; is determined by the escape probability 


TaBLe VI. Parameters concerning the state density functions 
in the valence bands of Si and Ge. 


ey" p (1—p)e” 


Si 14-16 0.68 5.1 


Ge 14-16 

















* Over-all width of the valence band in ev. 
b Width of the degenerate p band in ev. 
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Fic. 27. Polar plot of the probability distribution Po(@,¢x,5m). 
The Pe surface is a figure of revolution about the surface normal 
n—n. PQ=1/4n is indicated by the dashed circle. The full con- 
tour indicates the distribution of Eq. (105). Refraction of the 
eléctron trajectory from @ to 6’ at the surface is shown. 6, is the 
critical angle for which 6’ =7/2. 


and the fraction of the N,(e,) distribution which lies 
above the vacuum level. 

Other one-parameter P.(¢,) functions like Eq. (23) 
were derived in the work on metals.’ The two-pa- 
rameter function [Eq. (24) ], used extensively in this 
work, permits some freedom of choice of curvature of 
P.(e,) thus making it possible to take account of the 
gentle variations with energy of N,(e), g(¢), and N.(ex) 
which P.(e,) comprises. We have thus completed our 
discussion of the four conclusions listed in Sec. X which 
the fit of theory to experiment has forced upon us. 


XVI. LEVEL DENSITIES IN THE GERMANIUM 
AND SILICON VALENCE BANDS 


The fit of the present theory to experiment provides 
a level density function, V,(¢), in the valence bands of 
germanium given by curve 1 in Fig. 4. It is determined 
by the two parameters e¢, and #. ¢, is the total width and 
(1—p)e, is the width of the degenerate p bands. The 
accuracy with which we can determine the width of the 
p bands, even though this width is expressed as (1— p)e,, 
does not depend upon the accuracy with which we know 
€». Having picked a value for ¢,, (1—p)e, is adjusted 
until the higher energy peak of the experimental No(Ex) 
is matched. Figure 12 shows that a change of +0.015 
in p is certainly discernible. This corresponds to an un- 
certainty in the p band width of +0.3 ev. However, «, 
must be in a range in which a good fit to the experi- 
mental data is possible before (1—/)e, can be trusted 
as good value of the width of the degenerate p bands. 
This width is 4.3 ev for Ge, 5.1 ev for Si (Table VI). 

The over-all width of the valence band is determined 
with less accuracy than the width of the p bands. The 
reason for this is that ¢, is so large relative to E,’ (Het) 
that valence electrons near «=0 cannot be raised above 
the vacuum level. The value of ¢, does affect the ability 
to fit the No(&,) distribution of electrons which do 
escape, however, and it is from this fact that a value 
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for €, is obtained. In a sense, this amounts to an ex- 
trapolation of N,(e) to the bottom of the band. The 
value of ¢, obtained should thus be more sensitive to 
the specific functions used for V,(e) than is (1—p)e,. 


We have seen in connection with Figs. 17 and 18 that 
one cannot fit the data well for e, much below 14 ev for 
germanium. Similar results, although somewhat less 
critical, are obtained for silicon. No systematic attempt 
to fit the data for e,>16 ev has been made, although it 
was shown that a reasonable fit for ¢,=18 ev could be 
obtained for Si. It was indicated in Sec. [X that a lower 
bound of 15 ev for e, for both Si and Ge exists if the 
disparity in theoretical and experimental +; for Ne* can 
be attributed to resonance tunneling from the valence 
band into the ground state of the atom. Consideration 
of all these facts leads to the conclusion that ¢, most 
likely lies in the range 14-16 ev for both Si and Ge 
(Table VI). 

Soft x-ray resti!ts for Si have been extended recently 
by Kern* who has also re-evaluated earlier work. His 
Table II shows that ¢, from soft x rays lies in the range 
13 to 16 ev in good agreement with the present results. 
Since the Z emission indicates only the s electrons in 
N,(e€) and the K emission only the p electrons, the sum 
of the L- and K-emission curves should give something 
like the V,(€) curve obtained in this work. Comparison 
of curve 1, Fig. 4 with the curves given in Kern’s Fig. 5 
show this, indeed, to be the case. The soft x-ray results 
for Ge™ have been interpreted as giving ¢, near 7 ev 
and are thus in disagreement with the present work. 

Several theoretical calculations of the band structure 
of silicon and germanium have been carried out.'°?5-7 
Of these, the most recent and most accurate is that of 
Kleinman and Phillips.2”7 Using a momentum-inde- 
pendent potential they find e,=10.3 ev. Their bands 
are close to those of a free-electron gas which, for the 
electron density of Si, has a Fermi energy of 11.5 ev. 
Kleinman and Phillips also quote a value of ¢€,= 20.3 ev 
obtained from’a momentum-dependent exchange po- 
tential of a free-electron gas. Phillips’* expects that 
screening effects of correlation will greatly reduce 
momentum-dependent effects leading to a total band- 
width which is larger than 10.3 ev by no more than 2 
or 3 ev. Phillips*® considers the difference between this 
theoretical ¢, of 12-13 ev and the 14-16 ev value re- 
ported here in Table VI to be significant. He would 
attribute the difference to the effect of the form of N,(e) 
used in the present work on the determination of the 
total bandwidth as discussed above. Because the elec- 
tron densities in Si and Ge differ by less than 10%, 


%B. Kern, Z. Physik 159, 178 (1960). 

*D. H. Tomboulian and D. E. Bedo, Phys. Rev. 104, 590 
(1956). 

26, Herman, Physica 20, 801 (1954). 

26T. O. Woodruff, Phys. Rev. 103, 1159 (1956); in Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
Inc., New York, 1957), Vol. IV, p. 367. 

27 L. Kleinman and J. C. Phillips, Phys. Rev. 118, 1153 (1960). 

28 J. C. Phillips (private communication). 
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€» is expected to be the same within about 10% for the 
two crystals. This is in accord with present work but 
not with the soft x-ray results. 

A theoretical estimate of the width of the degenerate 
p bands requires that one know the position in the 
Brillouin zone of the point in this band which lies 
lowest in energy. Phillips” found the lowest lying point 
in Si to be W." and considers this to be close to the 
bottom of the degenerate » band because of the very 
close agreement between his results’ and those of 
Kleinman and Phillips.?? The theoretical p bandwidth 
is then 4 ev with an uncertainty of +1 ev.?’ Similar 
results are expected for Ge. The experimental values of 
5.1 and 4.3 ev for Si and Ge, respectively, are thus in 
good agreement with the latest theoretical estimates. 
The Si result appears to agree with the evidence of the 
degenerate p bands in the K-emission results of Kern.” 

The present work suggests more strongly than did 
that for metals that Auger electron ejection may be 
used to determine state densities in the filled bands of 
solids generally. Experimentally, the chief problem is 
the production of atomically clean surfaces. In extract- 
ing the state density function from the experimental 
kinetic energy distribution one must work through an 
integral transform. In the present work one chooses 
N,(e) and works through the integral transform in the 
“forward” direction to fit No(2,). This requires that 
something be known a priori about the form of N,(e) 
as is the case for the diamond-type semiconductors. A 
more general application of Auger ejection to the deter- 
mination of state density functions will require a method 
of deriving N,(e) from No(E,) directly without any 
assumptions as to its form. 


XVII. SURFACE EFFECTS 


The experimental results and theory of Auger neu- 
tralization at a semiconductor provide several interest- 
ing implications or conclusions about the 
these solids. Since the ion is neutralized outside the 


surfaces of 


solid, the electrons involved are surface electrons and 
the conditions under which the Auger process proceeds 
are surface conditions. Thus one must take into account 
(1) the existence of surface states in the energy gap, 
(2) the fact that the level density distribution and 
hybridization of the valence band involved in the Auger 
process are those prevailing at the surface, and (3) the 
difference between electrostatic potential at the surface 
and in the bulk caused by occupancy of the surface 
states and the possible existence of a chemical doping 
layer in the surface layers of the crystal. 

Electrons residing in surface states in the energy gap 
should partipate in the Auger neutralization process and 
produce a tail on the high-energy end of the No(E;,) 
distribution above the energy]limit calculated by Eq. 
(4). The experimental N,(£,) distribution when com- 
pared with the broadened theoretical curve in Fig. 8 


al ts Phillips, J Phy s. Chem. Solids 8, 369 (1959). 
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shows very little evidence of such a tail. This may result 
if the surface density of electrons in such states is small 
compared to the surface density of ~4X 10" valence 
electrons per cm. It could also result if the wave function 
of the surface state does not extend as far from the 
solid as do the p functions which characterize the top of 
the valence band. Recent estimates*- indicate that 
the surface density of electrons in surface states neces- 
sary to account for the observed bending of bands at 
the atomically clean surface lie in the range 10-10" 
per cm? or more. This may, in fact, be above the limit 
of what should be observable if the wave functions of 
the surface states extend from the surface in a man- 
ner comparable to the pf electrons at the top of the va- 
lence band. Ii the results of Koutecky and TomaéSek*™ 
concerning rehybridization of surface orbitals are valid, 
one expects an enhanced probability of Auger neutrali- 
zation involving electrons in surface states in possible 
disagreement with the present work. A definitive state- 
ment concerning the role of filled surface states cannot 
be made until their density has been fixed with greater 
precision. 

All of the results of the present work indicate that 
the surface level density distribution and the surface 
hybridization of the valence band are close to those 
expected for the bulk. One cannot accommodate any 
serious distortion at the surface. It should be pointed 
out, however, that this statement need not preclude 
some surface rehybridization if it involves admixture of 
orbitals of higher angular momentum than s and p 
leaving the ratio of s to p and its variation through the 
band close to that in the bulk. The magnitude of orbi- 
tals of higher angular momentum will be quite small 
near the atom outside the surface as the functions of 
Fig. 24 indicate. The conclusions reached here concern- 
ing the relation of the surface level density distribution 
to that in the bulk do not agree with the suggestions of 
Handler.” 

We expect a difference in electrostatic potential be- 
tween surface and bulk to have essentially no effect on 
the Auger neutralization process. Electrons involved in 
the Auger process come from the outermost surface 
layer only and no averaging over the space charge 
layer occurs. Values of surface energies such as €)—€, 
used in this work were determined for the surface and 
thus introduce no error (Table II). States within a few 
tenths of an electron volt of the top of the valence 
band will no longer communicate with the bulk of the 
solid if the energy bands bend up at the surface by this 
amount. This apparently produces such a small change 
in wave function over such a narrow energy range as to 
be unobservable in this work. 


3% A. B. Fowler, J. Appl. Phys. 30, 556 (1959). 

31 P. Handler and W. M. Portnoy, Phys. Rev. 116, 516 (1959). 

% P. Handler, J. Phys. Chem. Solids 14, 1 (1960). 

33 J. Koutecky, J. Phys. Chem. Solids 14, 233 (1960). 

4 J. Koutecky and M. TomaSek, J. Phys. Chem. Solids 14, 241 
(1960). 
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OF IONS 


Fic. 28. Plot showing intersections which surfaces of constant 
transition rate and constant effective ionization energy might 
make with a plane perpendicular to the solid surface passed 
through a row of surface atoms (open circles). 


Some comment should also be made concerning 
possible effects of surface atomicity. A possible depend- 
ence on azimuthal angle was pointed out in Sec. XII 
which was assumed to average out to independence of 
¢ on integration over the surface. Also the sp* hybridiza- 
tion at the surface need only be an average permitting 
variation in either direction near individual atoms or 
between atoms of the surface. Surface atomicity could 
also have an effect on energy broadening which is now 
discussed. 

We consider the differences to be expected as we 
vary the impact parameter relative to a surface normal 
projecting, say, from a given surface atom. The im- 
portant consideration here is the way in which contours 
of constant transition rate, R;(s), vary with respect to 
those of constant effective ionization energy, E,’(s), 
over the solid surface as s decreases. If the solid surface 
were an ideal structureless plane, the contours of 
constant R, and E,’ would be planes and R; and E,’ 
would bear the same relation to each other at all points 
on the surface. If the surface is made up of atoms, the 
surfaces of constant R, and £,’ undulate with the sur- 
face periodicity of atoms and may not have the same 
form for all distances s as is indicated in Fig. 28. Here 
are shown the intersections of possible contours of 
constant R, and £,’ with a plane perpendicular to the 
surface which passes through a row of surface atoms. 
The surface atoms are indicated by the open circles. 
Let us suppose that 1, 2, 3 are contours of constant E,’ 
and 1’, 2’, 3’ contours of constant R;. Under the cir- 
cumstances depicted in Fig. 28 an ion coming in along 
the surface normal a will undergo transition at a point 
at which the effective ionization energy £;’ differs less 
from the free-space value £; than for an ion approaching 
along the surface normal 6. On a potential energy 
diagram like that of Fig. 26 drawn for the normal a, 
the P; functions would lie farther from the surface 
relative to the potential curves than on a diagram drawn 
for the normal 6. This might result in further energy 
broadening over what is expected when the possible 
deviation of energy and rate contours over the surface 
is neglected. For 10-ev ions an estimate of o based on 
calculations of o; and o2 accounts for the observed 





112 HOMER D. 


magnitude of « (Sec. XIV). We conclude that for 10-ev 
ions at least “surface broadening” of the type discussed 
here is small. Surface broadening could become im- 
portant for faster ions if one were to attempt to 
evaluate the component contributions to the over-all 
broadening parameter c. 
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XIX. APPENDIX 


The details of the calculation of the Auger transform 
T(e) of Eq. (16) are given here. The N,(e) and q(e) 
functions used in the definition of V,’(¢) in Eq. (13) are 
made up of the component functions V,,(¢) defined in 
Eqs. (6)-(10) and q,(e) defined in Eqs. (14) and (15), 
respectively. If we now let 


M .=9nN 2/Ci, (108) 


A= (1-—r)/e,, (109) 
and 


u=r(1—p)-3, (110) 
we obtain 


M,(e)=(1—Aeleh, O<e<e,/2, (111) 

M2(e)=(1—Ae)(e,—€)3,_ €,/2< e< per, (112) 

M;(e)= (1—Ae)(e,—€)'+-u(e— pe,)!, 
peSe<(1i+p)e/2, (113) 


and 
M 4(e)= (1—Aet+u)(e.—€)', (14+p)e/2<e<e. (114) 


A convenient function related to the Auger transform 
T(€) of Eq. (16) is 


S(e)=T(6)/Cr, (115) 


in which C, is the constant defined in Eq. (11). Then 


S()= f Mea) M (e+ ayda, (116) 


S(¢) has been expressed analytically in terms of the 
M,(e) over the range of p values, }<p<1. Three ex- 
pressions are necessary, one for }<p<4, another for 
I 


§<p<i, and a third for ?< p<1. Expressions for S(e) 
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Taste VIII. Expressions for Snm(Z2,Z;) in terms of \, w, and the integrals 7,(L2,L1,a). 


Sir (Le, L1) - (1 Ae)*7 (Le, L1,6) ~N7 7 o(Le,Li,€) 


Si2(Le,L1) =[(1—de)?— %e,? V4 (Le— fey, Li— fev, €— Fev) — A715 (Le— fev, Li— Fev, €— Fev) — Neo] 6 (Le— fev, Li— fer, e— ev) 
Sis( Le, L1)=Sietp(t —re+ fr pe) Ii (Le—d per, Li- } per, ‘= 4 peéy) +dAuls(Le —_ b pe, Ly; os $ pev, Gr= 4 per) 
Sia(La,L1) =[(1—de)* +p (1 — Ae) —A2(Her)?-+ Awe Wa(L2— Fev, Li— Fev, €— Fer) —N21s(L2— Fev, Li— Fev, e— Fer) 


Soo(Le,L1) = (1 —e)*J; (Le,Li, €y —e) —NJ2(Le,Li, €y— €) 


+d (u—Den) I 6(Le— fev, Li— fev, €— Fen) 


So3(L2,L1) = S22+ull —rAe— 4A (1— p) ev Wa Leo +4 (1— p) er, Lit+-3(1—p)ev, e—3 (1+ p)eo) 


+Aul o(Lot+-}(1—p)evr, Lit4(1—p)ev, e—3(1+p)er) 


S2a(Lo,L1) = [ue (1—Ae) + (1—Ae)* Wi (Le, Li, €o— €) —N7 (Le, Li, €o—€) +Aul 3 (Le, Li, &v—€) 
S33(Le,L1) =So3t+ pli (Le, Li, «— per) +ull—rAe— 4a (1 — p)év WI 4(L2—4(1— p)ev, Li— 4 (1— p) ev, e— 3 (1+ p)er) 


S34(Le,L1) = Saatull —rAe— FA (1- poeotu ls (Le—4(1 —p)e, Li- 3(1- 


Sas(Lo,L1) = (1—Ae+-w)*Li (Lo, Li, eo — ©) — pT 2(Le, Li, &o— €) 





are of the form, 

S(e)=>, San(Ls,L1), 
and are listed in Table VII. For each of the three ranges 
of p given above the energy range 0<e<e, breaks up 
into 12 regions in each of which a different sum such as 
(117) is valid. The quantities LZ; and L» are the func- 


TasLe IX. Expressions for the integrals 7 ,(Le,L1,a). 


»Lo 
Lia)= f (a? — x*)'dx 
JLi 
, wee 
= $[x(a?—2*)t—o? arctanx(a?—«7) J), 
od 5 . - 
olga) =f, x(a? —x*)'dx= {Lal —x(e?—2*)!],, 
a 
»La " le 
aslanen)= J, x(a? —2°)tdx= —4[(a?—22)!],, 
“1 
*Le ’ i 
asija)= |. (x? — a?) idx = $x (x? —a?)§—a? In («+ («?—a?)!)],, 
i 


L Ly 
2,11,@) =f 2 —a?)§dx= jel +x (x2—o?)!],, 


és , 2  : 
aylasa) = fr x (12a?) dx =4[ (12a)! 


—Apl 6(L2—4(1— p)ev, Li— 4 (1— p) ev, e— 4 (1+ p)er) 
4 (1+ p)év) 
—dul 6(L2—4(1— p)ev, Li— 3 (1 — p) ev, e— 4(1 + p) ee) 


P)€v, € 


tions of €, p, and ¢, given in Table VII. The Snm(Z2,LZ1) 
terms are polynomials in A and yw of Eqs. (109) and 
(110) and the definite integrals Z,(Le,L:,a) (Table 
VIII). These definite integrals are listed in Table IX. 
Here the quantities L; and L» to be found in Table VII 
appear as the limits of the integrals. The computer 
program calculates S(¢€) over the energy range O< e<e, 
at equally spaced points separated by an interval usu- 
ally taken to be 0.25 ev. 

The broadened S(e) function called S,(e) and the 
change of variable from ¢ to « are carried out by a 
formula analogous to Eq. (17). Ni(e) is then 


N (ex) =GSo[4 (e+ co— Ei’ (Sm))], (118) 


in which G is the normalizing factor given by 


1/G -f Sol 4 (ex + €0— Ei’ (Sm)) \de: 


=2f S,(ede. 
i Lec +0 — Ei’ (sm) ] 


Equations (118) and (119) are the analogs of Eqs. (19) 
and (21), respectively. 


(119) 
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Microwave Zeeman Effect of Free Hydroxyl Radicals* 


H. E. Raprorp 
National Bureau of Standards, Washington, D. C 
(Received November 7, 1960) 


Paramagnetic resonance absorption at 3-cm wavelength has been observed in the products of an electric 
discharge in low-pressure H,O and D.O vapor. The spectra are of the electric dipole type, and arise from 
A-type doubling transitions in low-lying rotational levels of the free OH and O"D radicals. The theory of 
the Zeeman effect in *II levels of light diatomic radicals is extended to the general intermediate coupling case, 
and is used for a detailed analysis of the observed spectra. Numerical results of this analysis include 
molecular g factors precise to within 3 parts in 105, and magnitudes of the A-type doubling intervals in 
several low rotational levels. The measured g factors are compared with theory, including small corrections 
for molecular rotation, the anomalous spin magnetic moment of the electron, and estimated relativistic 
effects. This comparison yields the value 0.67+0.01 for the molecular matrix element (II| L,!Z), and also 
brings to light serious discrepancies between the present experimental results and earlier measurements 
of the A-type doubling in OH and OD. The paramagnetic resonance spectra also exhibit hyperfine 
structure, from which are derived molecular constants that describe the distribution of unpaired electrons 
about the H or D nucleus. 


I. INTRODUCTION this comparison can test the finer details of the Zeeman 


XPERIMENTS by Dousmanis, Sanders, and theory, including the small quantum elec trodynamic 
Townes! (hereafter referred to as DST) and by Correction tor the anomalous p gertagne. ster Sg 
Ehrenstein, Townes, and Stevenson? have demonstrated “ the eectron. The validity of this correction to the 
microwave resonance absorption by the free hydroxyl eeameene" Zeeman theory has been amply demonstrated by 
radicals OH and OD in the products of an electric several aga reese aga atomic g factors. In 
discharge in water vapor. Their work was concerned extending the calculation of the quantum electro- 
with the measurement and interpretation of small 
splittings of the molecular energy levels, the so-called 
A-type doubling intervals, as well as a partial measure- 
ment of the magnetic dipole hyperfine structure. 
These were straight microwave absorption experiments, 
done in the absence of external fields. The experiment 
to be described here is quite similar to this earlier 
work, the essential difference being the application of 
a steady magnetic field to the gaseous absorption 
sample; this reveals the Zeeman effect of the A-type 
doubling absorption. Hydroxyl radicals possess a 
paramagnetic “II ground state; hence the Zeeman 
effect is large, and standard paramagnetic resonance 
absorption techniques are applicable. We have used a 
commercial X-band spectrometer to measure the 
Zeeman effect, hyperfine structure, and A-type doubling 
in several low rotational levels of OH and OD. The 
same apparatus, widely available, can also be used for 
chemical studies of hydroxyl radicals in gases; the 
results of a few qualitative investigations of this sort 
are also given here. 
Our major objective was to measure the molecular 
Zeeman effect and then to compare it with theory. As 
in similar investigations of free paramagnetic atoms,’ 


dynamic correction from atoms to diatomic molecules, 
one tacitly assumes that the basic change in the 
symmetry of the system—from the spherical symmetry 
of an atom to the axial symmetry of a diatomic 
molecule—introduces no difficulties more subtle than 
can be accounted for by ordinary vector coupling 
rules. This is the aspect of the theory that requires an 
experimental test. 

Three independent magnetic resonance measurements 
on the diatomic oxygen molecule have given somewhat 
contradictory evidence on this point. The magnetic 
properties of oxygen are chiefly those of its two un- 
paired electrons, coupled by a weak spin-spin inter- 
action. From the resonance experiments one can 
deduce a value of g,(O,), the spin g factor of the 
coupled two-electron system. Apart from possible small 
relativistic corrections for binding of the electrons in 
the molecule, this value should be equal, if the theory is 
correct, to g,(free), the anomalous spin g factor of a 
single free electron; the numerical value of the latter 
is 2.00232. The results of the first experiment, a strong- 
field paramagnetic resonance investigation of oxygen 
gas,‘ confirmed the equality of g,(Os) and g,(free) 
within the experimental precision of 60 parts in 10°, 
The second experiment, performed at low field strengths 
by the molecular beam magnetic resonance method,*® 
* This work was supported by the Office of Naval Research. indicated that g,(O2) was smaller than g,(free) by 


1G. C. Dousmanis,:T. M. Sanders, Jr., and C. H. Townes, a ° = ‘ ° 
Phys. Rev. 100, 1735 (1955). Referred J throughout this paper 190+ 13 parts in 10°. The third and latest experiment, 
as DST. a more precise reinvestigation of the strong-field 

2G. Ehrenstein, C. H. Townes, and M. J. Stevenson, Phys. 
Rev. Letters 3, 40 (1959). 

3 A recent review of atomic magnetism is given by V. W. Hughes, 4M. Tinkham and M. W. P. Strandberg, Phys. Rev. 97, 951 
in Recent Research in Molecular Beams (Academic Press, Inc., (1955). 

New York, 1959); an extensive bibliography is included. 5 J. M. Hendrie and P. Kusch, Phys. Rev. 107, 716 (1957) 
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Fic. 1. Paramagnetic resonance spectra of O'SH. Microwave frequency : 9263 Mc/sec. Note change of scale in bottom spectrum. 
The labelling scheme used to identify the lines is (m s,mr) 


paramagnetic resonance spectrum, gave this difference 
to be 147+10 parts in 10°. Thus all three experiments 
appear to show the quantum electrodynamic effect, 
but fail to agree on its magnitude. There are other 
discrepancies: the experiments gave different values 
for the molecular rotational magnetic moment, and 
the magnitude of the quadratic Zeeman effect observed 
in the molecular beam experiment differed appreciably 
from the theoretical prediction. 

The paramagnetic gas nitric oxide has also been 
studied in a_ strong-field paramagnetic resonance 
experiment.’ The magnetic properties of this diatomic 
molecule are produced by a single unpaired electron, 
having both spin and orbital angular momentum. To 
extract a value of the spin g factor g,(NO) from the 
observed spectrum, one requires precise knowledge of 
the vector coupling scheme; this is specified by a 
single coupling parameter, which may be measured by 
standard spectroscopic methods. Using the optically 
measured value of this parameter, one finds* in the 
paramagnetic resonance spectrum no evidence for the 
anomalous part of the electron spin moment; that is, 
the spectrum is accounted for much better by the value 
g.(NO)=2.0000 than by g,(NO)=g,(free)= 2.00232. 


6K. D. Bowers, R. A. Kamper, and C. D. Lustig, Proc. Roy. 
Soc. (London) A251, 565 (1959). 

7. Beringer and J. G. Castle, Jr., Phys. Rev. 78, 581 (1950); 
R. Beringer, E. B. Rawson, and A. F. Henry, Phys. Rev. 94, 343 
(1954). 

§C, C. Lin and M. Mizushima, Phys. Rev. 100, 1726 (1955). 


Very recently, the nitric oxide spectrum has been 
reinterpreted with a different and more precise value 
of the coupling parameter, measured by microwave 
spectroscopy. The paramagnetic resonance spectrum 
is now found to be consistent, to a precision of about 
one part in 10‘, with the value g,(NO)=g,(free).° 

The history of the nitric oxide work is mirrored in a 
curious way by the results of the present experiment. 
The hydroxyl radicals OH and OD are similar in 
electronic structure to nitric oxide, and the correct 
interpretation of their paramagnetic resonance spectra 
also requires accurate knowledge of the vector coupling 
schemes. Again the necessary coupling parameters have 
been measured both in optical and microwave experi- 
ments (the latter being the experiment of DST); the 
optical values again differ somewhat from the presum- 
ably more accurate microwave values. In this case, 
however, the observed spectra are consistent with 
g.(OH)=g,(OD)=g, (free) when the optical values of 
the coupling parameters are used in the analysis; the 
microwave values of these parameters yield the result 
g.(OH)=g,(OD) = 2.0000+0.0002, the same value in- 
dicated for g,(NO) by the first interpretation of the 
nitric oxide experiment. 

Thus, on the basis of these two experiments alone, 
one would be hard put to decide whether an electron 
in a diatomic molecule showed its full anomalous 
magnetic moment or whether, for some unexpected 


9C. C. Lin, Phys. Rev. 119, 1027 (1960). 
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reason, it showed only, the Dirac part of its moment. 
In view of the further evidence provided by the oxygen 
experiments, it is probably most reasonable to conclude 
that the anomalous part of the electron spin moment 
does in fact contribute to the hydroxyl radical Zeeman 
effect, but that in the analysis of the paramagnetic 
resonance spectra this contribution is completely 
masked by errors in the DST values of the coupling 
parameters. 


II. EXPERIMENT 


The products of an electric discharge in low-pressure 
H,O vapor were pumped continuously through the 
microwave cavity of a Varian V-4500 EPR spectrome- 
ter, where the microwave absorption by the vapor at 
3-cm wavelength measured as a function of 
magnetic field strength. The magnetic field was 
provided by a Varian 12-inch electromagnet, whose 
maximum field strength was 11 kgauss. Many discrete 
absorption lines were observed, some of which could be 
identified by gas substitution methods with molecular 
oxygen, atomic oxygen, and atomic hydrogen. The 
remaining lines, those that disappeared when the water 
vapor input was replaced by either dry oxygen or dry 
hydrogen, with the electric discharge either on or off, 
are represented in Fig. 1. The source of H,O vapor 
was ordinary distilled water; when this was replaced 
by a water sample containing 95% D.O, the intensities 
of the spectra in Fig. 1 decreased proportionately and 
the new spectrum of Fig. 2 appeared. Since an electric 
discharge in water vapor is known to be a good source 
of hydroxyl radicals,’ it is reasonable to identify the 
spectra of Fig. 1 with free OH radicals, the spectrum 
of Fig. 2 with free OD radicals; this identification is 
confirmed by the detailed analysis of Sec. III below. 

The arrangement of the handling system, 
absorption cell, and spectrometer cavity is shown in 
Fig. 3. The cavity is a circular cylindrical reflection 
cavity, silver plated and fitted with removable end 
plates. The dimensions of the cavity are chosen to 
make it resonate in the TE,2 mode. Its volume is 
rather large, about 100 cm’; this helps to alleviate 
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power saturation of the absorption lines by keeping 
the microwave field intensities low. The end plates 
are drilled to pass the radical vapor tube, and have 
collars that prevent leakage of the cavity radiation. 
The absorption cell has a pillbox shape and fits snugly 
into the cavity; it is made of quartz to minimize di- 
electric losses. With the quartz cell in place the cavity 
Q is 6X 10%, approximately half that of the empty cavity. 

The radical vapor is pumped through the absorption 
cell by a high-conductance liquid nitrogen trap and a 
6-liter/sec mechanical pump. A mechanical manometer 
measures pressure at the vapor inlet point; a thermo- 
couple gauge located near the exit aperture of the 
absorption cell gives a rough indication of pressures 
within the cell. Sufficient production of radicals requires 
a pressure in the electric discharge of at least 0.3 mm 
Hg, while for satisfactory resolution of the pressure- 
broadened absorption lines the pressure at the absorp- 
tion cell must be less than 0.1 mm Hg. Such a pressure 
differential is maintained by the long (1.5 m), low- 
conductance (1 cm i.d.) quartz tube that separates 
the electric discharge from the absorption cell. This 
extended arrangement, made feasible by the rather 
long lifetime of hydroxyl radicals in water vapor, has 
other advantages: it electrical interference 
between the discharge and the spectrometer detection 
circuits, and it guarantees that the free-electron 
content of the radical vapor has become negligible by 
the time the vapor reaches the absorption cell. The 
latter point is more important than it might seem, for 
in early measurements” the spectrum labelled *II;, 
J = in Fig. 1 was almost completely obscured by an 
extremely broad and intense absorption, centered at 
3300 gauss, caused by cyclotron resonance of free 
electrons within the absorption cell. At that time the 
electric discharge was located about 20 cm away from 
the absorption cell; increasing the separation to 50 cm 
or more removed the difficulty. There is no serious 
loss of O, H, or OH radicals during the extended trip 
to the absorption cell, although the transit time is as 
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10H. E. Radford, Nuovo cimento 14, 245 (1959). 
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much as 0.1 sec over the full 1.5-m distance. The only 
wall treatment applied to the long tube and absorption 
cell was a thorough washing with detergent, followed 
by rinses with 20% HF solution and distilled water. 

The electric discharge is excited by a waveguide 
resonator that can be placed over the vapor tube at 
any desired point along its length; a diathermy gener- 
ator supplies 2450 Mc/sec power to the discharge 
resonator at a variable level up to 125 watts. For a 
given inlet vapor pressure, it was usually possible to 
maximize the radical concentration in the absorption 
cell (as judged by absorption signal amplitudes) by 
adjusting the power level and the position of the 
resonator. The intensity of the maximized absorption 
signal increased rapidly as the inlet pressure was 
raised to about 2 mm Hg, and fell off slowly as the 
pressure was raised further. Since in a heterogeneous 
vapor the peak absorption intensity of a pressure- 
broadened line should depend on the fractional con- 
centration of the absorbing species, this variation 
presumably reflected a changing dissociation efficiency 
in the discharge. 

Under optimum pressure and discharge conditions 
the hydroxyl radical absorption signals are very 
strong; with an appropriate magnetic field sweep and 
wide-band signal amplification, it is possible to display 
one or more of the absorption lines directly on the 
screen of an oscilloscope. From this video display, the 
instantaneous concentration of hydroxyl radicals in 
the absorption cell can be monitored. Atomic hydrogen 
and atomic oxygen are also produced in large quantities 
in the water vapor discharge, and their concentra- 
tions may be monitored in the same way. The molecular 
oxygen absorption lines are too weak for a video 
presentation. 

A section of the radical vapor tube in Fig. 3 is bent 
to a U shape to fit into a Dewar flask; it was used for 
the following temperature studies of the water vapor 
discharge products. 

Fractional condensation. Hydrogen atoms, oxygen 
atoms, and hydroxyl radicals are all condensed (i.e., 
fail to get through the trap) at liquid nitrogen temper- 
ature; hydroxyl radicals are condensed at dry ice 
temperature but atomic oxygen and atomic hydrogen 
are not. These conclusions are based on a video display 
of the absorption lines: the lines, whose amplitudes 
were at least 10 times the noise level at the start, 
vanished immediately and completely when the U trap 
was cooled. A more detailed investigation, using a 
variable temperature pentane bath and pen recording 
of the absorption line, showed that 70% of the hydroxyl 
radicals were condensed at a temperature of —60°C, 
95% were condensed at —90°C. 

Hydroxyl radical linewidth. With the pressure and 
discharge conditions set to give the maximum fractional 
concentration of hydroxyl radicals, the absorption 
lines were pressure-broadened to a width of about 5 
Mc/sec. As the hydroxyl radical concentration was 
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Fic. 3. Gas handling system and spectrometer cavity. A: 
H,O or D2O sample vial; B: Wallace & Tiernan vacuum gauge; 
C: inlet for admixing foreign gases to vapor stream; D: waveguide 
discharge resonator; E: pole face of electromagnet; F: nuclear 
magnetic resonance probe; G: spectrometer microwave cavity 
(TEq2, 3 cm); H: thermocouple vacuum gauge. 


progressively reduced by lowering the trap temperature 
from 20°C to —90°C, there was no measureable change 
in the absorption linewidth. This demonstrates that 
pressure broadening of the hydroxyl radical lines is 
caused by other vapor fractions uncondensible at 
—90°C (i.e., H, O, Ov, He), and that these uncondensi- 
ble fractions are the major products of the water vapor 
discharge, probably constituting 90% or more of the 
radical vapor in the spectrometer cavity. 

Several attempts were made to increase the fractional 
concentration of hydroxyl radicals produced by the 
discharge; these included replacing the water sample 
by hydrogen peroxide or a stoichiometric mixture of 
hydrogen and oxygen adding various gases 
(H», No, Os, He, Ar) to the vapor stream either before or 
after the water vapor discharge, and adding a small 
amount of water vapor to a noble gas discharge. With 
one exception, all of these attempts failed. The excep- 
tion was the addition of oxygen gas to the water vapor 
before the discharge: this enhanced the fractional 
concentration of hydroxyl radicals by as much as a 
factor of two when the initial water vapor pressure 
was rather high, 2-4 mm Hg at the inlet, but the 
enhancement decreased with vapor pressure, becoming 
negligible for an inlet pressure of 0.5 mm Hg or so. 

For precise line position measurements on the spectra 
of Figs. 1 and 2, the absorption signals, modulated by 
a small 1-kc/sec modulation of the magnetic field, 
were passed through the narrow band amplifier and 
synchronous detector of the Varian instrument and 
displayed, in derivative form, on a strip chart recorder. 
Signal-to-noise ratios of about 400 could be realized on 
the strongest lines under conditions of optimum 
radical production ; however, most of this signal strength 
was sacrificed in favor of the reduction in linewidth 
that accompanied low-pressure (and inefficient) oper- 
ation of the discharge. For the strongest lines the 
pressure at the absorption cell could be reduced to the 
point where the thermocouple gauge indicated 50 wHg. 
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At this pressure the width between derivative maxima 
was 450 kc/sec (0.35 gauss) and the signal-to-noise 
ratio was about 10. The weaker lines of Fig. 1 required 
pressures as high as 100 wHg for satisfactory detection, 
and at this pressure the linewidth was 800 kc/sec. In 
order to avoid further broadening of the lines through 
microwave power saturation, the power feed to the 
cavity had to be kept lower than 5 microwatts. 

The location of a given line was determined by 
successive measurements of the microwave frequency 
and of the magnetic field strength at the line center. 
The microwave frequency measurements, made with 
a Hewlett-Packard transfer oscillator and electronic 
frequency counter, were precise to 1 part in 10°, The 
magnetic field was measured in terms of the nuclear 
magnetic resonance frequency of protons or (for field 
strengths above 8.5 kgauss) Li’ nuclei, both contained 
in an aqueous solution of lithium nitrate. The resonance 
circuit was a free-running Pound-Knight-Watkins 
oscillator," whose frequency was monitored by the 
same frequency counter as used for the microwave 
measurement. The magnetic field was measured at a 
point just outside the microwave cavity, and field 
measurements the small (~0.05 
gauss) field differential, remeasured periodically, that 
existed between the position of the magnetometer 
probe and the cavity center. 

The hydroxyl radical absorption lines were 1 part 
in 10‘ or less in relative width, and had the symmetric 
Lorentz shape expected from pure collision broadening. 
Although the attainable precision of position measure- 
ments on such lines may approach 1 part in 10° (as 
given by the statistical standard error in the mean 
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result of several observations), no attempt was made 
to achieve this extreme precision. As will be evident 
from the discussion in Sec. IV, an experimental precision 
poorer by an order of magnitude is more than adequate 
for a comparison of theory with experiment. The 
experimental results given in Table II are derived from 
two or three independent position measurements on 
each line in the spectra of Fig. 1 and Fig. 2. Adopting 
as a conventional index of precision the tenth part of 
the linewidth, and doubling this figure in recognition 
of possible systematic errors in the magnetic field 
measurements, we believe a conservative limit for 
experimental errors to be +2 parts in 10°. The un- 
certainties quoted in Table II are based on this estimate. 


Ill. THEORY 


We seek to assign the spectra of Fig. 1 and Fig. 2 to 
transitions among the magnetic sublevels of the free 
OH and OD radicals. These sublevels are eigenvalues 
of the molecular Hamiltonian 


H=Ho+Z+ Huts, 


in which Hp includes the electrostatic, vibrational, 


1G. D. Watkins and R. V. Pound, Phys. Rev. 82, 343 (1951). 
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rotational, and fine structure interactions, Z is the 
Zeeman operator, and Hps. is the hyperfine structure 
(hfs) operator. Detailed expressions for Z and Hyj, are 
given below. 

On the reasonable assumption that the radical vapor 
is in thermal equilibrium with the walls of the absorp- 
tion cell, only the ground electrostatic-vibrational 
molecular term will be populated appreciably. Further- 
more, only the lowest fine structure-rotational levels 
of this ground term have magnetic moments large 
enough to account for the observed paramagnetic 
resonance spectra. The disposition of these lowest 
levels for both OH ® and OD," determined by ultra- 
violet spectroscopy, is shown in Fig. 4. The A-type 
doubling of each level is exaggerated for clarity; many 
of these splittings, barely detectable by optical means, 
were measured to high precision in the zero-field 
microwave absorption experiments.! 
sections, general expressions are developed for the 
Zeeman effect and hfs of all these lower levels. The 
comparison of these results with the observed para- 
magnetic serve to identify the 
spectra, and also, to determine the values of unknown 
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molecular constants used in the calculation. 

Compared with the separations between levels in 
Fig. 4, the expected Zeeman and hfs splittings of each 
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Fic. 4. Lowest fine structure-rotational levels of O'*H and 
O'*D. The small A-type doubling intervals are exaggerated for 
clarity. Levels marked with asterisks contribute to the para- 
magnetic resonance spectra of Figs. 1 and 2. 


2G. H. Dieke and R. M. Crosswhite, Bumblebee Report No. 
87, Johns Hopkins University, November, 1948 (unpublished). 
18M. Ishaq, Proc. Roy. Soc. (London) 159, 110 (1937). 
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Fic. 5. Vector coupling diagrams for Hund’s case (a) and case (b) 
under strong-field conditions (negligible hyperfine couplings). 


level are very small—typically 0.1 cm™ for the Zeeman 
splittings and 0.001 cm™ or less for the hfs splittings. 
This suggests the feasibility of a straightforward 
perturbation calculation of the Zeeman effect and hfs, 
starting from the zero order energies and wave functions 
defined by Hofo= Woo. Because the hfs energies are 
in all cases much smaller than the Zeeman energies, it 
is permissible to treat the two perturbations entirely 
separately ; this means that the perturbation calculation 
of the molecular Zeeman effect can be carried out with 
a pure strong-field representation of the zero order 
wave functions, i.e., a representation that takes no 
account of hyperfine interactions. The first-order hfs 
energies can then be calculated in this representation 
and simply added to the Zeeman energies. 


1. The Molecular Zeeman Effect 
The Zeeman operator is 
Z=po(giL+g¢.8+g:1+gnN)-K, (1) 


where L and S are the electronic orbital and spin 
angular momenta, I is the spin of the proton in OH or 
of the deuteron in OD, and N is the end-over-end 
rotational angular momentum of the molecule; all are 
expressed in units of #. Strictly, the rotational term is 
to be evaluated only for the two bare nuclei; all elec- 
tronic contributions to the Zeeman effect are embraced 
by the first two terms of Z. The electronic g factors g; 
and g, are, from theory, gi=1 and g,=2(1+a/2r 
—0.328a?/m?) = 2(1.0011596)"; these values have been 
verified to within a few parts in 10° by experiment.*® 
The nuclear spin g factors are defined here by the 
relation gr= —r/Juo where u; is the measured nuclear 
spin magnetic moment and J is the nuclear spin 
quantum number; numerical values are g7(H) = — 3.042 
X10 and g;(D) = —4.67 X 10~. The nuclear rotational 
g factor is defined in a similar way as gy= —puw/Nyo 


144C, M. Sommerfield, Phys. Rev. 107, 328 (1957); Ann. Phys. 
5, 26 (1958). 

16 A. A. Schupp, R. W. Pidd, and H. R. Crane, Phys. Rev. 121, 
1 (1961). 
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and it may be calculated by giving uy and N their 
classical interpretations as the magnetic moment and 
angular momentum of a charged dumbbell rotator. 
For a proton or deuteron rotating about a fixed oxygen 
nucleus the g factor would be —(Z/A)(m/M), where 
Z/A is the ratio of charge and mass numbers for the 
rotating nucleus, equal to 1 for OH and 3 for OD. If 
the small relative motion of the oxygen nucleus is 
included, the g factors become 


gn (OH) = —0.996m/M = —5.42 10-4 
and 


gn(OD) = —0.500m/M = —2.72X 10-4. 


Although the theoretical value of g, contains a small 
correction term of order a? [= (137)~*], the Zeeman 
operator above cannot be considered correct to the 
same order: relativistic interaction terms contribute in 
order a’upiC to the Zeeman energies of atoms,’ and 
similar contributions can be expected for diatomic 
molecules. The further discussion of this point in Sec. V 
indicates that the nonrelativistic operator (1) will 
generate Zeeman energies that, for the hydroxyl 
radicals, err on the large side by 1 or 2 parts in 10*. 


1.1 The Linear Zeeman Effect 


By far the largest contribution to the molecular 
Zeeman energies comes from the first order term 
(Wo|Z|Wo), the expectation value of the Zeeman operator 
in the zero-order state. Its accurate calculation requires 
a rather careful representation of the zero-order wave 
functions. 

Wave functions. Since Z contains only angular mo- 
mentum operators, we require precise knowledge of 
only the angular dependence of the zero-order molecular 
wave functions. This angular dependence may be 
represented in the usual way by an expansion in 
suitably chosen base functions, the expansion co- 
efficients to be determined ultimately by experiment. 
The vector model of diatomic molecules defines several 
sets of base functions, each set corresponding to a 
different pure coupling case'®; spectroscopic studies 
show that most diatomic molecules are pretty good 
examples of one pure coupling case or another, and so 
their wave functions can be represented for most 
purposes by single base functions. Nitric oxide for 
example, is a good Hund’s case (a) molecule’: both 
L and S are coupled tightly to the molecular axis—L by 
its electrostatic coupling with the internuclear field, S 
by its spin-orbit coupling with L. The strong-field base 
functions, written in terms of their well-defined 
quantum numbers, are |A2&2S J I my; mz), where A, 
x, and Q are the projections of L, 8, and J on the 
molecular axis, and my and my, are the projections of 

16G. Herzberg, Molecular Spectra and Molecular Structure 
age Nostrand Company, Inc., New York, 1950), Vol. 1, 
p. 4 ° 


‘7 See reference 16 for a complete discussion of Hund’s coupling 
cases. 





H. E. RADFORD 


laste I. Strong-field case (a) base functions. 
spectros opic 


ALTQS JI I my m)) notation 


$4J1my; my) 

-}-34J Im; 
1—344J Im; m1) 
—14-—}$4JI msm; 
OFFERS I msm) 
0-4 —44/J7I msm, 


i 


J and I on an axis fixed in space. The vector model of 
this coupling case is shown in Fig. 5(a). The quantum 
number 2 takes on the values 2=A+2Z, where A=0, 
+1, +2, and =S, S—1, —S. The oxygen 
molecule, on the other hand, is a good Hund’s case (b) 
molecule: § is only weakly coupled to the molecular 
axis (in oxygen the coupling is via the spin-spin 
interaction), and this coupling is broken almost com- 
pletely by the molecular rotation. The appropriate 
strong-field base functions, again written in terms of 
good quantum numbers, are |A K S J I m,; mr), where 
K is the quantum number of K=L+N; the vector 
model is shown by Fig. 5(b). In both these pure 
coupling cases, case (a) and case (b), molecular terms 
are labelled by particular values of |A| and S; thus, 
S=4 gives doublet terms and these are written 22 for 
|A|=0, *II for |A|=1, and so on. Common to both 
cases is also a twofold + 
levels for |A| 40. 

The hydroxyl radicals OH and OD present a more 
complex coupling case. The very fast rotation of these 
light molecules, competing with the spin-orbit inter- 
action, produces a spin coupling intermediate between 
case (a) and case (b), i.e., S is partially uncoupled 
from the molecular axis. To a small extent the rotation 
also uncouples L from the molecular axis, and this 
removes the +A degeneracy of the case (a) or (b) 
energy levels. This is the “‘A-type doubling” mentioned 
earlier, whose effect is shown in Fig. 4 as a splitting of 
all the molecular energy levels into closely spaced pairs. 

Wave functions that reflect the partial uncoupling 
of both L and § can, in principle, be constructed from 
either case (a) or case (b) base functions; case (a) is 
more convenient, however, because the theoretical 
analysis of L uncoupling for *II terms has been worked 
out in this representation.''* Linear combinations of 
the six case (a) functions shown in Table I are required 
for an adequate description of both the L and § un- 
coupling. The two *2 functions (A=0) are donated by 
the first excited electronic term, located some 3X 104 
cm™' above the ground *II term. A more exact descrip- 
tion of the L uncoupling, unnecessary here, would 
bring in other more highly excited terms. In spectro- 
scopic notation, the two linear combinations that 
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18 J. H. Van Vleck, Phys. Rev. 33, 467 (1929). 


correspond to a given A-type doublet have the form 


V2pot =C yt (Ij +13) +C 


V2po“=C, (1I;—II j) + * 


Each of these linear combinations has a definite 
symmetry with respect to reflection in a plane contain- 
ing the molecular axis: yo* is unchanged by such a 
reflection, while yor changes sign. The symmetry of 
the Zeeman operator (1) is such that it does not connect 
states of different symmetry, that is, (Wot|Z|por)=0. 
This means that the Zeeman effects of the two types of 
states will be completely independent, and furthermore 
that no magnetic dipole transitions of the + «+ — type 
can occur. The reverse holds for electric dipole transi- 
tions, where only the + 
The amplitudes C, 
the secular equations: 


> Cut (Ait b.,W ot) =0, 
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where u=1, 2, 3, are given by 


together with the normalization conditions 
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The H;,,+ are the matrix elements of the combined 
rotational and spin-orbit interaction,'* and the Wo* are 
the energy eigenvalues of this matrix. These energies 
have been calculated by Van Vleck'® to first order in 
(E:y— En)“, the inverse energy separation of the IT and 
> terms, and to second order by DST. The first order 
solutions are adequate here, and on substitution into 
(3) they yield the following which are 
order in (E:s— En) 


umplitude Ss, 


correct (and normalized) to first 
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The values of C,- are given by relations that differ 
from (4) only in a reversal of the sign before ¢. The 
parameter A, the ratio of the spin-orbit coupling 
constant of the 2II term to its rotational constant, is a 
measure of the spin uncoupling. The degree of L 
uncoupling is determined jointly by the two off- 
diagonal matrix elements, (II|AL,+2BL,|2) and 
(II| BL,|), that appear in 6, ¢, and ». These matrix 
elements involve the radial dependence of the molecular 
wave functions, and are best evaluated from experi- 
mental data on the A-type doubling. 

The expressions (2) and (4) are rather general, in 
that they yield wave functions for all the fine structure- 
rotational levels of any *II molecular term perturbed 
slightly by a 22+ term.’ The numerical value of will 
be positive or negative according to whether the fine 
structure is normal or inverted; the numerical value of 
E will be positive or negative according to whether the 
*Y term lies above or below the “II term. The ambiguous 
signs in (4) are to be chosen in a consistent manner 
throughout; the upper signs go with one level, the 
lower signs with another. For a pure case (a) molecule, 
i.e., for |X| — &, these two levels would be designated 
*IT\o), J, where |Q| takes the values 3 and $. Inspection 
of (2) and (4) shows that for positive \ the upper signs 
would go with the 7II,, J, level, the lower signs with 
the *II;, J, level. For negative \ the connection would 
be reversed. In intermediate coupling this designation 
of levels loses much of its meaning, but it can be 
retained as a convenience : one may trace in imagination 
a given intermediate coupling level back to its ancestor 
level in case (a), and label it accordingly. Thus, for 
instance, the phrase ‘?II;, /= $ level” will be used in 
the following discussion to mean “that level in inter- 
mediate coupling whose ancestor in pure case (a) is 
*I1;, J= %.” Where ambiguous signs appear in following 
mathematical expressions, the rules of sign choice 
remain those described above for pure case (a); for 
OH and OD, upper signs refer to “?II;, J, levels,” lower 
signs refer to ‘°II,, J, levels.” 

Molecular g factors. The angular momentum J is a 
constant of the motion for the zero-order states (2), 
regardless of the extent of intermediate coupling, and 
is space quantized in the laboratory frame of reference. 
The nuclear spin I is also space quantized in the 
laboratory frame. Thus if the Zeeman operator (1) can 
be rewritten in the form Z=po(gs°°J+grI)-%, where 
gy°” is a scalar operator, the linear Zeeman effect will 
be just 


(Wot! Z| Wot) =modCL (Wo*| gr? | Wot) mst+-grmr | 
= pol (gytmy+gimr), (5) 


and the theoretical problem will be reduced to that of 


19 The intrinsic symmetry properties of the 2 term, exclusive 
of electron spin, must be considered when constructing the wave 
functions. For perturbation by a ?Z* term the linear combinations 
(2) are correct; for perturbation by a *Z~ term the third term of 
vot should be interchanged with the third term of yo. See 
reference 18 for further discussion of this point. 
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calculating gy*, the two numerical g factors of a 
general A-type doublet. This approach, parallel to that 
used in defining atomic g factors, involves the pro- 
jection of the angular momenta L, S, and N onto the 
direction of J. The resulting expression for the g-factor 
operator, when expanded in the molecular frame of 


reference, is 


gs =(JIJ+D PL (ei— gn) (LJ t+ L,J,+L2J) 
+ (g.— gn) (S.J2t+SyJy+S.J 2) +gnF*], (6) 


where the Zaxis is the symmetry axis of the molecule. The 
matrix elements of g,°? diagonal in J in the case (a) 
representation can be constructed from the matrix 
elements of angular momentum given by Van Vleck. 
They are: 


(AZQIS| g7°?| AZQIS) 
=[JI+NP{(giA+g.2)0+ gr (J+1)-2)}, 
(ALQIS| g7°?|A T+12+1 JS) 
= —4(g,—gn) [J (J +1) P-L JU+1)—-2(041)}! 
x[S(S+1)— (241), 
(AZQS S| g7°?|A+1 2 0+1 JS) 
= —(gi—gv)[J (J +1) }°(A|L,|A+1) 
x LJ(J+1)-2@+41)}. 


(7) 


Using these matrix elements and the wave functions 
(2), one finds for the molecular g factors: 


gat =gu+ (6g7) st (gs)nt+ (6gy)x*, 


a Age ‘i (8) 
gs =ga+ (6¢7) st (6ga)wt (67) 77, 
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and 


Y=[(J+3)(J—}4) }}. 


The g factors have been written as a sum of small 
corrections to g,°, the value that would be calculated 
from the approximate Zeeman operator yo(L+2S)-3 
and wave functions that account for S$ uncoupling but 
not the smaller effects of L uncoupling. The first 
correction term, (5gy)s, proportional to, (g,—2), arises 
from the anomalous spin magnetic moment of the 
electron. The second correction term, (6g,)v, accounts 
for rotation of the nuclei; in the higher rotational 
levels, (6g7)wo~gn. The last term is a correction for L 
uncoupling. Since this correction stems from the inter- 
action motion and molecular 
rotation, its physical interpretation is clear: (6g,) zu 
is the extra magnetic moment contributed by electrons 
that participate in the end-over-end rotation of the 
molecule. The net effect of rotation on the molecular 
magnetic moment is then (6g,7)wuot (6g7)zm0, the sum 
of the nuclear and electronic contributions. Coming 


between electronic 


from rotating charges of opposite sign, the two con- 
tributions partially cancel each other. These rotational 
effects are very similar to those that produce the 
entire magnetic moment of = 
molecules.” 


states of diatomic 

The theoretical expressions for (6g7), are complicated 
by the effects of spin-uncoupling, as evidenced by the 
ubiquitous occurrence of A and YX. Nevertheless, 
inspection of the signs of individual terms shows that 
(6gz)x* differs considerably from (6g,);~, and this 
leads to measurable differences between the g factors 
gyt and gy 


1.2 Higher Order Zeeman Effects 


The linear Zeeman effect (5) calculated in the 
preceding section is the leading term of an expansion 
of the Zeeman energies in powers of poi. For the 
magnetic field strengths used in this experiment, the 
expansion must be continued to higher order in po3C to 
match in accuracy the experimental results. The 
quadratic term must be included for all the levels 
investigated, and in one case the cubic term must also 
be considered. These higher order Zeeman effects, 
which originate in the mixing of the zero-order levels 
by the applied magnetic field, may be calculated with 
the standard perturbation theory formulas listed by 


*C. H. Townes and A. L. Schawlow, 
McGraw-Hill Book Compan) , Inc., New York, 1955), p 290. 
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Condon and Shortley,”' together with matrix elements 
given by Lin and Mizushima.* The Zeeman operator 
(1) and the wave functions (2), (4) are unnecessarily 
precise for this calculation. Instead, one may use for 
Z the approximate form yo(L+2S)-5 and in Yo* one 
may set C;+=0 and replace the curly brackets in (4) 
by unity; this abridgement of the wave functions 
amounts to neglect of the small L uncoupling effects. 
The general form of the results of the calculation is 


AoW = (Ko+ Kom’) (uod0)?/ he (9) 


for the quadratic Zeeman energies, and 


A3W = (Kym y+ Kym") (uodC)*/ (he)? 


(10) 


for the cubic Zeeman energies. The K’s are dimension- 
constants characteristic of a given zero-order 
molecular level. To the extent that the A-type doublet 
splittings are negligibly small in comparison with the 


less 


separations between doublets, a satisfactory approxi- 
mation here, these constants are the same for both 
members of a given A-type doublet. The perturbation 
calculation yields complicated formulas from which 
numerical values of Ko, K,, Ke and K; may be found. 
Alternatively, the K’s can be treated as unknown 
constants, to be evaluated from the observed para- 
magnetic resonance spectra (the constant A» cannot 
be so determined, since it leads to an equal shift of 
each magnetic sublevel). The comparison of these 
measured values of the constants with the calculated 
values serves as a further test of the molecular Zeeman 
theory; such a test has more than passing interest 
because of the results of the molecular beam experi- 
ment on oxygen, which showed a serious discrepancy 
between the 

Zeeman effect. 


calculated and the observed quadratic 


2. Hyperfine Structure 


The theory of ‘magnetic dipole hfs in diatomic 
molecules has been developed by Frosch and Foley,” 
and the application of the theory to the hydroxyl 
radicals has been discussed by DST for the case where 
the hfs interaction is much than Zeeman 
interactions, i.e., the weak-field case. For the inter- 
pretation of hfs effects in the paramagnetic resonance 
spectra, it is necessary to translate the work of DST 
into. the strong-field representation. The electric 
quadrupole interaction in OD is small,! and may be 
disregarded here. 

The hfs Hamiltonian of Frosch and Foley, with 
numerical corrections by Dousmanis,”’ is 
Hys.= al-L+ (6+¢)1,S.4 sb(I+S 1. J—S*) 

+3d(e'eI-—S-+e*'*]*+ $+) 
+eLe'#(S-I,+1-S,)+e—'¢(St] 

*1E. U. Condon and G. H. Shortley, Tie Theory of Atomic 
Spectra (Cambridge University Press, New York, 1953), p. 34 


% R. A. Frosch and H. M. Foley, Phys. Rev. 88, 1347 (1952) 
3G. C. Dousmanis, Phys. Rev. 97, 967 (1955) 


stronger 


+I*S,)], (11a) 
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where 
I*=],+il,, I-=I,—il,, 
St=S,+iS,, S-=S,—iS,, 


a= 2grmc?(1 /¥*) ay, 


b= —gruc?((3 cos’x—1)/r*)ay 
+ (16/3) gino? (0), 

c= 3guc((3 cos*x—1)/r*)av, 

d= 3g;u¢?(sin*x/r*),., 

e= 3gur?(sinx cosx/r*) ay. 


The first term in Hy, represents the interaction of the 
nuclear magnetic moment with the magnetic field 
generated by electronic orbital motion; the remaining 
terms represent the dipole-dipole interaction between 
the nuclear magnetic moment and the electron spin 
magnetic moment, generalized to account for a possible 
relativistic hfs interaction such as in characteristic of 
s electrons in atoms. The relativistic hfs interaction is 
proportional to ¥?(0), the density of unpaired electrons 
at the magnetic nucleus (in this case H or D), and is 
included in the classical dipole-dipole term by re- 
defining the interaction constant 6. The averages 
involved in the constants a, b, c, d, and e are to be 
taken over the coordinates of the electron 
responsible for the hfs interaction; r is the radius vector 
from the magnetic nucleus to the electron and x is the 
angle included between r and the molecular axis. If 
more than one electron contributes to the hfs, the 
interaction constants will contain a term from each 
contributing electron. 

Using the case (a) matrix elements of Hy:, calculated 
by Frosch and Foley, together with the zero-order 
wave functions (2), one finds that the first order hfs 
energies are, to sufficient accuracy, 


W utst = (Wot | Huts! Wot) = (Ar +As)mymr, 
Wits = (Wo | Ants | Wo) = (A1— Aa) msm, 


space 


(12a) 


where 
A,=[244J(J+1)X }'{2a(42X+2—)) 
+o[+X+4—2r—4(J+ 9) (J—4)] 
+c(+X+4—2))}, 
Ayg=d[+4J(J+1)X | (4N—2+A)(J+3). 


(12b) 


The expressions for A, and A» can also be written 
down directly from the paper of DST, except for an 
incorrect sign before the term 4(J—}3)(J+) in their 
equivalent of A;. The A» term represents the “hyperfine 
doubling’; its origin is in cross terms of the type 
(11,!Huss|T1_3) that occur in the expansion of 
(Wot! Hnss|Yo*). Other nonzero cross terms of the type 
(11! Huss!) also appear in the expansion, but they 
have been omitted from (12a). Their contribution to 
the hfs is comparable in magnitude with second order 
terms resulting from: (1) hyperfine interactions be- 
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tween neighboring Zeeman levels, which contribute 
terms of order (Whis)?/uodC, and (2) hyperfine inter- 
actions off-diagonal in J, which enter through magnetic 
field mixing of the zero-order levels—their order of 
magnitude is Wysuo3C/5, where 6 is the energy separ- 
ation between a given zero-order level and the nearest 
neighboring level with which it is admixed by the 
magnetic field. Approximate calculations show that 
none of these three contributions to the hfs seriously 
exceeds the experimental uncertainty in measuring 
the paramagnetic resonance spectra, and all are 
disregarded. 


3. Paramagnetic Resonance Spectra 


Identification. Collecting results, one can write for 
the energies of a given A-type doublet, in a moderately 
intense magnetic field, 


W+= Wot dhvat (gs*ms+grmy) woe 
+ (Kot+Kemy*) (uoi€)?/he+ (Kims+ Kyms*) 
X (uoIC)*(hc)?+ (AitzAs)mymy, (13) 


where Wo is the mean energy and hy, the energy 
splitting of the zero-order A-type doublet. By 
“moderately intense” is meant a field strength such 
that | Whts|<<uor<!5| ; since | Wass! <10-* cm- and 
5=>50 cm for all the levels of Fig. 4, this condition on 
the magnetic field strength is rather easily satisfied. 
There are 2(2/+1)(2J+J) energy sublevels contained 
in (13). Figure 6 shows a conventional representation 
of the sixteen sublevels of the ground level of OH 
(?11;, J=$, 7=4). Similar diagrams, differing in the 
number of sublevels and the size of the A-type doubling 
interval, can be drawn for the other levels of Fig. 4. 
Measured values of va, the A-type doubling frequency, 
range from the 1.7 kMc/sec of Fig. 6 to about 37 
kMc/sec for the “TI, J=11/2 level. 

The A-type doubling permits paramagnetic resonance 
transitions of the electric dipole type, as well as the 
more common magnetic dipole type. The electric 
dipole transitions may be excited by a perpendicular 
(with respect to the direction of the static magnetic 
field) component of the microwave electric field, while 
the magnetic dipole transitions require a perpendicular 
component of the microwave magnetic field. The usual 
paramagnetic resonance selection rules Amy=-1 and 
Am;=0 govern both types of transitions, but the 
corresponding spectra are sharply differentiated by 
the additional selection rules +<> — for electric 
dipole transitions, and + <> +, — <> — for magnetic 
dipole transitions: magnetic dipole transitions take 
place in, electric dipole transitions take place between, 
the two members of the A-type doublet. The complete 
set of paramagnetic resonance transitions in_ the 
ground level of OH is shown by arrows in Fig. 6—solid 
arrows for the twelve electric dipole transitions and 
dashed arrows for the twelve magnetic dipole transitions 
[in general, there are 4/(27+1) transitions of each 
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Fic. 6. Energy sublevels and 
paramagnetic resonance transi- 
tions for O'H, *IIy, J = 3. Magnetic 
dipole transitions (not observed 
in this experiment) are indicated 
by dashed arrows, electric dipole 
transitions by solid arrows. The 
small magnetic field separations 
within the three groups of transi- 
tions are exaggerated for clarity. 
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type |. These arrows are all drawn to approximately 
the same length, to correspond with a constant observ- 
ing frequency of 9.5 kMc/sec. 
arrows thus give a crude prediction of the paramagnetic 
resonance spectrum. Notice that although the magnetic 
dipole transitions cluster about a magnetic field strength 
that corresponds to the molecular g factor, the electric 
dipole transitions are displaced in two groups far to 
either side. The separation of these high- and low-field 
groups is a measure of the A-type doubling interval. 
On comparing Fig. 6 with Fig. 1, one sees the reason 
for identifying one group of absorption lines in Fig. 1 
as the *II;, J=$, (ms)+<> (m;—1)~ electric dipole 
spectrum and another group as the *II;, J=3, 
(my)~ <> (m;—1)* electric dipole spectrum. The other 
two groups of absorption lines in Fig. 1 are identified 
as the *II;, J=$, (ms)+< (m,—1)~ electric dipole 
spectrum and the *II;, J=3, (mys)~< (m;—1) 
electric dipole spectrum in an exactly similar way. 
For these latter two molecular levels the A-type 
doubling intervals are so large that only one group of 
electric dipole transitions can be observed at X-band 
frequencies and magnetic field strengths below 11 
kgauss. The identification of the absorption spectrum 
in Fig. 2 as the *II;, J= 3 electric dipole spectrum of 
OD is clear from its similarity with the corresponding 
spectrum of OH. The A-type doubling interval is 
smaller, but this is to be expected for a heavier, more 
slowly rotating molecule. The total number of lines, 
eighteen, is correct for a nuclear spin of unity, cor- 
responding to the deuteron of OD. 

The spectra of Figs. 1 and 2 include all of the 21, 
electric dipole spectra that are predicted to fall within 
the range of our instrument. Also predicted, but not 
observed, are spectra of two OH °II, levels (J=% and 
J =), as well as the magnetic dipole *Il;, J = 3 spectrum 


2/9 


The abscissas of the 


for both CH and OD. Because of the low expected 
intensities of these spectra, the failure to observe them 
is not surprising. The more intense of the two I, 
spectra, originating in the J 
absorption signals over 120 times weaker than those 
observed for the corresponding “II; spectrum: the 
electric dipole transition probability is nearly nine 
times smaller,' the level population is two times 
smaller, and the g factor seven times smaller. The 
effect of the smaller g factor is felt not as a reduction 
of the over-all intensity of the spectrum, but rather as 
an inversely proportionate increase of the width, 
measured in magnetic field units, of each absorption 
line. The magnetic dipole spectra, on the other hand, 
should be reduced in intensity approximately by the 
ratio (um)?/(ue)?, where um is the molecular magnetic 
moment and y, the electric dipole moment; for a 
magnetic moment of one Bohr magneton and an 
electric moment of 1.5 Debye units,™ this ratio is 
5X 10-*. Implicit in these intensity comparisons is the 
assumption that the microwave field intensities are 
equal in each case, and thus that the transition prob- 
abilities are proportional to the squares of the dipole 
moments. In principle one can equalize the transition 
probabilities by adjusting the microwave power level, 
and thereby increase the strength of the weaker absorp- 
tion signals. However, a large part of this advantage 
is lost if, as in our apparatus, the spectrometer noise 
level increases rapidly with microwave power level. 
For the OH magnetic dipole spectrum, whose line 
positions could be calculated accurately from the 
observed electric dipole spectra, several slow searches 
were made, using a high microwave power level and a 
long output time constant, over a range of magnetic 


. Madden and W. S Chem. Phys. 23, 408 


$ level, should give 


“aPp P 
(1955). 
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field strengths that spanned the predicted spectrum. 
Under these conditions the magnetic dipole spectrum 
of atomic hydrogen, also produced in the water vapor 
discharge, was approximately 3000 times above 
noise, yet no magnetic dipole absorption by OH was 
detectable. 

Analysis. The electric dipole transition energies are 
given by the energy differences hv= W*(ms,mr) 
—W-(m —1, m;) or hv= W~(mys,m;)—W+(ms—1, mr). 
These are, from (13), 


hv= —hvyt+ gst poil+ (g-— gat )m sud 
+K2(2ms—1) (uo5C)*/he 
+[Ki—K3—3Kymy(my—1) ](uo3)*/ (he)* 
+[A1—(2my—1)Ase |mz, 


and 


hv=+hyytgs-uoi— (gy-— gst )m spoil 
+Ko2(2m s—1) (uo5l)?/he 
+[Ki—K3—3K ym s(ms—1) ](uo3)*/ (hc)? 


+[Ai+(2my—1)A2 |mz, (15) 


where m; may take on any of the values J, 7—1, --- —J, 
but m, is limited to the values J, J—1, --- —(J—1). 
The spectra are observed by varying the magnetic 
field strength to bring successive transitions into 
resonance at the constant microwave frequency v. For 
v>va, the high-field transitions are given by (14), the 
low-field transitions by (15). If v4 is appreciably larger 
than v, (15) cannot be satisfied at any field strength, 
and the corresponding spectrum will not appear. The 
third term in each of these resonance equations is a 
rather interesting manifestation of the L uncoupling 
phenomenon, This term displaces the spectral lines in 
much the same way as does the following term, which 
arises from the quadratic Zeeman effect. Since the two 
terms subtract in one resonance equation and add in 
the other, the resultant line splittings in the low-field 
spectrum may differ considerably from those in the 
high-field spectrum. The two *II;, J= $ spectra of OH 
in Fig. 1 give a striking visual demonstration of this 
effect. In the low-field spectrum the L uncoupling effect 
opposes the quadratic Zeeman effect and condenses the 
spectrum to three nearly superposed hfs doublets; in 
the high-field spectrum the reverse occurs and the line 
splittings are enhanced. The same effect appears, 
although not as strongly, in the OD spectrum of Fig. 2. 
In the remaining spectra of Fig. 1, the relative con- 
tributions of L uncoupling and quadratic Zeeman 
effects to the line splittings are less easy to assess, since 
one of the two electric dipole groups is missing in each 
case. Nevertheless, the two effects can be distinguished 
experimentally by their different dependence on 
magnetic field strength : comparisons of spectra recorded 
at different microwave frequencies show that L un- 
coupling contributes roughly 90% of the line splittings 
in both the J= } and J=$ spectra. These observations 
on the magnetic field dependence of the line splittings 
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also served to indicate the correct assignment of my 
values to individual lines. Because the hfs splittings 
showed no observable field dependence, an element of 
ambiguity remained in the experimental assignment of 
m, values; this ambiguity limits the analysis only to the 
extent that the sign of the hfs constant A; cannot be 
determined from the experiment alone. The specific 
assignment of m, values in Fig. 1 and Fig. 2 is based 
on the discussion of Sec. IV. 

For numerical analysis of the spectra, (14) and (15) 
were rewritten by inserting the nuclear magnetic 
resonance relation hv;=g;uo}X. Values used for: the 
nuclear g factors were g;(H')=—2/(657.469+0,009)* 
and = g7(Li’) = (0.388636+-0.000008)¢,(H').25> To the 
desired accuracy, corrections for electronic shielding 
and bulk diamagnetism of the nuclear resonance sample 
are negligible, and were not made. On substituting 
values of vy measured at the center of each absorption 
line, together with the measured microwave frequency 
v, one gets a set of simultaneous linear equations, one 
equation for each line of the spectrum, which may be 
solved for the desired molecular constants. These 
constants include the A-type doubling frequency va, 
the molecular g factors gy*+ and g,~, the hfs constants 
A, and Ag, and the coefficient of the quadratic Zeeman 
effect, Ky. The cubic Zeeman effect was found to be 
too small to measure except in the J= } spectrum, 
where it shifted the line positions by not more than 
one linewidth. The experimental results are listed in 
Table II. The results for a given molecular level are 
consistent, within experimental error, with the positions 
of all the lines of the corresponding spectrum, measured 
at two or more different microwave frequencies within 
the range 8.8-9.7 kMc/sec. For the J=} spectra of 
both OH and OD, accurate values of all the constants 
could be found from the complete spectrum observed 
at a single microwave frequency; observations at 
other frequencies were then used to check the original 
results. For the incomplete J= $ and J= 3 spectra, the 
constants were determined by combining the measure- 
ments made at two well separated microwave fre- 
quencies; these values were then checked against the 
spectrum recorded at an intermediate frequency. The 
accuracy of constants determined in this way can be 
rather good if the A-type doubling frequency is fairly 
close to the frequency band of the klystron, for then 
a small change in klystron tuning will shift the para- 
magnetic resonance spectrum by a disproportionately 
large amount. In our case a 6% change in klystron 
frequency led to a 20% magnetic field shift of both the 
J= } and J= 3 spectra, and this allowed a fairly 
accurate determination of the g factors and A-type 
doubling frequencies for both levels. Better g factors 
can be found for the J= 3 level by combining the 
precise value of v, measured by DST with the data of 
the present experiment; these are the values actually 

25H. E. Walchli, Oak Ridge National Laboratory Report 
ORNL-1469, 1953, and Suppl. No. 2, 1955 (unpublished). 
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PasBie IIL. Values of (11) L,|2) calculated from the 


observed ¢-factor difference 


— 
5 
5 


“11; level (gu — gs" exp 


OVWH J=} 0.00129-+0.00002 0.67+0.02 
J=3 0.00188-+0.00008 0.68-+-0.04 
J=3 0.00214+0.00002 0.66+0.01 
OD J=3 0.00051-+0.00002 0.68-40.06 


0.51+0.0 


0.68+0.0 
0.03+0.0. 


3 


shown in Table II for /= }. The hfs coupling constants 
are calculated from the small hfs splittings within 
each group of absorption lines, and hence all the hfs 
constants, including those of the /= 3 and J=$ levels, 
have about the same absolute uncertainty. The listed 
values of A; and A» are the mean results of several 
standard 
errors. The uncertainties quoted with the values of 


1.00+( 
4 84+( 


} 


measurements, together with their statistical 


va and gy are based partly on estimated errors in 
measuring the absolute strength of the magnetic field. 
Arising primarily from imperfect knowledge of the 
small field differential between the position of the 
magnetometer probe and the microwave cavity, these 
errors are unimportant in measurements of the small 
field increments associated with the hfs. 

Two of the A-type doubling frequencies given in 
Table II, those for the /=3 and J=3 levels of OH, 


he zero-field absorption 


n reterence 


have also been measured in t 
experiments! ; at these two points of comparison there 
is satisfactory agreement, well within the experimental 
uncertainties, between the results obtained by the two 
different experimental methods. 


x 
N 
ar 


3.1340.03) x 10-3 
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IV. EXPERIMENT VERSUS THEORY 


1. Zeeman Effect 


(13438.41 +0.05) Mc 


8 +2.0 


In order to calculate theoretical g factors from (8), 
one must have numerical values of t] 
parameter A, the L uncoupling parameters 6, ¢, and », 
and the molecular matrix element (II|Z,)>). The 
microwave absorption experiment of DST provides a 
direct measurement of A, and values of @, ¢, and » can 
be deduced from their measured quantities a, and By. 
It remains to determine (II! L,|2) 

Without accurate electronic wave functions, only a 
crude value of (II| Z,|=) can be calculated from theory. 
Under the rather drastic assumption that L? is a con- 
stant of the motion (the ‘‘pure precession hypothesis’”’), 
with L=1, the matrix element would have the value 
v2/2. The results of DST indicate that this is a con- 
siderable overestimate of the true value. Fortunately, 
(I1| Z,|2) enters strongly into the theoretical g-factor 
differences 


/ 


310.12+0.08 


1666 3440 10 


1e spin-uncoupling 


1343 


using the value vq 


0.93622+0.00003 


0.48623+0.00015 
0.32668+0.00004* 
0.88971+0.00003 


2 spectrum, 


0.32454+0.00004* 
*11y, J =7 


0.93493-+0.00003 _ 
0.48435+0.00015 
0.88920-+-0.00003 


grt—gs = (6gs)1*+— (6gy)L-, (16) 


3 
2 
5 


— 3 


J 
J 


OM’D J 


and thus it can be determined from a part of the 
g-factor data—the observed g-factor differences. Table 
III lists these differences and the values of (II! L,|2) 
derived therefrom. The consistency of the four values 


alculated from the observed 


O'H J 
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TABLE IV. Theoretical g factors and their compactoen with experiment. 





211, level gu° 


OH J 0.93461 +0.00017 
0.48460+0.00012 
0.32482+0.00009 
0.88888+0.00015 


(Sgu)e 


0.00063 
0.00037 
0.00027 
0.00057 


(gz) 


—0.00026 
—0.00046 
—0.00052 
—0.00012 


“uud 


Rojee Bo/ NIE RDIE 


OD . 


~~ SS 





WGga)u4+ 


(Oy) th 


0.93624+0.00019 
0.48586+0.00014 
0.32590+0.00011 0.00028+0.00015 
0.89016+0.00016 0.0007 1+0.00019 


+ (6gy)1~ J 


0.001 26-40. 00002 
0.00135+0.00002 
0.00133-0.00002 
0.00083+0.00001 


(gs) th— (9s )exp" 


0.00067 +0.00022 
0.00057 0.00029 


* Uncertainties given here are the sums of all uncertainties experimental in origin. In addition to errors in the measurements of (Zs)exp, these include 
experimental errors in values of \ and (II|Ly|2) used in calculating the theoretical g factors. 


is strong evidence for the correctness of the L 
uncoupling theory, and also shows that the electronic 
wave functions of OH and OD are, as might be expected, 
essentially the same. 

From Table III we take the value of (II|Z,/Z) to 
be 0.67+0.01 (as compared to the pure precession 
value 0.707). Using this, and the values of \, a, and 6, 
measured by DST, the theoretical g factors listed in 
Table IV are calculated from (8). Since half the 
experimental g-factor data has been used already to 
determine (II|Z,|2), only the four mean g factors, 
Gs=(gst+gs-)/2, are given. The major source of 
error in these theoretical g factors is the experimental 
uncertainty in the values of A used to calculate g,°. 
The discrepancy between theory and experiment, given 
by the last column of Table IV, is well outside the 
combined theoretical and experimental errors. 

Table V contains theoretical values of the A-type 
doubling frequencies and coefficients of the higher order 
Zeeman effects. The A-type doubling frequencies are 
calculated from the formulas of DST, including 
centrifugal distortion effects, and agree fairly well, 
probably within theoretical error, with the measured 
values. The theoretical values of the Zeeman co- 
efficients Ky, K,, and K3, calculated by the method 
described in Sec. III, agree with the experimental 
values in Table II. 


2. Hyperfine Structure 


On substituting the three values of A; measured in 
OH into (12b), one obtains three equations linear in 
the three hfs constants a, 6, and c. Unfortunately, 
these equations are not sufficient to determine all 
three constants accurately: although the equations are 
independent in the physical sense of arising from three 
different rotational energy levels, they are arith- 
metically independent only to the extent (in this case 
small) that the vector coupling scheme differs for the 
three levels. This difficulty is alleviated if one assumes 
that the same electrons are responsible for both the 
orbital and spin contributions to the hfs, for then, as 
is apparent from the definitions of a, c, and d, one has 
the further relation c=3(a—d). 

The value of d to be inserted in this relation may be 
found directly from the observed hyperfine doubling: 
from (12b) and the values of |A:| in Table II, it is 
d(OH)=56+7 Mc/sec. Hyperfine doubling effects 


were larger in the experiment of DST, and allowed a 
more accurate determination of d. Using their value, 
d(OH)= (57.041.5) Mc/sec, the remaining hfs con- 
stants are found to be” 


a(OH)= 48.7+0.5 Mc/sec, 
b(OH)= 113.6+0.6 Mc/sec, 


c(OH)= —25+5 Mc/sec. 

The relativistic hfs contribution, given by b+c/3, 
is 105+3 Mc/sec. The values of a and ¢ above depend 
rather strongly on the validity of the assumption 
c=3(a—d), and the quoted errors arise from the 
uncertainty in the value of d; the value of b, however, 
is essentially independent of this assumption, and here 
the quoted error is of experimental origin. The con- 
sistency of these values with all the available experi- 
mental data, including a measurement by DST of the 
hfs in the J=9/2 level of OH, is shown in Table VI. 
With the exception of the J=9/2 level, where the 
discrepancy is twice the experimental error, the 
numerical consistency of the calculated and measured 
values of A; is excellent. The comparison for OD 
shows again the practical identity of the electronic 
wave functions in OH and OD. Notice that the cal- 
culated values of A;, in contrast to the measured 
values, are complete with sign; these signs have been 
used to assign my values to the spectra of Figs. 1 and 2. 

From the definition of the hfs constants a, b, and c, 
and from the numerical values above, the following 


TABLE V. Theoretical values of the A-type doubling 
intervals and the Zeeman coefficients. 





211; level», (Mc/sec) K. Ky Ks 


OH 


3 1665. bas 
5 6022.8 
7 
3 
2 


3.16 10-* 
0.23 X 10-3 
0.37 X 10% 
3.77 X10 


13431.8> 
OD 308.7 


J= 

J= 

Jal 4.2X10- —3.2x10-5 
j= 





* Taken from reference 2. > Taken from reference 1. 


258 Note added in proof. Recent observations of *IT; spectra show 
that the assumption c=3(a—d) is not at all valid for OH, and 
that these hfs constants are therefore incorrect. A preliminary 
analysis of the combined *IT, and *Iy hfs data yields the new values 
a(OH) =85.6 Mc/sec, (OH) = 117.4 Mc/sec, and c(OH) = — 103.0 
Mc/sec. This change does not alter the calculated values of Ai 
in Table VI, but it does alter drastically the derived values of 
({1/r3),v and ((3 cos?x—1)/r®),y, and, to a smaller extent, ¥?(0). A 
forthcoming paper will describe the *ITj measurements in detail. 
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TABLE VI. Magnetic hyperfine structure coupling constants 
calculated from Eq. (12b) of the text, using the values 
a(OH)=48.7 Mc/sec, 6(OH)=113.6 Mc/sec, c(OH)=—25 
Mc/sec. All entries in Mc/sec 


(A) cak . | eale— | Arlexp 
+0.02 
0.00 
—0.01 
+0.16* 
-0.04 


27.03 
5.39 
—(0).99 
on 3 29 
4.80» 


NM NNN be 


*In reference 1 the hfs interval Av, =31.324+0.8 Mc/sec measured in 
the J =9/2 level is equal to (2J+1)!Ai! in the present notation; i.e., 
from reference 1, |A1| =3.13+0.08 Mc/sec for J =9/2 

> Calculated from the relation a(OD) =[g;(D)/gz(H) Ja(OH) and corre- 
sponding relations for b(OD) and ¢(OD). 


molecular constants for OH are derived: 

(1/r°).v= (0.616+0.006) x 1024 cm, 
— (0.21+0.04) x 10% cm-*, 
(0.184+0.004) « 1074 cm=, 


((3 cos*x — 1) rT” dan 


Ww? (0) 
To these may be added the result 


((sin?y)/r*),y= (0.490-+-0.009) x 1074 cm-* 


derived by DST from their measured value of d. 
These constants give a rather complete description of 
the unpaired electron distribution about the hydrogen 
nucleus. In view of the excellent consistency of the OH 
and OD hfs measurements, the same constants may 


also be considered to apply to OD. This is further 
supported by the essential identity of (sin*y/r*),, in 
OH and OD, as observed by DST. 

In the ground electronic configuration of OH, 


(1sa)?(2so)?(2po)?(2pe*)*2pr-, (17) 
the hyperfine interaction would involve only electrons 
in the w* orbitals, These orbitals are represented in 
the LCAO (linear combination of atomic orbitals) 
scheme by 2p* one-electron wave functions of atomic 
oxygen. Aside from their dependence on azimuthal 
angle the two functions are identical; this is the 
theoretical basis for the assumption c=3(a—d). This 
LCAO representation of the molecular wave function 
is moderately successful in predicting the gross elec- 
tronic energies of OH,”* and also accounts in a rough 
way for the observed hyperfine structure: using a 
Slater-type 2p oxygen orbital?’ and an internuclear 
distance of 0.9706 A,'® we calculate (1/r*),,=1.1> 104 
cm~ and (sin*y/r*),y=0.40 10% cm-*. The value of 
¥°(0) predicted by this wave function is, however, 
identically zero. More accurate LCAO wave functions 
have been constructed by superposing excited con- 
figurations, containing unpaired o electrons, on the 
ground configuration (17), and by introducing a semi- 
empirical correlation correction, adjusted to give the 
correct energies of the separated atoms.2* The un- 

*6 M. Krauss and J. F. Wehner, J. Chem. Phys. 29, 1287 (1958). 

27 R. G. Breene, Jr., Phys. Rev. 111, 1111 (1958) 
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paired o electrons of the excited configurations give a 
nonvanishing value of ¥*(0) at the hydrogen nucleus, 
but the predicted relativistic hfs constant is only 7.5 


Mc/sec, as compared to the observed 105 Mc/sec. 
V. DISCUSSION 


The theoretical g factors of Table IV all differ from 
the measured values by about 0.1%, many times the 
experimental uncertainty. Obviously there must be 
rather serious defects in either the Zeeman operator 
(1) or in the angular wave functions (2), (4), or perhaps 
in both; we examine these in turn. 

The Zeeman operator is known to be deficient only 
through its disregard of relativistic effects. In diatomic 
molecules, as in atoms, relativistic corrections may 
enter in two ways: through a velocity dependence of 
the electron magnetic moment and through small 
changes, induced by the external magnetic field, in the 
normal velocity-dependent (spin-orbit, 
for example) of electrons. The explicit form of these 
corrections for the central field case has been derived 
rigorously from the Dirac-Breit equation.’ In numerical 
calculations for light atoms the first effect, the relati- 
vistic alteration of the electron magnetic moment, 
has been found to dominate; the remaining corrections 
are smaller and tend to cancel other. In the 
absence of a relativistic quantum theory of the two- 
center problem, no such accurate calculation can be 
made for diatomic molecules. However, the relativistic 
alteration of the electron moment can be estimated 
from classical theory, simply by including the velocity 
dependence of the electron mass. The resulting expres- 
sion for the electron magnetic moment is yo(gil+g,s) 
xX (1—T/mce*), where T is the kinetic energy of the 
electron; the rigorous treatment of the central field 
case gives the same result. For the predominant (7) 
electron configuration of OH and OD, the relativistic 
correction to the Zeeman operator becomes 


mc) (L+-2S) -&, 


interactions 


eac h 


~ pho | i’ 
where (7) is now the mean kinetic energy of a single 
m electron. The corresponding g-factor correction is 
—gs°(T)/mc*. A glance at the last column of Table IV 
shows that this is the sort of correction required to 
bring the theoretical g factors into line with experi- 
ment, provided that (7)/mc? is approximately 1X 10~. 
However, this value would be unreasonably large: the 
mx orbitals of the hydroxyl radical are represented 
rather well by the 29 orbitals of the oxygen atom, for 
which*® (T)/mc?= 1.3 10~*. It seems clear that relati- 
vistic corrections can account for only a small fraction 
of the discrepancy between the theoretical and 
measured g factors. 

Further errors in the Zeeman operator may arise 
from the use of incorrect numerical values for the 
electron g factors g; and g,, and the nuclear rotational 


*8 A. Abragam and J. H. Van Vleck, Phys. Rev. 92, 1448 (1953). 
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TABLE VII. Theoretical OH g factors calculated with \= —7.500+0.005 and including estimated relativistic corrections. 





*1y level gu° 


Sum of correctionsfrom TableIV = -- g°(T')/me* 


(9s) th (91)t»— Qa)exp * 





0.93406+0.00005 
0.48415=.0.00004 
0.32444+0.00003 


OWH J=} 
J=3 
J=i 


0.00163+0.00002 
0.001262-0.00002 
0.00108+0.00002 


—0.00012 
—0.00006 
—0.00004 


0.93557 0.00007 0 
0.48535=-0.00006 0,00006=+-0.00021 
0.32548+0.00005 —0.00014+0.00008 





* Uncertainties estimated as in Table IV. 


g factor gy. The value g;=1, for instance, is strictly 
correct only for a free electron; the effective orbital 
g factor of a molecular electron may differ slightly 
from unity because of relative nuclear motion. This 
effect has been calculated for atomic oxygen,?* and the 
orbital g factor was found to be g:= 1+0.11 m/M, where 
M is the mass of the oxygen nucleus. A correction of 
similar size (or even an order of magnitude larger) for 
the hydroxyl radicals would affect the theoretical g 
factors to a completely negligible extent. The nuclear 
rotational g factor can also be ruled out as the source 
of the 0.1% discrepancy : the nuclear rotation correction 
to the molecular g factors, (5gy)w in Table IV, is small 
and approximately the same for each rotational level. 
Thus gy would have to be larger by a wholly unlikely 
factor of two or more to account for any one of the 
four measured g factors, and only one of the four could 
be so accounted for by a single new value of gy. The 
remaining question, then, is whether it is correct to 
use the free-electron value of z, in computing the 
molecular Zeeman effect. Certainly there are compelling 
reasons for doing so: the many measurements of atomic 
g factors and the measurements of the molecular oxygen 
and nitric oxide g factors all indicate that, in either 
the atomic or molecular environment, the anomalous 
part of the electron spin moment couples to a magnetic 
field in the same way that the predominant Dirac part 
of the moment does. Nevertheless, it is interesting to 
observe that the theoretical g-factor corrections for 
the anomalous part of the spin moment, tabulated as 
(gz). in Table IV, are numerically quite similar to the 
discrepancies (97)th—(Qs)exp given in the last column. 
It is clear then, that if there were no reasonable 
doubt in the quality of the wave functions used in the 
g-factor calculations, the results of this experiment 
would constitute negative evidence for an anomalous 
electron spin moment in the hydroxyl radicals. 
Regarded as a measurement of the spin g factor, the 
experiment would yield the result g,(OH)=g,(OD) 
= 2.0000+0.0002, where the uncertainty has been 
chosen large enough to account for poor knowledge of 
the relativistic corrections. This value is of course 
precisely the spin g factor of a theoretical Dirac electron. 
To understand this result one would have to assign to 
the anomalous part of the spin moment special proper- 
ties not shared by the Dirac part of the spin moment 
properties that are displayed in the hydroxyl radicals 
but not in molecular oxygen and nitric oxide nor in 
paramagnetic atoms. Clearly, this point of view would 
be tenable only with a great deal more supporting 





evidence than is now available. 
examination of the wave functions. 

There can be little doubt that the form of the 
angular wave functions (2) is correct, nor that the 
amplitudes (4) are correct, to sufficient accuracy, as 
written. The one point where serious error can enter 
is in the use of an incorrect numerical value for A, the 
spin uncoupling parameter. Errors in the L uncoupling 
parameters should be of no practical importance, since 
these parameters affect only the correction terms 
(6g7)c*; although these corrections are fairly large, 
their: accuracy has been verified adequately by the 
measured g factor differences.*** The precise value of A 
is important only in the calculation of gs°, and even 
gy° is not very sensitive to A: a 0.1% change in the 
theoretical g factors would require almost a 1% change 
in the experimental value of \ quoted by DST; this is 
far outside their experimental uncertainty. Neverthe- 
less, it is significant that a single new value of \ can 
found that brings all three of the theoretical OH 
g factors into much better agreement with experiment. 
Table VII illustrates this improved consistency when 
is taken to have the value —7.500+0.005, instead 
of —7.444+0.017 as given by DST. This new value 
was calculated from the measured g factor of the J=$ 
level, after subtracting the theoretical corrections listed 
in Table IV and, in addition, the relativistic correction 
discussed above, with (7)/mc?=1.310~. If one ad- 
justs the theoretical OD g factor of Table IV in the 
same way to secure agreement with experiment, the 
new value of \(OD) turns out to be —14.08-+-0.01, as 
compared to the value — 13.954+0.032 given by DST. 

Accordingly, if the quantum electrodynamic correc- 
tion to the theoretical g factors is taken to be correct, 
there is a serious discrepancy between hydroxy] radical 
functions derived from the measured Zeeman effect 
and those derived from the measured A-type doubling. 
This is particularly disturbing because of the similarity 
of the two experiments, both in experimental technique 
and in the transitions and molecular levels involved. 
However, this interpretation appears to draw support 
from earlier measurements on the ultraviolet emission 


We turn to an 


28a Note added in proof. The recent observations of *ITy spectra 
also show that the absolute values of the g factors, although not 
the g-factor differences, are perturbed slightly by highly excited 
molecular terms disregarded in Sec. III. By restricting attention 
to a single excited = term we fail to account completely for the 
component of L in the direction of N. A semi-empirical correction 
to the g-factor theory removes all discrepancy with experiment 
provided the new value \= —7.504+0.003 is used for the spin 
uncoupling parameter. 
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spectra of the OH and OD radicals, which yield the 
results \(OH)=—7.547," and A(OD)=—14.10." In 
rough agreement with our observations of the Zeeman 
effect, these values are in fact about 1% larger than 
those measured by DST (although they are considered! 
to be uncertain by nearly the same amount). On the 
basis of this optical evidence, and lacking more precise 
evidence to the contrary, we conclude that sufficient 
faith cannot be placed in the wave functions to allow 
one to regard the g-factor discrepancies in Table IV 
as significant. 

Another, less serious, point of disagreement between 
this experiment and that of DST exists in the hfs 
measurements; this is illustrated by Table VI, where 
the value of |A,| measured by DST for the “Ij, 
J=9/2 level is seen to be somewhat inconsistent with 
the values of a, 6, and c derived here. In the face of 
recognized theoretical errors originating in the neglect 
of off-diagonal hfs interactions, this disagreement 
probably has only marginal significance. The over-all 
consistency of the hfs measurements with the theory 
of Frosch and Foley is quite satisfying. 

The size of the relativistic hfs interaction, surprisingly 
large, might have been predicted from recent electron 
paramagnetic resonance studies of y- and #-irradiated 
ice.* There a trapped radical species is found, identified 
as OH by isotopic substitution, that yields a simple 
two-line spectrum centered near the position of the 
spin resonance of free electrons. Apparently, inter- 
actions with the solid ‘‘quench” the electronic orbital 
angular momentum of the trapped radicals, leaving a 
single Kramers-type doublet as the ground electronic 
level. In the resulting absence of a strong spin-orbit 
coupling of the electron spin to the molecular axis, the 
first order hfs interaction should be isotropic, repre- 
sented by AJzSz, where the Z axis is fixed by the 
applied magnetic field. Both the relativistic and the 
dipole-dipole interactions contribute to the coupling 
constant A but, as in the free radical, the dipole-dipole 
contribution should be small, probably less than 15 
Mc/sec, because of the relatively large separation of 

2S. Siegel, L. H. Baum, S. Skolnik, and J. M. Flournoy, J. 
Chem. Phys. 32, 1249 (1960); L. H. Piette, R. C. Rempel, H. E. 
Weaver, and J. M. Flournoy, J. Chem. Phys. 30, 1623 (1959); 


R. Livingstone, H. Zeldes, and E. H. Taylor, Discussions Faraday 
Soc. 19, 166 (1955). 
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the unpaired electron distribution from the hydrogen 
nucleus. The measured hfs coupling constant of the 
trapped radical is 110+5 Mc/sec; clearly the relativistic 
interaction is responsible for most of this. The experi- 
mental equality of this value with the measured 
relativistic interaction in the free radical is rather 
suggestive, but without more definite information on 
the dipole-dipole interaction in the trapped radical the 
two values should not be compared too closely. Never- 
theless, the hfs measurements of the present experiment 
lend strong support to the identification of the para- 
magnetic centers in irradiated ice as trapped OH 
radicals. 

In spite of the considerable intensity of the absorption 
spectra observed both here and in the experiment of 
DST it seems clear that the concentration of OH 
radicals in the products of an electric discharge in 
water vapor is, at least in our case, really very small, 
much less than the lower limit of 3% estimated by 
DST. This conclusion follows directly from the un- 
detectability of the OH magnetic dipole spectrum under 
conditions where the atomic hydrogen absorption 
signals are roughly 3000 times the spectrometer noise 
level. If one assumes an atomic hydrogen concentration 
as high as 50%, and allows for differences in linewidths, 
level populations and magnetic moments, an upper 
limit for the OH concentration, under optimum pressure 
and discharge conditions, would be about 1%. The 
fractional condensation experiments described in Sec. 
II, in which the width of the OH absorption lines was 
found to be independent of their intensity, are con- 
sistent with this estimate. Further support is provided 
by earlier intensity measurements on the ultraviolet 
absorption by OH,” the radicals again produced by an 
electric discharge in water vapor: for a total pressure 
of 1 mm Hg the partial pressure of OH was estimated 
to be 10-* mm Hg. Since the concentration estimates 
of DST depend critically on the value used for the 
electric dipole moment of OH, it appears likely that the 
true value is somewhat larger than 1.5 Debye units, 
the value used in their estimates; theoretical predic- 
tions”* of the electric moment range from 2 to 3 Debye 
units. 


% Q. Oldenberg and F. F. Rieke, J. Chem. Phys. 6, 439 (1938). 
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Two alternative schemes are proposed for the determination of electronic self-consistent field (SCF) orbitals 
in atoms and molecules. They are designed to be applied principally to electronic configurations consisting 
of two open shells. Both schemes are based upon the idea that the SCF orbitals are expanded in terms of 
adequate basis functions but they are different in the way of solving the SCF problem. An attempt is made 
to rate relative merits of both schemes, though they have not yet received any actual application. 





I. INTRODUCTION 


WO alternative formulations of the analytical 
method are presented for solving the Hartree- 
Fock self-consistent field (SCF) problem in atoms and 
molecules. The first one is an explicit exposition of the 
treatment described in a previous paper! (hereafter 
referred to as I) and is a direct generalization of the 
Roothaan procedure. The second one is closely con- 
nected with an idea indicated in the fourth section of I 
and here the idea is developed to the ultimate point. A 
rough statement of the applicability of these two 
methods is as follows. The first one covers various 
electron configurations with two open shells of different 
symmetry species, while the second one can be applied 
to two open shells of same as well as different symmetry 
species. A simple molecular example: the electron con- 
figurations (17,)"“(1r,)% and (1r)”(2xr)" (1<M, 
N <3) can be handled with the second method but 
only (17,)”“(1x,)*% with the first one. An obvious 
advantage of the first method over the second one is 
its more or less established practicability since the 
Roothaan procedure has already been used efficiently 
for atomic and molecular calculations. This does not, 
however, imply that the second method could be 
practically useless. It seems formidable for desk calcu- 
lations but we may reasonably hope that it is well 
within the reach of modern automatic computers. 
Among other works on the present subject a recent 
paper by Lefebvre*® should be mentioned, in which he 
adopts a different approach to the subject. Apparently 
the methods described in the present paper seem to 
have a wider range of applicability than Lefebvre’s 
one, but the comparison between them should be based 
upon actual experiences of applications to various 
electronic systems of practical importance. 


2. SPECIFICATION OF PROBLEM 


We consider electronic systems of the following 
specifications : 


* This work was assisted by the Office of Naval Research. 

+ Permanent address: General Education Department, Kyushu 
University, Fukuoka, Japan. 

1S. Huzinaga, Phys. Rev. 120, 866 (1960). 

2C. C. J. Roothaan, Revs. Modern Phys. 32, 179 (1960). 

* R. Lefebvre, Cahiers phys. 110, 1 (1959). 


(1) The total Hamiltonian X is given by 


X=). A (u)+3> ux (1/rw), (1) 


Hu) is the nuclear field plus kinetic energy operator 
for the uth electron, and r,, the distance between the 
pth and the vth electron. 

(2) The total wave function @ is, in general, a sum 
of several Slater determinants ¥, : 


$=) ).CM,, (2) 


where the C,’s are fixed coefficients. Each ¥, is an 
antisymmetrized product of one-electron functions or 
orbitals { ¢,}, some of them being doubly occupied and 
others singly occupied. Since we use the spin-free 
Schrédinger Hamiltonian, the C,’s may be determined 
by requiring that the function @ is the simplest of wave 
functions which belong to a certain spin-multiplicity. 
The orbitals {g;} may be assumed, without loss of 
generality, to be mutually orthogonal. In referring to 
the individual orbitals, we use the indices k,/ for the 
closed-shell orbitals, m, for the open-shell orbitals, 
and i, j for orbitals of either group. 

(3) The expectation value of the energy is given by 


E=(@|3¢|®)/(@|), (3) 


where 


@la)= f-- fore Tar, (4) 


(@|se|a)= f --- f exe av, (5) 
“ 

It is usual to normalize functions in the following way: 

(gi ed= [ eed =a, (6) 


(6|)=1. (7) 


Now we specify the explicit formula of the expec- 
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tation value of the total energy: 


HUZINAGA 


E=2 Le Ait>d: >: (2Jni— Kir) + f[2 > = Hutf yo a (24J mn—OK mn) +2 ar Bw (2Jim— Kim) | 
+f'[2 dom Hm +f’ Som Sow (20 mw — 0’ Kvn )A2 Se Som (2m — Kiem) J+2f6f' Sm Em Imm (8) 


Two sets of subscripts, (m,n) and (m’,n’), are used 
here in order to distinguish the two open shells which 
we are concerned about in the following formulations. 
a, b, f, and a’, b’, f’ are numerical constants depending 
on the specific case. The first two sums in Eq. (8) 
represent the closed-shell energy, the next two sums 
the energy of the first open shell, and the fifth sum the 
interaction energy between the closed and the first 
open shell. The next three sums are related to the second 
open shell and have analogous meanings to those of the 
foregoing three sums. The last sum represents the 
interaction energy between the first and the second 
open-shell. H;, J;;, and K,; are defined as usual: 


H;=(¢;| H| ¢;), (9) 
J i= (¢ J; ¢i}= 


(10) 


K,;=(¢:| K;\¢ (11) 


and 


1wew=| f eo)e.o( reddV,} ots, (12) 


KWew)=| f e*oreoa reddV, les). (13) 


The last term in Eq. (8), 2ff’ Somm: Imm’, cannot be 
given an explicit and general expression. It depends on 
the specific case. In some cases, it is expressed as a 
linear combination of J;; and K;; but this is not always 
true. (See I for more detailed discussions.) 

Now our problem is to find the method by which we 
can get the “best” orbitals {¢,}, that is to say, the 
orbitals which minimize the expectation value of the 
total energy. This is achieved by applying the vari- 
ational principle to Eq. (8). In I, we derived a set of 
equations (the Hartree-Fock equations) to be satisfied 
by the orbitals { ¢;} and those equations were essentially 
partial differential equations in three dimensions. 

In the present paper we adopt a different line of 
approach to the actual procedure of variation, an 
approach most extensively developed by Roothaan.’? 
The idea is to expand each orbital ¢g; in terms of a given 
set of suitable basis functions X,: 


X pf 


Oi= 2 aX pi (14) 
This expansion leads to a variational problem for the 
coefficients {C;} and this time we deal with a set of 
algebraic equations instead of partial differential 
equations. The possible merits of this procedure are 
discussed by Roothaan in his recent paper.’ 


3. FIRST METHOD 


We start by imposing a further restriction on Eq. 
(8), in that the two open shells should belong to 
different symmetries. It is also necessary to divide the 
whole family of closed shells into two groups. The first 
group {¢x} contains all the closed-shell orbitals which 
have the same symmetry property as that of the first 
open-shell orbitals {¢,}; the second group { ¢-} con- 
tains all the closed-shell orbitals which have the same 
symmetry property as that of the second open-shell 
orbitals {gm}. If there are remaining closed-shell 
orbitals of symmetry species different from both { ¢m} 
and {¢m’}, those closed shells can be grouped either 
within the first group or within the second one. 

Following Roothaan,? we introduce the notation 
¢rai in lieu of g;. In general, \ or yu refers to the irre- 
ducible representation, or symmetry species; a or B 
refers to the subspecies, that is, it labels the individual 
members of the degenerate set that transforms ac- 
cording to the representation \; and i (or j,---) isa 
numbering index which labels orbitals which cannot 
be distinguished by symmetry any more. Correspond- 
ingly, we introduce symmetry basis functions X,qp». 
Each occupied orbital of a given species and subspecies 
is a linear combination of the basis orbitals of the same 
species and subspecies, and the expansion coefficients 
are independent of the subspecies, in order to guarantee 
that a degenerate set of occupied orbitals has the correct 
transformation properties. Hence 


Prai= Dp Xrapl api: (15) 


Here and in the following, the {C,,;} are considered to 
be real. If we normalize gq; to unity, then 


! ‘ f ! \ | 7 
(Pra | Praj) = L pa ( Api(Xrap|Xrag iC Agj— Oij- 
This can be written as 
Live CrpiS rplrai= 5:3, 


Dive =d) a a ken Xyagq)s (17) 


(16) 
where 


Here d, is the dimension of the representation \. Fol- 
lowing Roothaan,? we modify the normalization con- 
ditions for {C,,} in the following way: 


Live Cy pk) pal hal 
Live ( apm) dpa PY qn 

> pa ( igus Sr’ pol \ ar f'dy Om’? ty 
Dee Crappie ren =O, 


a PY 


db; l; 


fhm ° 


> pe Cr pe Sn’ pal "\' qm’ = 0. 


These conditions constitute the constraints for the 
variation process of the energy formula. It should be 
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noted that it is not necessary to include the conditions 
between {Cypm} and {C)-pm} as constraints because 
these two open shells belong to different symmetry 
species. 


SELF-CONSISTENT 
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Our next task is to get the expression of the total 
energy £ in terms of {C),;} specified as above. This is 
done straightforwardly with due attention to the 
normalization conditions (18) which are a bit unusual: 


E=2 Dia Line De Crpe(Arpethe,rpe)Crge t+ Dr D pe Dok Dow Lore Dt CrpaC prt(29npa.nre— Krpe.nre)C pet rok 
$223 200 se Cipe Breet hana} ba 2st ue oe Ln Crp urn(269rpe. re OK ive. are ped hem 
Pe ee ee DB CrgaC pen(2Grpe.nro— Kipe, are) penCreat 2 5.» >. pe Dk’ Cy pe’ pC’ gk? 
tw Vie De Dew Dre Dv Cr per Cw rv (29w pew're— Kw pa.w'eaC wav Cy gk +2 Dv Lipa Lom’ Cr pm’ Hy’ pgCv’ am’ 
FL Live Lm Lew Dre Ln CrrpmC wren’ (20! Gr’ pa,u’re— b' Ry’ yo, u're Cp’ an’Cr’ am’ 


+2 >» Lv De pe Le Lew Cy parC ren’ (29n' pe, u’ra— Kr’ pg, wre dC pan'Cr’ gk’ 


where 


he.rpa= Dw Zee Li Cyrvit (2Yrpe.n're— Kage, n're)C pai’, 
ho \pq— = > De Cyrre (29rpe.u're— Krpa.w' ra pak FD, p’ —_ a» G wen Tine pied pients 


Hy\pg=dy Le (Xrap| 1 |Xraa)s 


Sdpa.urs= (d)d,)" >. af Mins tase arta) 1 1 12)Xraq( 1 )X wae(2)dV dV 2, 


Ky pe,urs== (d)d,)! > «8 Xrap*(1)X yar*(2) (1 112)X pas(1)Xrag! 2)dV dV 2. 


It is not possible to give here a general expression for 
Tipe.ure and a proper expression must be sought in 
each case. This is not a difficult task in most cases. In 
many cases of practical interest it is expressed as a 
linear combination of Jrpo,ure ANd Krpg, yrs: 


7 ipe.ave =A Srv aret Dating. ares 


though this does not exhaust all the important cases. 
It is easily seen that Jrpg.urs ANd Krpe,yrs are Sym- 
metrical for the exchange of indices Apg+> urs, and 
Hermitian for the simultaneous exchange p> 9, rs. 
Since these properties are required for the successful 
derivation of the necessary equations, T\p¢,urs Should 
also have the same properties. This is all we need for 
the formal development of the present treatment. From 
the practical point of view, however, we put forward 
further requirements on their mathematical properties, 
which turn out to be of great help to reduce the size of 
the whole numerical procedure. First, we require that 
Srpe.urss Krpq.ure, ANd T)p¢,ure Should all be real. The 
second requirement is that they should be symmetrical 
for the independent exchanges p<«>q and r«+s. This 
is usually achieved through a proper symmetrization 
procedure, for example: 


Krpa.urs 3(Krpe,uret+ Krpe,uer)s (26) 


as discussed in a paper by Roothaan, Sachs, and Weiss.‘ 
These two additional requirements do not constitute 
any serious restrictions for the actual applications 
planned for the future. 

It seems convenient to list a number of equations 
which we need later in the course of the derivation of 


‘*C. C. J. Roothaan, Lester M. Sachs, and A. W. Weiss, Revs. 
Modern Phys. 32, 186 (1960). 


(19) 


(20) 
(21) 


(22) 
(23) 
(24) 


the Hartree-Fock equations for the linear coefficients 
{C) pi}. First we define the following various quantities: 


Derpa= 2k CrpkCraks 
Do.r2a= Lm CipmCram; 
Dr rpq= Derrqt Do, x32: 
Jcarpa= p sal Lew Gio ust, nies 
Jo.Arpq= > Lure Irpa.ureDo,urey 
Ke.vpq= on Lute Krpa.ureDe, urs, 
Ko.rpq= y Lure Kypa.ureDo,ure- 
hy pq= herp ho, dpe: 
Avpqi=ax ‘ ins Sigel rad heehee 
dy Fuso BrpuC rucC rwiSrwe, 
Bigat = dy a Srewl ruiC roi O.dwe 
+4," y em Jo, rad ied roeS neve, 
Meir F ew SrpeCruCrwikKo,rwe 
ty ¥ uw Ko rpuCruiCrwiSrwg- 
Ac.rva= 221 Anpal; 
Ao,rpe= Lon Anrpan, 
Ar,rpa= Ac, rpg tAo,rpe- 
Le,vpa= 11 Lapat; 
Lo.vpe= Lon Ligen; 
Lr rpe=Lerpet Lorna: 
Me,rpa= Lt My pat, 
Mo,r9q= Lin Mpa»; 
Mr .r2e= Me.rpqt Morne: 


(27) 
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From the above equations, together with Eq. (18), we derive easily the following results: 


> 
- Ao Apel dea = dy 
7 (Ac. rpe— Arpa)C rah 


ae 


ae LO. Neds hew 


ar 


} M ¢,rpql rqm= dy 


> ¢ Mo.rpeCrqr= da 
: (Mc,rpa— Ko, x pq)C rh = dy 
i (Mo \pq [Ko \paq rien = dy 


In addition to the above thirty-two equations [ from 
(27) to (36) | pertinent to the first group of the electron 
shells, we need the corresponding thirty-two equations 
for the second group. Since they can be obtained simply 
by changing X, k, m, f to X’, k’, m’, f’ in Eqs. (27)-(36), 
they are omitted here. The above list of equations may 
still seem formidable at first glance, but it will be 
realized that the real content is rather simple and 
straightforward. 

We now apply the variational principle to the total 
energy in order to obtain the SCF equations for the 
determination of the best set of coefficients {C),;} and 
{Cy-pi}. Let us first look into Eq. (19) a little bit more 
closely. The expression is not symmetrical with respect 
to {Cyp:} and {C)-p:}. This has been done intentionally. 
Strictly speaking, we have to prepare another expression 
in which the roles of the first and the second group are 
reversed. Now that we have a reasonable 
starting approximation for the second group coefficients 
{Cy-piv}. Instead of varying all the coefficients (i.e., 
orbitals) simultaneously, we first give variations only 
to the first group coefficients {C,,;} with the second 
group coefficients held fixed. This is permissible because 
the orthogonality conditions are always secured between 
{Cyp:} and {Cy-p:} from symmetry considerations and 
it is not necessary to include the orthogonality relations 
as constraints for the variational process. The co- 
efficients {C)'p:} being fixed, the last five sums in 
Eq. (19) drop out of the expression for 6E. This means 
that the expression for 6 assumes essentially the same 
form as that treated in Roothaan’s paper,” which covers 
mainly one-open-shell cases. The only difference is the 
appearance of the additional terms Ac,,pq and ho,,pq as 
indicated in (19), (20), and (21). 

The derivation of the SCF equations for the co- 
efficients {C,,:} closely parallels the derivation of the 
SCF equations in the second section of Roothaan’s 
paper.” In the course of the derivation, we make use 


Su] | OSC 


2 e Ac Apel irqm=4)7' >> 


= dy! ; ; 
: (Ao rpa— FArpa)Crom =) > > 


=d,"}> "7 yo 
Le Lo rpaO rai =d\- 
} (Le pam J 0, Apa)C rod - dy > : 


(Lo, rpe— FJ 0,r9¢)C rem= Gr 


" p : ee 


Yea Lew 


ee ee 
: Lia Lue SrpuDo.r swrwol rok, 
SyrguDe,ruwl roel rok 
SrpuDoruwltrxw gr 


am- 
7m 


Shawl. kaw? Okwe den 
' oe . , oe SrpwWo, ru JO du af y 


SrpuDe,ruw 0,21 Cro; 
. } Rani Srp Do ruwJ 0,r t f ym- 


PipelG.rawlhorwel- dems 
. pe : en Srp Do.rur Ko hu A \ ; 

inet kuwlhO: ude heh, 
' Le a hiss SyrpuDo Lent ed hem 


of Eqs. (34), (35), and (36). The 


fairly straightforward if one proceeds in the fashion of 
Roothaan,? and we restrict ourselves here to writing 
down the results. The SCF equations for {C,,y:}, which 
correspond to Eqs. (32) in 


De Fe,rpeC rat 
Dea Fo,rxvdCram 


whole algebra is 


Roothaan’s paper,’ are: 


> 


Mrk 204 Srpel ia ; 


hm 7 Srp Uy 


qmy 


where 
Feo vpa= Arpt 2 crpq—Ke \p 4 i 2Jo \pq 
— Ko) +2alo Ny —BMo Ay 


) 
TMC ApaTt Y 


Opa 
Fo \pq— By yet2J c.r00 _ Ky Apat 2aJo \pq 


—bKo \pq + Jal, hz 1—BM ¢ A\p 


+horpatvAc Apa: 


7 


Next we write down a unified scheme of equations which 
corresponds to Eq. (22) of I, to Eq. (53) of 
Roothaan’s paper’: 


2 Py pol Aq 


or 


= €) (39) 


Here 


P ipe=F ape t 7 (ho.rpe— 


where 
Fypq= Anrpet Pras 1—Orpot 
Prpq= > Pp Pine eek Ot net 
Orpe= Len Zee D\nq ae: 


Py pq.ure= 23ap¢ pre K Apq,mursy 
Dyna, jnte™™ 209 dpe, pra PR rv, nres 
— 1 4 
Rypg=4y aren SrpuDr NuwVrw¢ 
+d, ; pe OrpuD 7, ruwSrwW9, 





HARTREE-FOCK SELF-CONSISTENT 


(47) 
(48) 


Mypq= herve ho,rvo, 
he,rpq= : zs Pins. nivel «ras 


ho.rnq =)» Fes Prisea'veOc. u've 
+> w = ON o.oo 


, > uw SrpuDr ruwltr»we 
+d) , = hy puD 7 ruwS r.we- (50) 


The SCF equations (39) determine the coefficients 
{Cy»:} for the first group of orbitals under the condition 
that all the coefficients {C)-,} of the second group of 
orbitals are held fixed. Now we turn to the deter- 
mination of {Cy} with {Cy»:} held fixed as deter- 
mined above. For this purpose we need the SCF 


(49) 
Ay Apa dy 


equations for {C\’p} which correspond to Eqs. (39): 


i Py pgl xq = €n'5 po Syegdl\'er’s 


(51) 
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where 
Py 5e= Fy pt’ (hon pe— S’ he,» pat Arr’ pa)s (52) 
Py pq= Hy pat Ry pa— On pat Ro’ pa: (53) 


Expressions for the various quantities which appear in 
(52) and (53) are obtained by replacing \—> X’, np’, 
yp’ — pw, a—a’, and B— ' in (42)-(50). After getting 
{Cypv} from Eqs. (51), we go back to Eqs. (39) and 
this back and forth process must be continued until 
over-all self-consistency is attained. 

Finally we need a convenient expression from which 
we may calculate the total energy. Noting that 


2a Jdpq.ure— dK pg, ura=Prdpq, ure ( i” f) Qrpa,urey 


we immediately obtain the following expression from 
(19); 


E=2 Dar DY pa(Aapgthe Apa \Derpat Dn Lee aot Dre De rpaP X04 sree, pret 2 Da Ls (A potho,vq)Do.r0¢ 
+E a Dove De Dre Do rpelPrpe.ure— (1—f) Qrp¢.ureDo,nret2 Yon Diva Low Lore De,rpePre.ursD0, ure 
+2 dy ¥ pg Ay peDew pat Dw DX pa Dew! Deore Den’ peP »' pa.’ reDe,y're 
+2 Dy Lope Aw peDo.w poA2 Uw Veg Vw Vere Dow val Pr’ pa, w're— (1—"f) Qn pa,w're JD, u're 


However, the above formula lacks desirable compact- 
ness, and we must seek another expression which 
corresponds to Eq. (54) of Roothaan’s paper.? First 
we note that 

:. Dr rpg dpuD 7 rue - €)Derqwt fdrDorqw; 


Ls pu 


a Dr uwS war A\pq~ €)Derput fdrDo.r»p 4° (55) 
By using (55) we find that 


E= da Le (Ay pot Pypq)Dr.r0 
—> p eee (OnpetVrpa) (De rpat fDo,r04) 
+dow Live (An pet F y'q)Dr.»' pa 


—->Y» > a On pq(De.n pat f’Do,r' na): (56) 
The applicability of the method described above is 
discussed in the third section of the previous paper I. 
It is hoped that this method will in the near future 
receive some actual applications, especially to several 
excited states of simple diatomic molecules. 


4. SECOND METHOD 


In the application of the SCF method to the general 
open-shell case, the most serious trouble comes from 
the fact that we need so-called off-diagonal Lagrangian 
multipliers when we add orthogonality conditions 
between orbitals to the variational problem as 
constraints. 

Roothaan? succeeded in surmounting the difficulty 
in the case of the single open shell by an ingenious 
mathematical device. A direct generalization of 


+¥°y a > Ries De.» pa@®' pa.u'rsD0, wre (54) 





Roothaan’s treatment to the two-open-shell case was 
proposed in I and the explicit exposition has been given 
in the previous section of the present paper. However, 
it should be noted that the treatment in the previous 
section can be applied only to the two-open-shell case 
in which the two open-shell orbitals have no common 
symmetry. The point is that the orthogonality between 
them is always guaranteed by symmetry and it is not 
necessary to add the orthogonality condition as a 
constraint to the variational problem. Thus we should 
say that so far we have done nothing to overcome the 
difficulty arising of the off-diagonal multipliers in the 
general open-shell case. Roothaan’s original scheme? 
and its extension discussed above cover a fairly wide 
range of application, but unfortunately some simple 
but important cases slip out of the range; the simplest 
of them is the 152s 'S state of the helium atom. 

Now we propose a new scheme to tackle the general 
two-open-shell case in which the total energy is ex- 
pressed by Eq. (8). The central idea is that we preserve 
the orthogonality conditions between orbitals in some 
way other than adding them to the energy variation as 
constraints. If this is achieved, we have no trouble with 
the off-diagonal Lagrangian mutlipliers simply because 
we do not need them. 

We state the problem as follows: Suppose we have 
the (i)th approximation for the orbitals, { grep}, 
which form a finite orthonormal set of functions. Let 
us find a next approximation for the orbitals, 
{rap“"*”}, avoiding the inclusion of any troublesome 
off-diagonal multipliers in the course of deriving the 
SCF equations. 
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We take the (i)th approximate orbitals { gap} as 
the basis functions (just like {X,ep} in the previous 
section) and expand each of the (i+1)th approximate 
orbitals {¢,a;“*} in terms of the temporal basis 
functions { grap}: 
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This is the conditions which the coefficients {Cyp;“*} 
must satisfy. This implies that we go back to the usual 
normalization convention, (16), instead of the modified 
one, (18), adopted in the previous section. Thus we 


write 


Zs Chas 


— Pd 


cain emer = 
41) — ' (i4 om) S) . ( ps* (59) 
Praj =) Prap "Orp;"' m, (9/) _ _ : 


5 where 
where the {C,,;‘t?} are assumed to be real for sim- 
plicity. We require that the orbitals { ¢,.;} must form 
an orthonormal set at all stages of approximation : 


Triee : dy :; Te (Prap : 
Hyyq™ is defined as follows: 


Ayo =Die (Prap“ 


Notice the difference between (22) and (61). Similarly, 


(Praj* | Prar”) 
rT. OH i) OC, HD | Praq'”). (61) 
= Lge © Api (Prap Prag MX Aqk 

=D ep Capi Crag, =5 jp. (58) 


Jrpq.u 8 E ff eras*(1er0r*(2)(1 112) Prag 
ag . 


=> ff eres!*(1) ener! *(2)(1 112) Cubs : (1) Prag’ (2)dV dV 
aBe 


It is, however, rather annoying to put superscripts (z) or (+1) on each of { g,ap} and {C),;}, and so hereafter we 
suppress them, bearing in mind that we are passing from the (z)th to the (¢+1)th approximation for the orbitals, 
{ Prap“**?}, by using the (z)th approximate orbitals { ¢,2)“”} as temporal basis functions. 

The expectation value of the total energy is now given by 
E=2 La Live Le Crp r pal nok Da Live Le ar Lure Dd Cr pil pri 2 Inve urs— Krp 

+2f >a > ; Cipelf reCrent f* >a | } p ay pa 28 Crsak pee (249dpe.urs—OKrp 7,urs 1 us if 7m 

+2f Da Le Li ae re Le Crp urm(29rpe.nre— Krpe,ure)C pomCrge +2 f" Da Za pa Dw’ Crpm Ay, if ‘ ym 

‘ + Pan Y ’ 
+f” >a > alt ) a = n’ C Apu urn’ (20’ 9rpa.ure— 0 Rage.pred& pant Aqm’ 
+2/’ >a , we > , am Ds 7 i Crh erat (ABs. nce" Base. nee scetO rar 
+2/f' >a , Ts ae ae : Creal peed is 2, 

The variational procedures to be adopted here are specified as follows: First we choose a set of closed- or open- 
shell orbitals (or a single orbital if it is not degenerate) specified by particular \ and j. Let us choose arbitrarily a 
closed shell first and specify it by A and K. Small variations are given only to {Capx} with all other coefficients 
{Cy,;} held fixed. This is, in general, mot permissible unless we have a certain mathematical device or trick to 
preserve the orthogonality conditions between the nonfixed and fixed orbitals. We are going to propose such a 
device which is expected to work, but just for convenience we defer a detailed explanation of the device for a while 
and perform the variational process as stated above. 


The total energy E suffers only a partial variation with respect to the orbitals (A,K). We denote the variation 
by 6Eax: 


bEax=62 DY pg Capel apoCagk td pa Dore CapKCark(29apg,Ars— Kapg,Ars)CaskCaok |4 


(1 )PuBs 


ee 


(63) 


eel 3 ee 


(64) 


sil el iat 


where 
A ayq= Hayat ours Dik Cart(29a pq Ars KApgq are)Cactt 2 ux » i ( ‘prt(2 JApg ure KA 
+f pe } ; C prei(SGage. prem Kage.creXl nent f’ Died Riel C icou? ( 2 Jane ure 


(00) 


The bracket 4[---] includes all the terms containing 
{Capx} in (64) and this is all we have to take care of, 
since all the other terms vanish under the present 
partial variation. Thanks to the device just mentioned, 
the only constraint to be added is 


i> Pq CapKSapgC rek) =(. (67) 


If we designate the Lagrangian multiplier by —2eax, 


the resulting equations become 
a Pind "AgK >. 


€AK 2uq@ Apg- AgK, 


(68 
where , 


Fave = A xyotGa Pq 


Gap? ark (2Japg.A — Kapg.Are)C Ask: 


(69) 
(70) 
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We turn to the explanation of the device which makes 
it possible to perform the partial variation procedure 
shown above. It is based upon a specia! choice of the 
expansion coefficients {C,,;} in the formula, 


(71) 
where the {¢,ap} are labeled in such a way that p=1 
gives the lowest orbital, p=2 the second, p=3 the 


third and so forth. We choose the coefficients {C,»;} 
as follows: 


+1) - wor ; 
Praj* i) pa Prap "< Ap)» 


Caxxx0, 
Capx¥0, if Ma<p<Na,) 
Cipn=0, if 159<M, 
k#K, 
AXA, 


subject to variation 


and p#K, 
Cape=Spx,_ if 
Crpe=Spr, if 
Cyrpm=5 pm, 


Spm’. 


( Apm’ = 


FapxCaxxt+ 2 FapeCaqgk=€aKCapk, 


q>Ma 


where 


Fs Pq H A pat Ga P@ 
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Here My, is the highest occupied orbital number and 
Nx is the total number of the basis functions of sym- 
metry species A. The first two lines give the variational 
coefficients and the third line guarantees the ortho- 
gonalities among the nonfixed and fixed orbitals which 
belong to the same symmetrical species. The impli- 
cation of the remaining four lines is that we are trying 
to improve just one orbital (set) at a time. To be more 
explicit, 

Crack) = Yaak”, 


(k#K), 


Prak’ Y= grat, (AA), 


(i) 


) on 
a =Pram’; 


Pra 


(+1) — ( 
Pram’ ’ = Pram’ 


t) 


Under the specifications of {Cy} in (72), the SCF 
equations (68) become 


(p=K, M,+1, M,+2, ended Na), (74) 


(75) 


A npo=H pet » (2B sue su— Rape, au) + > z= (2Japeuti—Kapeu+f >. > (29aze.nem— Kise pan) 


l#~K pea l 


Ga pa ; Cark (25aee.Are— Kapo.Are)Cack; 


(p, q, 7, S= K, My, +1, M 4+2, so, Na). 


uo™ 


+f’ >. me (2Jape.um’m’ — KApe.nm’m’), 


rm 


(76) 


(77) 


These are the equations for the self-consistent determination of the coefficients {Capx}. Since the derivation of 
the corresponding equations for {Capw} and {Capm’} are quite similar to the preceding one, we simply write 


down the results: 


FapmCamu+ D> FapeCagm=eamCapm, 


qa>Ma 


where 


F apm = spat Gapa 


A apo=H vot f :. (2aJape.Ann—OK ape, Ann) +f = > ( 


n#=M uA 9 


Gise = f pa Carm (249 Ap¢,Ars— bRApa,Ars)CAsM, 


Similarly, the equations for {Capm’} may be obtained 
by the replacements M — M’,n-—n', m'—m, f— f", 
f'— f,a—a’,andb— J’. 

~ It seems practical to take a simple example for the 
illustration of the entire SCF procedure. Let us con- 
sider the (10)*(20)?(3c)?(12)*(2)* configuration of a 
molecule. Here we have two symmetry species, ¢ and 
x, and we may denote them by A=0 and A=1, re- 
spectively. In the o(A=0) shells, & runs from 1 to 3 


(p, 9, 7, s=M, My +1, Ma+2, «++, Na). 


(p=M, My+1, My+2, ---, Na), (78) 


(79) 


2aJApe.un . bXace.nan) 


+2 ys (29ape.utt— Kapeuut+f’ 2 } Tape.nm’m’s (80) 


m7 l “uw om’ 


(81) 


but there are no m and m’ since there is no open shell 
of ¢ symmetry. On the other hand, in the r(A=1) 
shells, we have two open shells and no closed shell if 
1<a, B<3. To begin with, we must have a starting 
set of orthonormal functions { g,ep}. This is obtained 
by a proper use of Schmidt orthogonalization pro- 
cedure or by solving the SCF problem for an approxi- 
mate configuration simpler than the one under con- 
sideration. For example, if a+8=4 an obvious choice 
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should be a closed-shell configuration 
(10)?(20)*(30)?(19r)*. 


Now, by using {¢,ap°} as the basis functions, we 
apply the SCF equations for closed shells (74) to (1c) 
with all the other orbitals (coefficients) held fixed. 
This process yields a better approximate orbital for 
(1c) and at the same time a new orthonormal set of 
“basis” function {gap} for the use in the next step. 
A natural (but not necessary) choice of the next step 
is the application of (74) to (2c). Thus we apply con- 
secutively appropriate SCF equations to (30), (17) 
and (27). After that, we restart again the whole process 
[from (1c) to (27) ] until over-all self-consistency is 
attained. 

The total energy may be calculated from (8) and we 
are ready to start the configuration interaction calcu- 
lations to improve the SCF approximation. 


5. DISCUSSION 


Since we have proposed two SCF schemes for treating 
the electronic systems, we should make some com- 
parison between them. 

If we limit ourselves to the region where both 
methods can be equally applied, the first method seems 
more compact and elegant from the mathematical 
point of view and may actually be more convenient 
to use. In fact, Roothaan’s scheme has already estab- 
lished its practicability in various cases and the same 
may be expected for the first method of the present 
paper, which is a straightforward generalization of 
Roothaan’s method. 

However, there are indications that we might get 
into trouble when we apply Roothaan’s method to the 
system in which the number of electrons is large and/or 
some of the electrons are not firmly bound, because of 
the tendency of the oscillatory behavior of the solution. 
The trouble may be attributed to the topological com- 
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plexity of the energy surface which depends upon so 
many parameters in a very complicated way. 

The apparent disadvantage of the second method is 
the necessity of wearisome repetition of many small 
SCF procedures. Furthermore we have to change the 
“basis” functions every time we pass to the next SCF 
procedure as it is seen in the above description of the 
procedure. This orthonormal transformation of the 
basis functions at every step would be a formidable 
task for desk calculations. However, it seems reasonably 
straightforward to program such a transformation for 
an automatic computer. In addition, each of partial 
SCF procedures contained in the entire SCF procedure 
in the second method is much simpler than the SCF 
procedures of the first method and the implication is 
that we are dealing with fairly simple energy surfaces. 
We may hopé that the second method could be a relief 
to overcome the so-called convergence difficulty. 

Finally it must be mentioned that the second method 
commands a wider range of applicability than the first 
method. 

The underlying idea common to both methods is the 
partial fixation of orbitals during the variational pro- 
cedure of the total energy. From this point of view, 
both methods are to be regarded as just two of many 
possible variations of the theme. The scheme proposed 
in the fourth section of I is one of the possible com- 
binations of the two methods. The works of Pople and 
Nesbet,® Lykos and Parr,® and McWeeny’ contain 
similar ideas. 
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Mechanism of the Reaction O''+p — p+ 4e at 29 Mev* 
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An expansion cloud chamber containing oxygen gas at } atmosphere pressure was used to study the re- 
action O'*+ » — p+-4a at a bombarding energy of 28.9 Mev. Two hundred and twelve events were obtained 
that satisfied the criteria of energy and momentum balance. Ninety-one of these had all five outgoing prongs 
visible, while the remaining 121 had but four prongs visible, the fifth being obscured by the beam. Slightly 
more than half of all the events showed the presence of the ground state of Be®. Of these, five events showed 
the presence of two Be nuclei in the ground state. The events exhibiting the presence of a single ground-state 
Be® were interpreted according to the mechanism O'*+ p — p+2a+Be®; Be® — 2a. The possibility of a 
compound state was considered. If such an intermediate state did occur, it was such that it did not obey 
strictly the predictions of the compound-nucleus theory. The remaining half of the events did not show 
evidence for any intermediate nuclei (with the possible exception of the appearance of the 1.4-Mev state 
of B® in 5%, or fewer, of the cases) and could be interpreted only on the basis of the direct quadripartition 


of the oxygen nucleus. 





I. INTRODUCTION 


HE disintegration of oxygen into four alpha 

particles has been investigated intensively by 
many workers. Until now the reaction has been studied 
by using x rays to induce the reaction in nuclear 
emulsions. 

The reaction was reported for the first time by 
Goward ef al.,' using the Harwell AERE synchrotron, 
which produced a continuous x-ray spectrum that ex- 
tended to 23 Mev. By 1950 these workers had obtained 
more than 100 such events.? On the basis of similar 
work done by Hinni ef al.’ on the photodisintegration 
of C® into three alpha particles, the assumption was 
made that direct quadripartition was unlikely. On this 
basis, the mechanism was assumed to involve levels in 
Be’ or C”. Evidence was presented for the decay through 
a 9.7-Mev level in C”, and thence through the ground 
state of Be’ in 50 to 55% of the observed events. The 
remainder were assumed to proceed through undeter- 
mined levels of C® and Be’. The possibility of mecha- 
nisms involving the simultaneous emission of more than 
two particles was ignored. 

By 1952 Goward and his co-workers had analyzed 
about 700 events.‘ These events were induced by 20- 
to 70-Mev x rays. The cross section as a function of 
energy revealed the presence of multiple resonances, 
suggesting that the process was to be interpreted in 
terms of excitation levels in a compound nucleus. By 
this time a few examples of the double production of 
Be® nuclei in the ground state had been observed.° 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1F. K. Goward, E. W. Titterton, and J. J. Wilkins, Proc. Phys. 
Soc. (London) A62, 460 (1949). 

2 F. K. Goward and J. J. Wilkins, Proc. Phys. Soc. (London) 
A63, 1171 (1950). 

3H. Hanni, V. L. Telegdi, and W. Ziinti, Helv. Phys. Acta 21, 
203 (1948). 

4F. K. Goward and J. J. Wilkins, Proc. Phys. Soc. (London) 
A65, 671 (1952). 

5 F. K. Goward and J. J. Wilkins, Proc. Phys. Soc. (London) 
A64, 94 (1951). 


Livesy and Smith,® using x-ray energies extending to 
32 Mev, presented evidence for the participation of C” 
levels at 9.6, 11.3-40.3, and 12.01+0.3 Mev and another 
doubtful level at 16 Mev. According to these authors, 
these levels decayed through Be levels at 3 and 4.30.2 
Mev as well as the ground state. 

In 1953 Millar and Cameron’ obtained 303 oxygen 
events, induced in emulsions by x rays. The maximum 
x-ray energy was 27 Mev. One hundred and nineteen 
of the events exhibited the presence of the ground state 
of Be®. On the basis of the energy distribution of the 
alpha particles, however, it was observed that the 
participation of C” levels was not consistent with the 
data obtained. These authors considered the possi- 
bility of more than two-body breakups and concluded 
that their results were to be explained by the mechanisms 


O'+-y — 2a+ Be’, 
and 
O'6+-y7 — 4a. 


In the present experiment, it was proposed to extend 
the above results, using the proton beam of the Berkeley 
linear accelerator. For this purpose the cloud chamber 
was the ideal instrument, because a sufficiently low 
stopping power could be provided so that the resulting 
particles could escape from the beam. The event sought 
for was 


O'§+ p > pt4a. 


This event can be readily distinguished from the other 
types of events appearing in the cloud chamber by the 
appearance of four heavily ionizing tracks along with 
a fifth lightly ionizing track emerging from the beam 
and coming from a common origin inside the beam. 
Frequently, one of the tracks is hidden by the proton 
beam, which traverses the cloud chamber in all the 
pictures. The total prong energy should be 14.5 Mev, 
6D. L. Livesy and C. L. Smith, Proc. Phys. Soc. (London) 
A66, 689 (1953). 
(1983) H. Millar and A. G. W. Cameron, Can. J. Phys. 31, 723 
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Fic. 1. Plan view of the experimental geometry. A, high-energy 
end of linac. B, 4-jaw collimator. C, steering magnet. D, primary 
collimator. £, secondary collimator and clipper. F, walls of build- 
ing. G, thin window at end of beam tube. H, ion chamber. J, cloud 
chamber. J, Helmholtz coils. K, proton beam. LZ, camera tube. 
M, stereoscopic camera. 


corresponding to an incident proton energy of 28.9 Mev 
and a Q of 14.43 Mev. 

In the following discussion, energy levels and Q 
values are cited frequently; unless otherwise specified 
the values used are those adopted in the review article 
by Ajzenberg and Lauritsen.* 


Il. EXPERIMENTAL TECHNIQUES 
A. Proton Beam 


The experimental apparatus consisted primarily of 
the cloud chamber with a pair of Helmholtz coils and 
the associated control equipment. These were located in 
the annex to the linear accelerator building. The setup 
is represented schematically in Fig. 1. 

After a 10-deg deflection at the steering magnet, the 
beam passed through 25 ft of evacuated tubing, which 
was sealed at the exit end by a 0.001-in.-thick aluminum 
thin window. In the region where the stray field of the 
magnet was appreciable, the beam tube was of iron, 
which magnetically shielded the beam. 

Upon emerging from the beam tube, the beam trav- 
ersed a 6-in. air gap and entered the cloud chamber 
through another 0.001-in.-thick aluminum thin window. 
An air ionization chamber was situated in the air gap. 


B. Cloud Chamber 


The cylindrical, expansion-type cloud chamber was 
situated in the gap of a pair of Helmholtz coils, with its 
axis of revolution horizontal. The gas used was oxygen 
saturated with water vapor. The expanded pressure 
was 4 atm. Further details, including photography and 
timing, are given elsewhere.’ 

The cloud chamber was provided with a pair of 
Helmholtz coils, which were energized by a 150-hp 
minesweeper generator with a 5-ton flywheel mounted 
between the motor and generator.”® The peak field was 
6870 gauss. The maximum rate of heat dissipation im- 


o 
Report UCRL-2806, December 3, 
Rev. 99, 1356-66 (1955). 

10 W. M. Powell, Rev. Sci. Instr. 20, 403 (1949). 


1954 (unpublished); Phys. 
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posed a cycle time of 2 min, which was achieved by 
giving the cloud chamber two slow expansions followed 
by a 50-second waiting time. During these operations 
the ionization-chamber shutters were lowered, and the 
beam-intensity level was adjusted. The rise time of the 
current in the Helmholtz coils was 2.5 sec, and the 
current then remained constant at its peak value for 
about 0.2 sec. 


Ill. ANALYSIS OF DATA 
A. Reprojection 


In order to measure the events, the pictures were 
reprojected in a projector which, except for a 45-deg 
front-surfaced mirror, duplicated the geometry of the 
original optical system. This projector has been de- 
scribed by Brueckrer ef al.!' The pictures were pro- 
jected on a translucent glass screen which could be 
oriented in any position to match the actual position 


of a track in space. By these means the space angles, 
radii of curvature, and ranges of the tracks could be 
accurately measured. 


B. Initial Criteria 


The film was scanned in the projector, each possible 
event being measured immediately. The initial re- 
quirements were that four or five prongs be perceptible, 
but that not more than one have an apparent ionization 
low enough to correspond to that of a proton, and that 
all the prongs intersect at the same point within the 
beam. For those events satisfying the above require- 
ments all the tracks were lined up successively. If all 
the tracks aligned at the same height, the event was 
then said to satisfy the initial criteria and all its prongs 
were then carefully measured. This procedure led finally 
to the measurement of 300 possible events. 


C. Data Recorded 


The raw data were recorded directly on especially 
printed Keysort cards, with one track per card. For the 
event as a whole, the information recorded included the 
picture frame number, the distance S of the origin from 
the point of entry of the beam, the height of the origin, 
and the number of prongs visible. For individual tracks 
that went out of the illuminated region, the information 
recorded included the prong identity, the dip angle a, 
the beam angle 6, the slant radius ps, the distance D 
from the center of the track to the center of the cham- 
ber, the estimated relative ionization, and the error dps 
to which the slant-radius measurement was subject. 
The slant radius ps was measured in the plane of the 
track by means of transparent templates on which 
circular arcs of varying radii were scribed. The error 
dps was obtained from a nomograph of the relation 
6ps=0.08(ps/L)?, which assumes an error of 0.1 mm in 
the sagitta in matching the template to the track. The 
Hayward, and W. M. 


1K. Brueckner, W. Hartsough, E. 
Powell, Phys. Rev. 75, 555 (1949) 
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chord length of the track is L. For tracks that stopped 
in the illuminated region of the chamber, the data 
recorded were prong identity, dip angle a, beam angle 
Bu, and range R. 


D. Beam Angle $, and Beam Energy 


In order to determine the beam angle for the beam 
itself, 8g as a function of S, the beam was attenuated so 
as to show the traversal of 20 to 100 protons for several 
pictures during each run. From these pictures it was 
possible to distinguish individual proton tracks. 

Need had previously determined the beam energy to 
be 28.9+0.5 Mev.® This value is used in this experi- 
ment. Need’s determination was for the same geometry 
and represented an average over the same period of 
time as was involved in this experiment. A check for 
consistency was carried out by averaging the prong 
energies for the accepted events and adding the Q of 
the reaction. The result was 29.1 Mev, which is in good 
agreement with Need’s value and may be considered 
to lend plausibility to the range-energy relation used. 


E. Magnetic Field 


The momentum of a particle producing a track in a 
cloud chamber is proportional to the product Bps, so 
that an accurate knowledge of the field of the Helm- 
holtz coils was required. The field was measured by use 
of a search coil and integrator. The quoted accuracy of 
this measurement was +0.3%,. 

The field was found to be nearly symmetric axially, 
so that the only variation included in the calculations 
was the radial variation. To this end a table was pre- 
pared that gives the magnetic field as a function of the 
ammeter reading and the radial distance D. 
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Fic. 3. Distribution of Ep.* values identified as 
Be® ground-state values. 


F. Momentum-Energy Balance 


The energy and rectangular components of mo- 
mentum were calculated for each prong and were then 
summed for all prongs belonging to a given event that 
satisfied the initial criteria. Energy and momentum 
were required to balance within the calculated errors. 
Where only four prongs were visible, the energy balance 
only could be checked. 

All events failing to achieve a satisfactory balance 
after the first measurement were independently re- 
measured and recalculated with the use of the average 
values obtained for the measured quantities. The same 
criteria for acceptance were adhered to, Finally all re- 
maining events were measured for the third time by an 
independent observer. Events accepted on the basis of 
the third measurement usually were found to have been 
subject originally to faulty prong identification. 

Of the 300 assumed events, 212 were finally accepted 
on the basis of the above requirements. Of the 88 re- 
jected events, 68 were clearly of doubtful character, 
while the remaining 20 may have been events of the 
type of interest, but incapable of achieving balance for 
some unknown reason. 


IV. RESULTS 
A. Calculation of Be* Excitation Energy 


During the measurement of the events it was noticed 
that many involved pairs of alpha particles with very 
small angular separation. This immediately suggested 
the possibility of the participation of the Be* ground- 
state nucleus in an intermediate stage of the reaction. 

In order to verify this conjecture, it was necessary to 
calculate possible values of Be* excitation energy Epe*. 
There were four alpha particles in each event; conse- 


values per event. Here Ep,* is given by 


Epe*=}(E;+E;)— (E:E;)* 009i, 
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where £; and £; are the kinetic energies of the two alpha 
particles and ¢,; is their angular separation. The dis- 
tribution of Ep.* values so obtained is presented in 
Fig. 2 in histogram form. In the interpretation of this 
diagram one should bear in mind that of the six Ep.* 
values calculated for a given event, two at the very 
most can have physical significance. Consequently, if 
states of Be* did participate, they would be expected to 
manifest themselves in the form of peaks superimposed 


TABLE I. Summary of possible reaction mechanisms for the reaction p+O"* 


Cc 


KOLAR 


on a continuous background of nonsignificant Epe* 
values. 

The large peak in the interval 0 to 0.5 Mev certainly 
supports the observation that many events involved the 
Be® ground state. Figure 3 presents an enlarged view of 
the £,,* distribution for the interval 0 to 0.5 Mev. This 
figure omits only the nine events that had more than 
one Epe* <0.5 Mev, and which arose from alpha pairs 
having an alpha particle in common. The unweighted 


> p+4a 


(The decays of Be® and Li® nuclei are not indicated.) 





Subsequent steps if a single 
Be® ground-state nucleus 
may appear 


Initial step of reaction 
mechanism 


Oppo Fr 


any complete mechanism 
listed below 
> Li5-++-C#* C2 - 


O%+p »a+Be® 


> Li*+C%* cu 


O'%+p >a+Bet 


O'%+ » > B’+Be B® — p+Be** 
B® > p+2a 
B* — p+Be* 
B** — p+2a 


B® > p+Be® 


O'+4 » > B*+Be$ 


0+ » > B*+Be* 


Qe + p > B°* + Be5* B* 5 p+Be® 


O'%+ p> p+O01%* (10), (17a), or (20) 


(11), (17b), (17c), (21) or (24) 


O'%+ p > p+2 Be® 

O'%+ p — p+Be*+Be™* 

O%+ » — p+2Be* 

O'%+- p > a+N'* 
N13* — p+C*, 
C* — a+Be® 


N* — @+B?, 
B® — p+Bes 


N¥3* — a+ B®, 
B* — p+Be® 


0+» > a+Li5+Bes 

0+» > a+Li*+Be! 
O'+4-» > a+Lid+Be* 
0+ > a+Lit*+Be* 


any complete mechanism 
listed below 


Subsequent steps if no Be® 
ground-state nucleus 


Mechanism 
number 


Degree of participation in 
g | I 


appears observed events 


results probably cannot (1) 
be interpreted on basis of 
compound nucleus theory 
negligible 
negligible 
negligible 
10% with (14) 
negligible 
negligible 
negligible 
negligible 
negligible 
negligible 
negligible 
negligible 
negligible 
negligible 
® with (12h), (12i), 
Ib), and (19c) 
inconclusive 
inconclusive 
see section B 
negligible 
negligible 


C®* -— a+Be* 
C2* — 3a 


C2* —, a+ Be®* 


C* —» Sa 


B™ 
B 


> b+ Be** 
+ p+2a 


5! 


j (1 


negligible 
negligible 


negligible 


Ns —> -+-C™, negligible 
C* — a+Be** 


N8* 6412" 


C* — 3a 


negligible 


N¥* — a +B?, 


B® — p+Be* 


negligible 


N®*— a+ B®, 
BY + p+2a 


negligible 


N¥* 5 a+ BY, ) 
B* — p+Be™* 
| 


<5% with (7b), 
>(19b) and (19c) 


(7c), 


N¥* > a+B*, 
B* — p+2a 
negligible 
<10% with (3a) 
negligible 
negligible 
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REACTION 


TABLE I—Continued. 


O'%+p-+>p+4a AT 29 MEV 








Subsequent steps if a single 
Be® ground-state nucleus 
may appear 


Ci at Be 


Initial step of reaction 
mechanism 


O'+ p> pta+Cr 


O'6 +p — 2a+B? B p+ Be’ 


O'%+p > 2a+B* B* — p+Be! 


O'%+ » — p+2a+Bes 


O'+ p > p+2a+Be™* 
O'*+- » — 3a+Li® 
O'6+- p — 3a+Li* 
O'%+ p > p+4a 


average of these Ep.* values was 114 kev, which com- 
pares favorably with the accepted value of 96 kev 
(Exn.* being measured relative to the state of two sepa- 
rate alpha particles). 

The 94 events with a single /p.* value of <0.5 Mev 
were considered to involve the Be® ground state. So 
too, were five events that had two such £,,* values 
arising from pairs of alphas with no alpha common to 
the two pairs. In addition, the nine events with several 
such Ey.* values were included in this category but 
were not used in subsequent calculations, since the 
identity of the alpha pair arising from the Be* ground 
state was not known. 

Figure 4 shows the appearance of an event interpreted 
as proceeding via the ground state of Be*. The two 
alphas on the concave side of the beam are those 
attributed to the Be® ground-state decay. 

The next state of Be® that could be expected to 
participate is the broad 3-Mev level. Figure 2 shows 
that this state cannot be present to a significant extent, 
since the distribution is decreasing smoothly through 
the value Ep.*=3 Mev. The possibility of the participa- 
tion of this state is considered again, below. 

Table I lists all possible initial steps for the reaction 
mechanism and classifies the initial steps further as to 
the possibility for the participation of the Be* ground 
state. These mechanisms are considered in more detail 
in the following sections. 


B. Events Exhibiting Two Be‘ 
Ground-State Nuclei 


Reference to Table I shows that these five events 
could be accounted for by the following mechanisms: 


O'+ p— Be*+B*; B’— p+Be'’, (4) 
O'%+p— Bes+B*; B*— p+Be', (5) 


Subsequent steps if no Be® 
ground-state nucleus 
appears 


Degree of participation in Mechanism 
observed events number 


<7% (17a) 
negligible 
negligible 
negligible 
negligible 
negligible 
negligible 
| <5% with (7b), (7c), 
§ (12h), and (12i) 
Probably accounts for ma- 
jority of events involving 
a single Be® ground-state 
nucleus 
negligible 
negligible 
negligible 
Probably accounts for ma- 
jority of events involving 
no Be® ground-state 
nucleus 





C* — a+ Be* 
C#* — 3a 


B® — p+Be** 
B® > p+2a 


> p+ Be** 
> p+2a 


B* 
B* 


O'+ p > p+O'*; (8) 
O'+ p — p+2Be’. (9) 


If either mechanism (4) or (5) is the correct interpreta- 
tion, kinematic limits on the proton energy could be 
calculated. None of the proton energies was found to 
be consistent with mechanism (4), but one event had 
a proton energy consistent with mechanism (5) if one 
assumed either the 1.4- or 2.37-Mev state of B®. 

The initial step of mechanism (8) is discussed in the 
following section. Evidence for or against the presence 
of an excited state of O'* may be considered as incon- 
clusive for the reasons mentioned below; consequently, 
while it would appear reasonable that neither possi- 
bility (4) nor (5) may be considered as the dominant 
decay mode here, it is not possible to make a choice 
between mechanisms (8) and (9). 


O'* — 2Be’, 


C. Events Exhibiting One Be‘ 
Ground-State Nucleus 


Table I lists all the mechanisms that could involve a 
single Be® ground-state nucleus. The various possi- 
bilities are considered individually below. 


Mechanism 1 


This mechanism corresponds to the usual compound- 
nucleus interpretation of nuclear reactions. For low 
mass numbers this theory is generally held to be in- 
applicable. To check the degree of validity it is, how- 
ever, desirable to make a few simple calculations. If 
the Coulomb barrier can be neglected, it is easy to 
show that if the protons are divided among energy 
intervals of constant size, a plot on semilog coordinate 
paper of the ratio of the number of protons falling in a 
given interval to the energy about which the interval 
is centered should yield a straight line. Since the protons 





Fic. 4. An event involving the Be® ground state. Two alpha par 
ticles on concave side of beam attributed to Be® ground state. 


are charged, however, a modification due to the Cou- 
lomb barrier should be expected. Figure 5 presents the 
distribution obtained for all events (since this step 
would be independent of the appearance of Be‘), and 
it is seen that within the statistics a satisfactory fit is 
obtained with a straight line. The Coulomb barrier for 
oxygen has the value 3.2 Mev, and the relatively large 
number of protons (about 50%) with energies less than 
this value would certainly seem to indicate that the 
predictions of the compound-nucleus theory are not 
valid for this reaction. Similar results have been ob- 
tained by other workers." 

A further check is provided by the calculation of the 
forward-to-backward ratio of the number of protons in 
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Fic. 5. N/e, for protons from all events vs 
proton energy (c.m.), €p. 
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Fic. 6. Epe* distribution for alpha pairs opposite to those identified 
as arising from Be® ground-state decay. 


the center-of-mass system. According to theory, this 
ratio should have the value unity. In this experiment, 
if the ratio is taken for all protons independently of 
their energy, the ratio is found to be 1.50.2, which is, 
again, in disagreement with the compound-nucleus 
theory. 

The above arguments are not intended to refute the 
participation of a compound state, but merely show 
that the usual compound-nucleus theory does not apply 
satisfactorily to these results. Thus, any or all of the 
initial steps of the mechanism in Table I may be con- 
sidered to be preceded by the formation of a compound 
state, where the compound state does not strictly obey 
the predictions of the compound-nucleus theory. The 
following results are independent of the existence of 
such an intermediate state. 


; Mechanisms (2a) and (3a) 


Kinematic limits on the proton center-of-mass energy 
were calculated. Virtually all events were found to ex- 
hibit proton energies consistent with these limits, and 
these results could only be considered as inconclusive. 
Possible excitation energies of the Li® nuclei and C” 
nuclei could still be calculated. This was done, and is 
discussed below in connection with mechanisms (13), 


(14), and (17a). 
Mechanisms (4a), (5a), (6a), (7a), and (10) 


All these mechanisms are characterized by the appear- 
ance of an excited Be® nucleus in addition to the ground- 
state Be*. If any of these mechanisms is a dominant 
mode, it should reveal itself in a plot of the Zs.* values 
for the alpha pairs opposite to the pair originating 
from the ground-state Be*. This plot, then, should 
represent the level structure of Be* with no obscuring 
continuum. Figure 6 presents the distribution obtained, 
and from the absence of peaks at the expected positions 
it is evident that none of these mechanisms can con- 
tribute to an appreciable extent. 


Mechanisms (4b) and (5b) 


The initial steps of these possibilities are two-body 
processes, and the center-of-mass kinetic energy of the 
Be® nucleus should have one of several unique values. 
Assuming a 0.4-Mev uncertainty in the Be® kinetic 
energies €pe, we found only four events to be consistent 
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with the B® ground state or the levels at 1.4 and 2.37 
Mev. If we assume that higher levels of B® may par- 
ticipate, then peaks in the eg. distribution should be 
observed. Such was not the case, and it is clear that 
these possibilities may be rejected. These same con- 
siderations apply equally well to mechanisms (4a) and 
(Sa) and are presented as additional evidence for their 
rejection, 
Mechanism (8a) 


For this mechanism the distribution of proton center- 
of-mass kinetic energy should exhibit peaks unless the 
O'* excitation energy is in a region where the level 
separation is small compared to the energy resolution 
available. (The average relative uncertainty in the 
proton energy was 26%; the average absolute uncer- 
tainty 0.9 Mev.) Should the latter be the case, this 
experiment would be inadequate to demonstrate the 
participation of this mechanism. The distribution ob- 
tained is presented in Fig. 7. It is apparent that if 
proton groups are present they are not revealed by this 
experiment. Because of the limitations due to energy 
resolution and statistics, this result is inconclusive. 


Mechanism (12a) 


Proton-emitting levels in N™ have been observed at 
6.9 and 7.4 Mev. These levels, however, do not lie 
sufficiently high to allow for the subsequent breakup 
into three alphas of the resulting C® nucleus. 

If any higher levels of N"* contributed they would be 
expected to betray their presence in the form of peaks 
in the center-of-mass energy distribution of the two 
alpha particles not originating from the Be® ground- 
state nucleus. The peaks, if present, would be due to 
the first emitted alpha, and would be superimposed on a 
more or less continuous background due to the second 
alpha. From the distribution obtained (see Fig. 10), it 
is apparent that there is no significant indication of the 
presence of alpha groups. Further evidence for the non- 
participation of this mechanism will be presented in the 
discussion of mechanism (17a). 


Mechanisms (12b) and (12c) 


Again the energy distribution of the first two alpha 
particles should be expected to present peaks. As seen 
above, it does not. It is also possible to calculate the 
possible B® excitation energies. Since the B® nucleus 
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Fic. 7. Distribution of energies (c.m.) for protons in 
Be® ground-state events. 
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Fic. 8. Distribution of B® excitation energies Eg* for 
Be® ground-state events. 


must decay to the ground state of Be’, the possible B® 
excitation energies Zg* may be calculated uniquely for 
each event, and should either of these mechanisms be 
a dominant mode, the distribution of Eg* values so 
obtained should represent the level structure of B® with 
no obscuring continuum. The distribution obtained is 
presented in Fig. 8, and there is no indication of the 
presence of B®. The position of known levels of B® is 
indicated in Fig. 8 by the arrows on the axis of abscissas. 
The conclusion of the nonparticipation of B® states as 
indicated by the £,* distribution holds equally well for 
mechanisms (6a), (7a), (18a), and (19a), and is pre- 
sented as additional evidence for their rejection. 


Mechanisms (13) and (14) 


The most satisfactory approach in these cases seemed 
to be the calculation of possible Li®> excitation energies 
E,;*. Since the identity of the first alpha is not known, 
it was necessary to calculate two E,;* values per event, 
where one at most is significant. The £1;* values used 
measure the excitation of the Li® nucleus from the 
state of a separate proton and alpha, so that the ground 
and 2.5-Mev states, if present, will appear as peaks at 
E,;*=1.8 or 4.3 Mev. The distribution obtained is 
shown in Fig. 9. There is no statistically convincing 
evidence for the participation of Li® states, and we may 
set an upper limit of approximately 10% on the extent 
to which the 2.5-Mev state contributes, either through 
mechanism (3a) or mechanism (14). 


Mechanisms (18a) and (19a) 


Evidence concerning the possible participation of 
these mechanisms has already been presented in con- 
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Fic. 9. Distribution of Li® excitation energies E,;* for 
Be® ground-state events. 
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Fic. 10. Distributions of energies (c.m.) of first two alphas for 
Be® ground-state events; comparison with distribution predicted 
for B® participation. 


nection with mechanisms (12b) and (12c). The results 
of the £g* calculation described there would appear to 
rule out the participation of these mechanisms. An 
additional argument against mechanisms (18a) and 
(19a) is obtained by a comparison of the observed 
center-of-mass energy distribution of the first two 
alphas with that predicted on the basis of available 
phase space. On this basis the center-of-mass energy 
distribution of the first two alphas is given by" 


f(@de= NE(E,,— €) ide, 


where ¢ is the center-of-mass energy of the alpha, £,, is 
the maximum energy available to a single alpha, and V 
is a normalizing factor. Figure 10 is a plot of the dis- 
tribution function computed for the ground state of B® 
as well as for the excited states at 1.4 and 2.37 Mev. 
The observed distribution is plotted in the same figure. 
It is apparent that the observed distribution cannot be 
accounted for very well on the basis of either of these 
proposed mechanisms. 


Mechanism (17a) 


Again, it is possible to construct an energy distribution 
function for the first two alpha particles. In this case the 
distribution function is not as simple as that obtained 
for mechanisms (18a) and (19a), because the second 
alpha is emitted from a moving C" nucleus. The calcu- 
lated energy distribution for the 9.61-Mev level of C” 
is presented in Fig. 11 and compared with the observed 
distribution. The perturbations due to the Coulomb 
and angular-momentum barriers have not been in- 
cluded. These tend to decrease the numbers of low- 
energy and high-energy alphas. If these considerations 
are taken into account, it is seen that the agreement is 
satisfactory. However, this cannot be taken as con- 
clusive evidence that this mechanism is the correct 
interpretation, because, as will be seen, mechanism (20) 
presents just as good agreement. 

Consequently, it is again necessary to calculate 


144 G. E. Uhlenbeck and S. Goudsmit, Pieter Zeeman 1865-1935 
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possible excitation energies E-* for intermediate C” 
nuclei. Two such E¢* values must be calculated for 
each event. These results are given in Fig. 12, where the 
positions of peaks to be expected are indicated by the 
small arrows on the axis of abscissas. In addition to the 
levels indicated, alpha-emitting levels at 16, 20, and 25 
Mev have been reported." It is apparent that none of 
the latter levels appear, while the lower levels cannot 
be held to contribute to an appreciable extent. An upper 
limit of about 7% to which this 
mechanism contributes to the observed results. 


is set on the extent 


Mechanism (20) 


The center-of-mass energy distribution function in 
this case takes the form 


f(e)de- Neé(E,, — de, 


where the symbols have the same significance as they 
had in the distribution function appropriate to mecha- 
nisms (18a) and (19a). This function is shown in Fig. 11 
along with the observed distribution. Recalling the 
effects to be expected from the perturbations due to 
Coulomb and angular-momentum barriers, we see that 
the agreement is quite good. 

All other mechanisms disagree with the experimental 
results in one or more aspects, and the only conclusion 
is that this mechanism must be the correct interpreta- 
tion for the majority of the events observed. It is 
interesting to note that this result is analogous to that 
obtained by Millar and Cameron’ in their work on the 
photodisintegration of O'*. 

The results of this section are summarized in Table I. 
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Fic. 12. Distribution of C” excitation energies Ec* for 
events involving Be® ground state. 
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. 13. Distribution of energies (c.m.) for protons from 
events not exhibiting Be* ground states. 


D. Events Exhibiting No Ground-State 
Be® Nuclei 


Table I lists all possible reactions not proceeding 
through a ground-state Be® nucleus. The analysis of 
the 104 such events obtained is more complicated than 
that of the preceding events, since no clue is furnished 
to facilitate the calculations. For the most part it was 
found necessary to resort to possible excitation energies, 
as was done for some of the preceding possibilities. All 
mechanisms listed in Table I except Nos. (1), (8), and 
(24) must exhibit one or more excitation energies 
appropriate to levels in Li®, Be’, B®’, or C®. 


Mechanism (1) 


This mechanism has already been discussed in con- 
nection with the events involving a single ground-state 
Be® nucleus and will not be considered further. 


Mechanism (8b) 


Again, a plot of the center-of-mass energies of the 
protons should result in peaks in the distribution, if 
this mechanism pertains and if this experiment is 
capable of resolving the levels. 

Figure 13 shows the center-of-mass energy spectrum 
for the protons originating in events not involving the 
Be® ground state. The distribution obtained for this 
group is strikingly similar to that applying to the Be' 
ground state, and the same remarks must apply. 


Mechanisms Involving Be® Staies 


Figure 14 presents the distribution of possible ex- 
citation energies Ep.* for these events. Six such Ep.* 
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Fic. 14. Distribution of excitation energies Ep.* for 
events not involving Be® ground state. 
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values are plotted for each event, and two at most can 
have physical significance. The first excited level of 
Be® lies at 2.90 Mev above the ground state. Since the 
excitation Ep.* is measured from the state of two 
alphas, this level, if present, would be expected to appear 
in the form of a peak in the £,,* distribution, centered 
at 3.0 Mev. There is no evidence for the appearance 
of this level, nor are there any statistically significant 
peaks in the distribution that would indicate the par- 
ticipation of any higher levels. On this basis, all the 
possible mechanisms involving excited states of Be’ 
may be rejected. All of these except (11) involve excited 
states of other nuclei, however, so that additional evi- 
dence in support of this conclusion will be presented in 
the form of other possible excitation-energy calculations. 


Mechanisms Involving C® States 


Mechanisms (2c), (3c), (12e), and (17c) all involve 
the direct tripartition of an excited state of C. The 
disintegration of C into three alphas has been investi- 
gated intensively and, although it was sought for, no 
evidence for this mode of decay has been detected.3:65—!? 
Accordingly, these mechanisms will not be considered 
further. 

Four possible C” excitation energies were calculated 
for each event, and Fig. 15 shows the distribution ob- 
tained. Of the four values plotted for each event, one, 
at most, can have physical meaning. If C® states 
participate, they must appear as peaks at 9.61, 10.8, 
11.1, and 11.74 Mev, and also possibly at higher levels. 
A peak centered at 11.75 Mev does appear, but its 
validity is dubious in light of the other similar peaks at 
spurious excitation energies. Furthermore, any states 
of C® are constrained to decay through an excited state 
of Be*® and, as we have seen, these do not appear. 
Consequently it would seem quite certain that C” 
states do not participate to a greater extent than 10%, 
and it is probably safe to reject altogether such mecha- 
nisms involving excited states of C”. 
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Fic. 15. Distribution of C” excitation energy Ec* for all 
events not involving Be® ground state. 
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Soc. (London) A63, 402 (1950). 

17 F. K. Goward and J. J. Wilkins, Proc. Phys. Soc. (London) 
A64, 93 (1951). 
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. 16. Distribution of Li5 excitation energies /,,* for 
events not exhibiting Be® ground state. 


Mechanisms Involving Li® States 


Four values of possible Li® excitation energies E1;* 
were calculated for each event. The distribution ob- 
tained is shown in Fig. 16. Again, peaks should appear 
at 1.8 and 4.3 Mev if Li® states participate. They do not. 


Mechanisms Involving B® States 


Six values of Eg* must be calculated for each event, 
and one at most can have physical significance. As 
before, Eg* denotes the possible excitation above the 
B® ground state. Figure 17 shows the observed dis- 
tribution. The B® states, if present, should appear as 
peaks at 0, 1.4, and 2.37 Mev. In this case, there may 
be a small contribution from the 1.4-Mev state. An 
upper limit of 5% is set on the degree to which this 
state may participate. All that may be said regarding 
the small peak obtained is that it may be real, but could 
equally well be a statistical fluctuation. 


Mechanism (24) 


This mechanism may be regarded as the direct 
quadripartition of O'* into four alpha particles. In this 
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17. Distribution of B® excitation energies Eg* for 
events not involving Be® ground state. 
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Fic. 18. Distribution of energies of all four alphas for events 
not involving Be*® ground state. Energy-distribution function for 
quadripartition. 


case we may again resort to statistical mechanics, and 
the form of the distribution function obtained for the 
four alphas is 


f(ede Vel(E, —e)7 "de, 

where the symbols have the same significance as 
attributed to them above. Figure 18 gives this dis- 
tribution function as well as the observed distribution. 
Bearing in mind the effects of the Coulomb and angular- 
momentum barriers, we see that the agreement is quite 
good. The similarity between Fig. 18 here and Fig. 30 
of Millar and Cameron’s article is striking. It seems 
quite certain that this mechanism does, indeed, repre- 
sent the dominant mode for the 104 events not involving 
the Be® ground state. 


Summary for Events Not Involving the Be® Ground State 


No convincing evidence was found for the participa- 
tion of Be® states, Li® states, or C” states. The extent 
to which the 1.4-Mev state of B® may participate is 
limited to about 5%. All of the remainder would appear 
to decay by direct quadripartition. These results (except 
for the B® possibility) are again in agreement with those 
of Millar and Cameron. 
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MECHANISM OF 
APPENDIXES 


Appendix A. Errors 


Maximum permissible errors were calculated for the 
resultant energy and momenta in each event by assum- 
ing the following errors in the angular measurements : 


Angle (deg) Error (deg) 


0<a<60 da =+1.5 
a=60 ba =+2.0 
a>60 da =+2.5 
Bu 68u=+3 


Strictly speaking, these angular uncertainties are also 
functions of track length, but the above values were 
considered representative. These values are the same 
as those adopted by Brueckner ef al." except that 68.4 
has been increased from 1 deg to 3 deg because of the 
presence of the beam. The above values were borne out 
well on remeasurement of the pictures. 

The maximum error in particle energy due to uncer- 
tainty in the range-energy relation is a function of 
energy, but was ordinarily about 8%. The error in 
matching a scribed template to a curved track has been 
found to correspond to an error of 0.1 mm in the sagitta. 
Turbulence in the chamber was examined by use of 
weak-beam pictures without a magnetic field. The 
radius of curvature due to turbulence as determined by 
microscopic examination of single tracks was about 16 
m. This was usually small compared to uncertainties 
due to other sources, and was omitted. 

These errors were propagated and tables were con- 
structed giving the resultant errors in energy and 
momentum components for individual tracks. The 
tables were accurate to about 5%. The resultant errors 
for an event were then taken to be the sums of the 
magnitudes of the individual errors, in order to facilitate 
the computations. 

In the coordinate system used, the X and Y com- 
ponents of momentum should sum to zero, while the Z 
component should sum to the beam momentum. The 
standard deviations of the resultant momentum com- 
ponents for an individual event, as determined for all 
accepted events, were found to be: 


oPx=0.71X 10° gauss cm, 
oPy=0.52X 10° gauss cm, 
oPz=0.46X 10° gauss cm. 


The third value is to be compared with the value 
(7.83+0.07)X10® finally adopted for the beam 
momentum. 

As previously mentioned, the weighted average of the 
beam-energy values for all accepted events was 29.1 
Mev, and this value is to be compared with the ac- 
cepted value 28.9+0.5 Mev. The average obtained for 
all events with five prongs visible was 29.14 Mev, while 
that for all events with four prongs visible was 29.11 
Mev. 


REACTION O'%+4p+p+4a 
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Appendix B. Range-Energy Relation 


Since nearly all the alpha particles stopped in the 
chamber, it was clearly desirable to establish the best 
range-energy relation possible. Fortunately, the stop- 
ping power of oxygen for protons has been published 
for the energy range 40 to 600 kev.'* No experimental 
data beyond 600 kev are known to the author. Conse- 
quently, the use of theoretical values for the stopping 
power are required beyond this energy. Hirschfelder 
and Magee have published theoretical values of stopping 
power of oxygen for protons for the energy interval 
0.005 to 3 Mev.” On comparison of these two sets of 
data, the experimental value was found to be appreci- 
ably larger than the theoretical value at low energies, 
but only 6% greater at 600 kev. To obtain values for 
energies up to 3 Mev, the experimental data were used 
up to 600 kev; beyond this energy the theoretical value 
adjusted to agree with the experimental value at 600 
kev was used. 

This was done by plotting the difference between the 
two sets of values as a function of energy and making a 
linear extrapolation to zero by matching the slope of 
this correction function at 600 kev. The correction to 
be applied to the theoretical values thus became zero 
at 1.1 Mev. This process, then, yielded the stopping 
power as a function of energy for 0.040- to 3-Mev 
protons. 

The percentages of contaminants (as determined by 
the mass spectrometer) varied from run to run, and it 
was desirable to allow for their presence by use of a 
correction factor rather than by the actual construction 
for each run of curve of stopping power vs energy. This 
could be done because the stopping power of all the 
contaminants (except for the Hz in the water vapor) 
was very near that of oxygen, and the percentages of 
contaminants were small. What was finally done was to 
assume the cloud chamber gas to be pure oxygen except 
for the H,2 in the water vapor. To check the reliability 
of this assumption, the range-energy relation was con- 
structed by two methods for the run with the highest 
percentage of contaminants for the energy range of 40 
to 600 kev. This was the range in which experimental 
values of stopping power were known. First, a stopping 
power-vs-energy curve was obtained by adding the 
stopping powers of the several components. This was 
then integrated numerically to give range as a function 
of energy. Second, the gas was assumed to be pure 
oxygen, allowing only for the presence of H, by means 
of a small correction. The percentage composition was 
2.4% No, 0.6% A, 3.2% H20, and 93.8% O2. The two 
ranges agreed to within 0.1 mm over the entire energy 
interval, and this was taken as justification of the above- 
mentioned assumption. 


‘8H. K. Reynolds, D. N. F. Dunbar, W. A. Wenzel, and W. 
Whaling, Phys. Rev. 92, 742 (1953). 
'9 J. O. Hirschfelder and J. L. Magee, Phys. Rev. 73, 207 (1948). 
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Tabulated values of water vapor pressure were used 
rather than the mass-spectrometer values, since these 
latter are not held to be reliable. The temperature of the 
cloud chamber was known immediately before expan- 
sion, so that the vapor pressure could be obtained from 
tables. This value of water vapor pressure was then 
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corrected to account for the known expansion ratio of 
the cloud chamber. 

All that remained to be done at this point was to 
convert the proton ranges to alpha-particle ranges. The 
rule for this conversion is well-known for air and may be 
considered to be the same for oxygen. 
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Analysis of Some Deuteron-Induced Reactions in Oxygen-187 


J. C. ARMsTRONG* AND K. S. QuISENBERRY 
Radiation Laboratory, University of Pittsburgh, Pittsburgh, Pennsylvania 
(Received November 21, 1960) 


The reactions O'8(d,t)O"’, O'8(d,d’)O'%*, and O'8(d,p)O" are 
studied using 15-Mev deuterons and magnetic analysis of reaction 
particles. Absolute cross sections are determined for all reactions 
studied and the Butler-Born approximation is used to extract 
reduced widths when possible. Angular distributions of triton 
groups corresponding to the ground, 0.871-, 3.846-, 4.555-, 5.083-, 
and 5.378-Mev states of O' are obtained. An estimate of the 
configuration admixtures in the O'* ground state is made from 
analysis of the reduced widths and indicates the presence of a 
sizable (about 6%) (1f7/:7)) component. The experimentally 
determined admixtures are compared with several theoretical 
estimates. All O"* levels observed in the inelastic deuteron scatter- 
ing have been previously reported—the known 5.01-Mev state 
is not observed. The angular distribution of inelastic deuterons 
corresponding to the 1.982-Mev state of O* is obtained and com- 
parison of the absolute cross section with theory provides an 


I. INTRODUCTION 


N recent years nuclei just beyond ©", at the 
beginning of the 1d-2s shell, have become in- 

creasingly important in the study of nuclear structure. 
They lie in a rather ill-defined region between nuclei 
described by shell model calculations (A<17) and 
others described by the Bohr-Mottleson strong-coupling 
unified model! (A ~ 25). A theoretical description of the 
nuclei at the beginning of the 1d-2s shell may be possible 
solely in terms of one or the other of these two models, 
but will probably be complicated by interplay between 
independent-particle and collective effects. 

Intermediate coupling calculations have been carried 
out for nuclei of A= 18 and 19 and satisfactorily explain 
the static properties of F'*, F, O'8, and O'%2-4 Such 
calculations provide strong evidence for the validity 

+t Work done in the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy commission. 

* Now at Physics Department, University of Maryland, College 
Park, Maryland. 

1A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1955). 

2M. G. Redlich, Phys. Rev. 95, 448 (1954). 

3M. G. Redlich, Phys. Rev. 99, 1427 (1955). 

‘J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
229, 536 (1955). 


estimate of the O'* deformation. Proton groups from O}8(d,p)O"” 
reactions are observed corresponding to O excitations of 0, 
1.469, 3.164, 3.948, (4.123), (4.586), (4.706), (5.165), 5.45, 5.707, 
and 6.279 Mev, where assignment of the levels in parentheses to O” 
is uncertain. The known 0.096-Mev state is not observed and the 
proton group corresponding to 5.45-Mev excitation contains 
contributions from at least two states. Angular distributions 
leading to the O” ground, 1.469-, 3.164-, 3.948-, 5.707-, and 
6.279-Mev states are obtained and reduced widths extracted. The 
1, values for these angular distributions are ambiguous except 
for the ground-state reaction (/,=2) and the 1.469-Mev state 
reaction (J,=0). Analysis of the data suggests that J* (ground 
state) = §* and J* (0.096-Mev state) = }*. Using parameter values 
estimated from the O” energy level spectrum or obtained from 
neighboring nuclei, a description of this nucleus in terms of the 
strong-coupling unified model agrees with the data 


of an individual-particle, intermediate-coupling ap- 
proach to these nuclei even though weak surface- 
particle coupling must be added to account for ob- 
served E2 transition rates.*® It is therefore surprising 
that F’ is also well described by the unified model in the 
strong-coupling limit.®.7 Such a description implies the 
importance of collective effects in F" and possibly in 
neighboring nuclei as well, and suggests that there 
exists a fundamental equivalence between the 
individual-particle and collective-model theories.*® 

A study of deuteron-induced reactions in O'* will 
provide information about several light 1d-2s nuclei 
and may serve to clarify certain theoretical aspects of 
their structure. Analysis of the (d,/) reaction data should 
provide information about O'’ but, more important, it 
may be used to deduce configuration admixtures in the 
O'* ground state. Inelastic deuteron scattering data are 
somewhat less informative, although recent theoretical 
studies indicate that nuclear deformations may possibly 
be obtained from inelastic scattering angular distri- 

5 F.C. Barker, Phil. Mag. 1, 329 (1956). 

SE. B. Paul, Phil Mag. 2, 311 (1957). 

7G. Rakavy, Nuclear Phys. 4, 375 (1957). 

8 See for example: M. G. Redlich, Phys. Rev. 110, 468 (1958); 
J. P. Elliott, Proc. Roy. Soc. (London) A245, 128 (1958); A245, 
562 (1958). 





ANALYSIS OF SOME 
butions.*” An investigation of the O'8(d,p)O"” reactions 
will yield the energy level spectrum of O” and the 
measured reduced widths should provide valuable 
information concerning the internal structure of this 
nucleus. 


II. EXPERIMENTAL PROCEDURE 


The experiments described below were performed 
utilizing 15-Mev deuterons from the University of 
Pittsburgh cyclotron. The magnetically analyzed beam 
on the target has an energy spread of only 40 kev but 
analysis of known reaction particle energies indicates 
that the mean incident energy is not constant. Daily 
energy variations of as much as 100 kev are not in- 
frequent and the incident energy during these experi- 
ments ranged from 14.8 to 15.3 Mev. 

The beam intensity transversing the target (0.1 to 
1.0 wa) is continuously monitored by collection in a 
Faraday cup. Through electronic integration of the 
Faraday cup current, reaction particle yields are 
measured for a predetermined incident charge. Normally 
the error associated with this integration is less than 1% 
and hence negligible, but for scattering angles between 
5° and 9° it is necessary to use a smaller Faraday cup 
and the error is about +5%. 

Reaction products are momentum analyzed by a 
60°-sector magnet and detected either by CsI(TI) 
crystal scintillators or by nuclear emulsion plates. The 
energy resolution of the system is typically 50 to 100 
kev. Particle identification is accomplished by pulse- 
height analysis, using standard multichannel techniques, 
or by emulsion track grain density observation. Alumi- 
num absorbers of appropriate thickness are used as 
needed to facilitate identification and detection of 
desired reaction particles in the presence of background. 

The targets used in these experiments were oxidized 
nickel prepared by radiantly heating 5X10~°-in. thick 
nickel foils in the presence of pure oxygen gas." Targets 
having an oxygen areal density of 0.17 mg/cm? were 
prepared using natural O'*, 38% enriched O'*, and 
98.2% enriched O'%." The total areal density of each 
target was 0.73 mg/cm? and represented an energy loss 
of 55 kev for the incident 15-Mev deuterons. It was 
found that these targets were highly stable against 
oxygen loss, the measured yields of reaction products 
remaining constant even after long exposure to the 
incident beam. 

The 38% enriched O'* targets were used to determine 
all absolute cross sections through comparison with 
the O'*(d,p)O" ground-state reaction. The latter cross 


9]. S. Blair, Phys. Rev. 115, 928 (1959). 

10 E. Rost and N. Austern (to be published). 

1H. D. Holmgren, J. M. Blair, K. F. Famularo, T. F. Stratton, 
and R. V. Stuart, Rev. Sci. Instr. 25, 1026 (1954). 

12 The 38% enriched O'* containing 56.2% O'*, 0.85% O'", and 
37.9% O'* was furnished through the courtesy of A. O. Nier, 
University of Minnesota. The concentrated O"* containing 0.9% 
O'*, 0.985% O"7, and 98.2% O"8 was purchased from the Weizmann 
Institute of Science, Rehovoth, Israel. 
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section has been measured at this laboratory to be 
34.04+8.5 mb/sr at the peak of its angular distribution 
(8¢.m.* 13°)." Apart from other uncertainties introduced 
in the O'* experiments, the error in this value introduces 
an uncertainty of +25% in all absolute cross sections 
reported here. The only other significant experimental 
errors are the statistical errors of accumulated counts, 
beam integration error, and the error introduced by 
the presence of a background produced by reactions in 
nickel. This background prevented accurate energy and 
cross section measurements of the low intensity peaks 
and represents the major disadvantage in using nickel 
oxide targets for this investigation. The total error in 
relative cross-section measurements varies from about 
5% for the high-cross-section reactions to as much as 
50% for those with low cross section. 


III. DATA ANALYSIS AND DISCUSSION 


The analysis of deuteron stripping and pickup 
reactions presented here makes use of reduced widths 
obtained by comparing experimental angular distri- 
butions with curves calculated using the Butler-Born 
approximation." It is well known that reduced widths 
extracted by this procedure are far smaller than those 
obtained from reasonable theoretical considerations and 
that these experimentally determined reduced widths 
may not be directly compared with theoretical results.'® 
Instead, the values of the single-particle reduced widths 
are considered empirical quantities to be determined 
experimentally. 

The use of the Butler-Born approximation to extract 
reduced widths has been thoroughly discussed by 
Macfarlane and French.'* The approximation is viewed 
as a theory of three parameters: /,, the orbital angular 
momentum of the transferred nucleon ; ro, the stripping 
radius; and ©*, the reduced width.” Further 06?=$0,? 
where §, the spectroscopic factor, is proportional to the 
square of the overlap integral between initial and final 
states. The single-particle reduced width, @o*, is equal 
to 4reR?(ro), where R:(r) is the radial wave function 
of the transferred nucleon. 

The values of ro and J, are chosen so that the theo- 
retical curve best fits the experimental data. The value 
of ©? is then obtained through normalization of the 
theoretical expression to the observed absolute cross 
section. To determine § it is assumed that the value of 
the relevant single-particle reduced width may be 

(8. W. Hamburger, Ph.D. thesis, University of Pittsburgh, 
1959 (unpublished). 

4S. T. Butler and O. H. Hittmair, Nuclear Stripping Reactions 
(John Wiley & Sons, Inc., New York, 1957). 

16 J. B. French, Nuclear Spectroscopy, edited by F. Ajzenberg- 
Selove (Academic Press, Inc., New York, 1960). 

16M. H. Macfarlane and J. B. French, Revs. Modern Phys. 
32, 567 (1960). 

‘7 All reduced widths reported here are extracted by the methods 
outlined in reference 14 and include the isotopic spin coupling 


factor assuming 7 =4, 1, and } for all relevant states in 0", O'8, 
and O", respectively. 
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taken from analyses of experiments in neighboring 
nuclei. 

The analysis presented here cannot yield exact 
results because uncertainties in both experimental data 
and the treatment of reduced widths introduce un- 
avoidable errors. The reliability of quantitative con- 
clusions can only be judged by their internal consistency. 
The uncertainty in all reduced widths used here is taken 
to be approximately 25%. 


A. O'8(d,f)O" Reactions 


Pickup reactions in light and medium-weight nuclei 
connecting states of known spin and parity offer a 
direct method for determination of the target nucleus 
ground-state (g.s.) wave function. Uncertainties in 
single-particle reduced width values and necessary 
approximations in reaction data analysis limit the 
accuracy of the results. Nonetheless such reactions have 
yielded valuable information in determining the ap- 
proximate strengths of configuration admixtures in 
some nuclei.!*"8 The reaction O'8(d,t)O" is well suited 
for such a wave function determination. The Q value of 
the ground-state reaction is —1.81 Mev, which results 
in relatively high triton energies and makes detection 
considerably less difficult than is usually the case. 
Further, the residual nucleus in this reaction has been 

18 FE, 
(1958). 

19 E. W. Hamburger and A. G. Blair, Phys. Rev. 119, 777 (1960). 


Baranger and S. Meshkov, Phys. Rev. Letters 1, 30 
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Fic. 2. Angular distribution of the O'8(d,t)O" ground state. 


well studied and seven of the first eight levels in O'" 
have either certain or probable spin and parity assign- 
ments as shown in Fig. 1.% The spin and parity of the 
QO! g.s. is known to be OF. 


1. Experimental Data 


Triton groups corresponding to the ground state 
and first seven excited states of O'’ have been observed 
and six angular distributions obtained. Triton identifi- 
cation was accomplished by pulse-height analysis and 
level assignments for the various triton groups were 
made by energy analysis. 

Absolute cross sections measured at three laboratory 
angles are listed in Table I. The 5.22-Mev state was 
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Fic. 3. Angular distribution of the O"*(d,t)O"” 0.871-Mev state. 


© Unless otherwise specified, Q values, excitation energies, spin, 
and parity assignments quoted herein have been taken from F. 
Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 (1959). 
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Fic. 4. Angular distribution of the O'8(d,t)O'" 3.846-Mev state. 


only weakly excited, the maximum observed cross 
section being <0.07 mb/sr at 0@:.»=14°, so that no 
angular distribution of this group was obtained. The 
cross section for excitation of the 3.058-Mev state was 
large at both @4,=8° and 6,,=35°, but detection 
between these angles was prevented by the presence 
of the very intense elastic deuteron group. Angular 
distributions of triton groups corresponding to the 
ground, 0.871-, 3.846-, 4.555-, 5.083-, and 5.378-Mev 
states together with curves calculated using the Butler- 
Born approximation are shown in Figs. 2 through 7. 
The stripping radius ro has been adjusted to give the 
best fit for each set of data and is shown in each figure. 
All J, values used are in accord with the spin and parity 
assignments of Fig. 1. The only uncertain /, assignment 
is that for the 3.846-Mev (7/2-) state. Theoretical 
curves for this reaction having /,=1, 2, and 3 require 
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Fic. 6. Angular distribution of the O'*(d,t)O'7 5.083-Mev state. 


stripping radii of 2.0, 4.7, and 7.0 fermis, respectively. 
Because the rp values for all other levels observed are 
between 5.5 and 7.0 fermis the 7,=3 curve and conse- 
quently a 5/2- or 7/2- spin and parity assignment is 
favored. 


2. O'8 Ground-State Wave Function and 
Reduced Width Values 


The direct extraction of nuclear spectroscopic 
information from a (d,t) reaction is currently impossible 
because the deuteron-triton stripping transform is not 
numerically calculable. As a recourse, one obtains from 
the data not @?, but A@*® where A arises from the 
uncertainty in the value of the deuteron-triton stripping 
transform.” The values of AQ? extracted from the data 
of Figs. 2 through 7 are listed in Table II. 
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*1 The quantity A is explicitly defined in reference (16). 
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If it is assumed that A is not a function of /, and Q,” 
one may write 


AOQ*/AO” = $O,2/8'O0”, (1) 


and multiplication by © %/@ ? determines the ratio 
8/8’. 

In order to extract from the data an estimate of the 
configuration mixture in the O'* g.s. wave function, 
two further assumptions are necessary. It is assumed 
that the observed positive parity states of O'’ and the 
(7/2-) 3.846-Mev state are good single-particle states. 
That is, the wave function of each of these states is 
taken to be of the form 


V(O"),;=W(O'8 g.s.) 720X | nl;) jes, (2) 


where m, /, and 7 are the principal, orbital angular 
momentum, and total angular momentum quantum 
numbers, respectively, of the single neutron outside the 
O'® core. The O'8 g.s. wave function is assumed to have 
the form 


¥(0"8 g.s.)z-0=¥(O" g.s.)y0X¥;a;|nl?)o. (3) 


The spectroscopic factor for the (d,/) reaction connect- 
ing Eq. (2) with Eq. (3) is simply 


$(j)=2a?, (4) 
and Eq. (1) may now be written 


$O,2/8’ Qo? = 4 7002/4; Oo”. (5) 


Hence the ratios of single-particle reduced widths, 
together with the normalization condition }°;a7=1, 
determine the a7 values uniquely. If the O'* g.s. wave 
function [Eq. (3)] contains only the extra core ml; 
values 1d5/2, 251/2, 1d3/2, and 1f7/2, the single-particle 
reduced width ratios necessary to determine the a7? 


TABLE I. O'8(d,t)O'? measured absolute differential cross sections. 


ARDS: S44 


Oo 
energy 
level 
(Mev) 

.S. 
0.871 
3.058 


biab = 11 F 
(except as 

noted) 

da /dQ* 

(mb/sr) 
5.21 +0.57 
4.06 +0.30 
2.7> +1.5 
0.051°+0.007 
0.35 +0.02 
0.076 +0.011 


<0.03 


0.50 +0.07 


Oiap = 25 
(except as 
noted) 
da /dQ* 
(mb/sr) 


4.12 +0.19 _ 


1.71 +0.04 


0.50° +0.12 ° 


0.095+0.009 

0.044+0.005 

0.14 +0.03 
<0.03 


0.29 +0.03 


Maximum observed 


cross section 


da /dQ* 


(mb/sr) 


7.72 +0.08 


14.7 +15 
2.7% +15 
0.095+0.009 
0.35 +0.02 
0.17 +0.04 
<0.07 
0.51 +0.07 


Piab 


1 


NwGyUe ss 
>a ae 2 & 


— m KD ee 
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— 


* Errors quoted in this table are relative, absolute cross sections having 


been determined by assuming the O'* 


1,p)O! 


cross section is 34 mb/sr at the peak of its angular distribution (@¢.m 
an additional error of 


Reference (13). All absolute cross sections have 
£25%, 


b iad =8°. 
® Oia = 37°. 


4 The triton group correspon 
between @iab =8 7 

* Pah =17°. 
than 17°. 


and @iab = 


This triton group was not studied at laboratory 


g.s. reaction (Ea =15 Mev) 
43°). 


ling to the 3.058- Mev level was not observed 


angles less 


2 The validity of this assumption is questionable. See reference 
(21) and A. I. Hamburger, Phys. Rev. 118, 1271 (1960). 


UISENBERRY 


~ 


TABLE II. Parameters used in fitting theoretical curves to the 
O'8(d,t)O" angular distribution data. 
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A@?/A@, ,? 


1 
0.74 
0.038 
0.039 
0.044 
0.066 


Nu) 


Ww wwnate Un! 
hy dO NV DO bo bo 
| + 
wrwmNNN™~ 
Une 


| 
| 


are @,?(2s)/@2(1d) and O?(1/)/Oc(1d). These are as- 
sumed to have the values 2.0 and 0.5, respectively.” 
The resulting wave function (coefficients written as 
percentages) is 


V(O'8 g.s.)=W(O"* g.s.) K {76.4 (1d5/2")o+ 14.7 (251/2")o 
+3.3(1d3/2")o+5.6(1 fr2*)o}. (6) 


The correctness of this analysis depends upon the 
validity of Eqs. (1), (2), and (3). The numerical 
uncertainties in the coefficients of Eq. (6) result from 
both experimental inaccuracies and possible errors in 
the choice of @,? ratios. The total error of each coeffi- 
cient is estimated to be less than 20%. 

The value of A, unnecessary in the above analysis, 
may be estimated from analyses of previous experiments 
at this laboratory. The experiments of Moore™ and of 
Vogelsang and McGruer®® have been analyzed and 
indicate A= 165 and 160, respectively.'® A reasonable 
value for use here is, therefore, A= 160. With this value 
of A and the a; values taken from Eq. (6) the single- 
particle reduced widths are 


0.2(1d)=0.024; ©O(2s)=0.05; O(1/)=0.012. 


These values agree well with those obtained from 
analyses of reactions involving comparable binding 
energies of the transferred nucleon." Finally, the (total) 
reduced widths for the /,=1 transitions, again using 
A= 160, are 


@?(4.555-Mev state) = 0.0014, 


@?(5.378-Mev state) = 0.0024. 


3. Estimates of Configuration Mixing in O'* 


a. Shell model. The necessity of strong 1d-2s con- 
figuration mixing in describing the properties of the 
A= 18 and 19 isotopes of oxygen and fluorine is indicated 
by the intermediate-coupling calculations of Redlich?* 
and of Elliott and Flowers.‘ Neither of the calculations 


3 The 2s and 1d single-particle reduced widths extracted from 
experiments through use of the Butler-Born approximation and 
compiled in reference (16) exhibit a strong dependence on the 
binding energy of the transferred nucleon. The binding energies 
here are 7.3 and 8.2 Mev. The ratios quoted correspond to binding 
energies in this range. M. H. Macfarlane (private communication). 

*W. E. Moore, Ph.D. thesis, University of Pittsburgh, 1959 
(unpublished). 

2° W. F. Vogelsang and J. N. McGruer, Phys. Rev. 109, 1663 
(1958). 
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includes mixing of N=3 (1f and 2p) configurations, 
although Redlich examined this possibility for A= 18 
and found that the strongest mixing between (1d5,2") 
and (1/7/:*) occurs for T=1, J=0 states and ordinary 
(Wigner) exchange forces. The amplitude of the ad- 
mixture is small and not included in his subsequent 
calculations. An intermediate coupling calculation 
including (1 f7/")o and (2/3/2")) admixtures in the O"* g.s. 
has been made by Macfarlane and French.’* None of 
these calculations reproduce the experimentally ob- 
served energy level spectrum. They are, however, based 
upon reasonable parameter values so that the predicted 
O'8 g.s. wave functions, shown in Table ITI, are con- 
sidered good approximations to the predictions that 
would result from a more accurate intermediate- 
coupling calculation. 

Each calculation is in agreement with experiment at 
least to the extent that it correctly predicts the experi- 
mentally observed ratios of the (1d5/2*)o, (251/2?)o, and 
(1d3/2")) admixtures and the calculation of Macfarlane 
and French indicates that this method may be capable 
of correctly accounting for N=3 (1/,2p) admixtures. 
The experimental uncertainties do not permit a con- 
clusive comparison of the individual calculations. 

b. Strong-coupling unified model. Successful descrip- 
tions of F in terms of the Bohr-Mottleson strong- 
coupling unified model indicate that this model might 
find general applicability in the light 1d-2s shell.*.” There 
has been presented some evidence to the contrary.** 
A comparison of the O'* g.s. configuration admixtures 
predicted by this model with those obtained experi- 
mentally would be useful as a further test for the model. 
The theoretical admixtures may be computed from the 
wave function tabulations of Nilsson.*” These are 
dependent upon the nuclear deformation and in order 
to obtain the wave function listed in Table IIT it was 
assumed that the O'§ deformation is approximately 


Tas e III. Values found for the O'8 ground-state configuration 
admixture coefficients a;*, in percent. 


1f; 2 


1d; 2? 2s; 2 1d; 2? 
76.4 14.7 3.3 
81.0 15.5 s 
74.0 16.4 

79.0 15.2 

69.9 21.2 ‘ 
74.6 20.0 a 
84.3 8.6 1. 


2 ps2? 
0 

0 

0 

0 
0.7 
0 


an 


Present experiment® 
Present experiment* > 
Redlich® 

Elliott and Flowers 
Macfarlane and French® 
Nilsson! 

Pairing force® 


monoocou| 
Na) 


w 


* Admixture of (23/2")0 component is assumed to be negligible. 

b Renormalized experimental wave function neglecting (1/7/2*)o for 
comparison with theoretical wave functions. 

© Shell-model calculation, see reference 4. 

4 Shell-mode! calculation, see reference 3. 

¢ Shell-model calculation, see reference 16. 

f Unified-model calculation assuming 8 =0.2, see reference 27. 

&G=0.45,. See text. 


26 The low-lying (3.56-Mev) 4* state in O'8 has been cited as 
rather conclusive evidence that this nucleus cannot be described 
by the strong-coupling unified model. H. E. Gove and A. E. 
Litherland, Phys. Rev. 113, 1078 (1959). 

27S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 
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two thirds the deformation used to describe F. The 
admixture predictions are in reasonable agreement 
with experiment and suggest the possibility of describ- 
ing successfully O'* by this model. Further data are 
necessary to confirm or reject this possibility. 

c. Pairing force. Recently a probable candidate for 
the first excited O* state in O'* has been found at 
3.65 Mev.?* Knowledge of its excitation energy allows 
one to make an elementary pairing force calculation to 
derive configuration mixtures in the T=1, J=0 states 
of O'8, adjusting the pairing force strength G to re- 
produce the observed energy splitting of the ground 
state and this first excited O* state. Single-particle 
energies e; are taken from O'’ and the Hamiltonian is 
of the form” 


H= :: €;0 jm'b im— 


jm 


a yw b 51 mb jm" jm jm, (7) 


77’ mm’ 


G 
2 


where 6;,' and bj, are creation and annihilation 
operators, respectively, for a particle with total angular 
momentum 7 and magnetic quantum number m. The 
resulting energy matrix is 


—VvV3G 
1.74—G 
—2G 
—v2G 


ldy?( —3G 
2sy2| —Vv3G 
1 fry? | — (12)'G 


ldy?| —</66 


— (12)'G 
—2G 
—4G 

8G 


—/6G 
—Vv2G 
—4/8G 
10.16—2G 


A 3.6-Mev energy splitting between the ground state 
and first excited 0+ state is produced with a value of 
G=0.45 Mev. The resulting g.s. wave function has the 
following components: 


84.3% (1ds)2*), 8.6% (25122), 1.8% (1days*), 
and 5.3% (1f7/2*). 


In agreement with experiment, the pairing force calcu- 
lation predicts that the (1/72?) component is larger 
than the (1d3/:?). It does underestimate the (2s1,2?) 
admixture and the value of G(~8/A) is somewhat 
smaller than one might expect in this region of A.® The 
validity of this calculation is therefore considered to be 
questionable. 


4. Odd-Parity Transitions . 


a. 3.846-Mev state. The analysis of the data presented 
above is based on the validity of several rather severe 
assumptions. The existence of single-particle 1ds5y2, 1d3;2, 
25/2, and 1/72 states in O" is essential to the entire 
project. While there is no conclusive evidence to the 
contrary, such an assumption for the (7/2-) 3.846-Mev 
state is perhaps premature. Recent data obtained by 
Keller indicate that the reduced width for the (d,p) 
reaction to this level from O"* is far less than the 1/f 


28 H. E. Gove (private communication). 
* L. S. Kisslinger and R. A. Sorenson (to be published). 
% In Mg™*, G~18/A; see reference 19. 
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single-particle reduced widths obtained from reactions 
studied in neighboring nuclei. 

Another complication arises in analyzing the /,=3 
reaction data. Even if the 3.846-Mev state is a single 
1 /7/2 neutron state, it has been shown that such a state 
in O" (where the 1d5,2 subshell is not filled) is approxi- 
mately 15% spurious and thus must contain at least 
this percentage of core excited configurations.” The 
(1/7/22) component in the O'* ground state is likewise 
impure, the wave function of such a configuration 
having the form 

W (1 fro?) = (0.7)4 (1 fz?) + (0.3)! (core excitation). (8) 
Consequently the assumption of a calculable spectro- 
scopic factor for this transition ($=2a7/.*) must be 
viewed as a crude approximation. A correct calculation 
of this spectroscopic factor requires knowledge of the 
degree of overlap between the core excited configura- 
tions in the (1/7/2)7/2 and (1/7;2?)9 wave functions and 
knowledge of the relative phases of the various com- 
ponents. Assuming as limits perfect core overlap and 
no core overlap, the method used above to determine 
the O'* g.s. admixtures may overestimate the (1 /7/:*)o 
component by 10% or underestimate it by a factor of 
two. The complete wave functions necessary for an 
exact calculation are not available, but it can be shown 
that the core overlap integral does not vanish.* 

b. 4.555- and 5.378-Mev States. The extraction of 
quantitative spectroscopic information from analysis 
of the /,=1 transitions is also complicated by the fact 
that the wave functions of the relevant states are not 
known and hence the overlap integrals cannot be 


31 FE. L. Keller, Phys. Rev. 121, 820 (1961) 
% EF. Baranger and C. W. Lee, Nuclear Phys (to be published). 
% FE. Baranger (private communication). 
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calculated. Analysis of O''(d,p)O" data yields a larger 
reduced width for the 4.555-Mev state than for that at 
5.378-Mev, the sum being considerably less than the 
full 2 single-particle reduced width." This indicates 
that although the 4.555-Mev state possesses a larger 
(O'*>X 23/2)3/2 component than the 5.378-Mev state, 
both states contain admixtures of at least two other 
configurations. The O'%(d,t)O" data suggest that one of 
these configurations is (O'*Xipss')3/2, but further 
(quantitative) conclusions are impossible. 

c. 3.058-Mev State. No angular distribution of the 
triton group corresponding to the 3.058-Mev state in 
O" was obtained. If the J* of this state is 4-, its strong 
excitation in the O'*(d,t)O" reaction indicates a large 
overlap of the wave function and that of the configura- 
tion (O'*X 11/2"')1/2. The configuration previously pro- 
posed [(C” g.s.) 0X (251/21 p1y2)1/2.] may be present in 
this state but it is unlikely that this configuration 
accounts for the large cross section.™ 


B. O'8(d,d’)O'** Reactions 


Detailed interpretation of inelastic deuteron scatter- 
ing in terms of nuclear spectroscopy is at present more 
difficult than analysis of deuteron stripping and pickup 
reactions. The information obtained from data presented 
here is therefore limited to energy values of some excited 
states and a questionable estimate of the deformation 
of the O'® nucleus. 

Inelastically scattered deuterons corresponding to ex- 
citations in O'* up to 5.5 Mev were observed at labora- 
tory scattering angles of 17°, 25°, and 35°. A typical 
spectrum (@;.,=35°) is shown in Fig. 8 and partial 
spectra (@;.,=17° and 25°) appear in Fig. 9. Similar 
spectra obtained from a pure nickel target indicate that 


4 JT. Unna and I. Talmi, Phys. Rev. 112, 452 (1958). 
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TABLE IV. Experimentally determined Q values for the ’ 
O'8(d,d )O'8* reactions in Mev. 





Pia = 17° 


1.982 
3.557 
3.653 
3.949 
4.498 

not observed 


Piab =25° Oinb=35° av Q valuet 


1,982 
3.570 
3.657 
3.952 





1.982+0.004 

3.550+0.020 
3.639+0.015° 
3.929+0.040 
4.457+0.015° 
5.007 +0.040 
5.170+0.040 
5.311+0.040 
5.456+0.040 


1.982 
3.565 
3.654 
3.946 


3.564+0.025 
3.655+0.030 
3.949+0.030 
4.501+0.040 


5.141 
5.306 


5.139+0.030 
5.301+0.030 
5.41340.035 


5.294 
5.414 





* Energies quoted by Ajzenberg-Selove and Lauristen, reference 20, 
except as noted. 

> O values measured relative to the 1.982-Mev state. 

© Energy assignments by N. Jarmie and M. G. Silbert, reference 35. 

4 Errors quoted are estimated probable errors. 


the major portion of the background originates from 
Ni(d,d’)Ni* reactions. 

The Q value of each O'8(d,d’)O'** reaction was 
measured relative to that of the first excited state 
(Q=1.982+-0.004 Mev). An error of +20 kev is 
introduced by the magnetic analyzer absolute cali- 
bration and additional error results in determining the 
relative laboratory energy of deuteron groups. The 
unweighted average of three Q-value measurements is 
given in Table IV together with its estimated probable 
uncertainty. 

All of the O'* states observed in this experiment have 
been previously reported. The 3.655- and 4.501-Mev 
states are not listed by Ajzenberg-Selove and Lauritsen, 
but were observed recently in the reaction O'*(t,p)O"* 
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Fic. 9. Partial spectra of inelastic deuteron scattering obtained 
at @a»=25° (top) and @4,=17° (bottom). Arrows denote the 
position of energy levels in O"8. 
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Fic. 10. Measured angular distribution of the O'8(d,d’)O"'* 


1.982-Mev state and the theoretical curves (reference 9 and 10) 
fitted to the data. 


by Jarmie and Silbert who measured values of 3.639 
+0.015 and 4.457+0.015 Mev, respectively, in reason- 
able agreement with those obtained here.** The 5.007- 
Mev state was not observed. Absolute cross sections 
obtained from the data appear in Table V. 

The large cross section for excitation of the 1.982-Mev 
first excited state prompted an investigation of the 
angular distribution of the corresponding deuteron 
group. The data are shown in Fig. 10 together with two 
theoretically predicted curves.’ These calculations 
have been shown to be similar," the former making use 
of plane waves and the adiabatic assumption while the 
latter is a distorted wave Born approximation. The 
degree of applicability of these theories to inelastic 
deuteron scattering is uncertain. Approximately correct 
values of the nuclear deformation parameter 6 have 


TABLE V. O'8(d,d’)O'8* measured absolute 
differential cross sections. 


QO! 
energy 
level 


biad = 17 ; 
da /dQ* 
(Mev) (mb/sr) 


1.982 17.7 +0.4 
3.564 1.03+0.13 
3.655 4.69+0.19 
3.949 4.27+0.17 
4.501 1.52+0.14 
5.01> <0.14 

5.139 3.99+0.20 
5.301 2.05+0.14 3.08+0.15 
5.413 1.30+0.13 1.58+0.13 


Piab = 25° 
da /dQ* 
(mb/sr) 


19.7 +0.6 
0.92+0.08 
1.09+0.09 
4.69+0.19 
0.42+0.08 

<0.10 
4.16+0.17 


da /dQ* 
(mb/sr) 


10.0 +0.3 
1.10-+0.09 
0.19+0.11 
2.17+0.13 
0.130.09 

<0.034 
4.44+0.18 
1.37+0.12 











* Errors quoted in this table are relative, absolute cross sections having 
been determined by assuming the O'*(d,p)O"" g.s. reaction (Ea =15 Mev) 
cross section is 34 mb/sr at the peak of its angular distribution (@¢.m. ~13°). 
See reference 13. All absolute cross sections quoted have an additional error 
of +25%. 

b 5.01-Mev level was not observed. Entries in cross-section columns for 
this level are statistical upper limits. 


35 N, Jarmie and M. G. Silbert, Phys. Rev. 120, 914 (1960). 
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certain. The broad level at 
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least two separate states. 
The 0.096-Mev state was 
not observed in _ this 
experiment. 
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been obtained however by fitting Blair’s theoretical 
curves to inelastic deuteron scattering data in the 
magnesium isotopes.*® It is therefore of interest to 
compare the O'* deformation thus extracted with 
reasonable estimates. For interaction radii of 6.3 and 
6.7 fermis, Blair curves yield 8 values of 0.26 and 0.23, 
respectively. Both of these values are somewhat larger 
than the value 0.20 assumed to obtain the O'§ g.s. wave 
function listed in Table III and smaller than the 
theoretical prediction 8~0.27 of Rakavy.’ 

The theoretical curves fit the experimental data 
quite well in the region of the observed first maximum, 
but both predict a more pronounced oscillatory pattern 
than is observed experimentally. More experimental 
data are necessary in order to make a detailed 
comparison. 


C. O'8(d,p)O'*® Reactions 
1. Data 


A search for proton groups corresponding to energy 
levels in O up to 9-Mev excitation was made at three 
laboratory scattering angles (11°,17°,25°) and the 
results are shown in Table VI. The excitation energy 
values were obtained from Q values measured relative 
to the second excited state whose excitation energy is 


36 A. G. Blair and E. W. Hamburger (private communication). 


AND 


K. S. QUISENBERR 

1.469+0.011 Mev. The energy errors quoted in Table 
VI are estimated probable uncertainties. Assignment of 
the proton groups to energy levels in O™ was verified 
wherever possible by accurate determination of the 
angular dependence of reaction proton energies. This 
dependence could not be determined with sufficient 
accuracy to differentiate between target nuclei of 
A=17, 18, and 19. Further, the low cross-section peaks 
could not be observed over a sufficiently large angular 
interval to make this test. Data obtained using targets 
of different oxygen isotopic ratio indicate it to be 
unlikely that any levels assigned to O" arise from other 
oxygen isotopes. All levels assigned to O" are summar- 
ized in Table VI and presented in Fig. 11. Levels whose 
assignment to ©" is uncertain are parenthesized in 
Table VI and shown as dashed lines in Fig. 11. 

The background originating from deuteron-induced 
reactions in nickel caused considerable difficulty. A 
proton spectrum (@),)= 17°) is shown in Fig. 12. While 
some groups corresponding to O' levels are well above 
the background and offer the possibility of accurate 
Q value and cross-section determination, other smaller 
groups are interlaced with both nickel and O' groups 
and do not. For this reason no attempt was made to 
obtain angular distributions of the proton groups 
corresponding to probable O" states at 4.123, 4.586, and 
4.706 Mev. The 0.096-Mev state was not observed and 
the cross sections for it listed in Table VI are statistical 
upper limits. Upper limits for the cross section of other 
unobserved O states (assuming that their full width 
at half maximum is less than 200 kev) are 0.8, 0.5, and 
0.4 mb/sr below 5 Mev and 1.8, 1.3, and 0.97 mb/sr 
above 5-Mev excitation at 6),,=11°, 17°, and 25°, 


respectively. The states at 3.164 and 3.948 Mev 


TABLE VI. O'8(d,p)O" measured absolute 
differential cross sections. 


Oiap = 11 61.4,= 
da /dQ* da /dQ* 


(mb/sr) mb/sr) 


17 Oiap = 25 


da /dQ 


(mb/sr) 


O” energy 
level (Mev) 
0 +0.030 
0.096 
1.469>+0.011 
3.164 +0.030 
3.948 +0.030 
(4.123) +0.040 
(4.586) +0.040 
(4.706) +0.040 
(5.165) +0.040 
5.45¢ 

5.707 +0.035 
6.279 +0.030 


+0.6 8§.54+0.52 

<0.36 0.24 <0.13 

21.7 +1.4 6.24+0.83 3.56+0.80 
1.35+0.14 51+0.16 0.59+0.14 
3.23+0.21 81+0.20 0.86+0.30 
0.84+0.15 0.40-+-0.08 0.3340.07 
0.54+0.12 0.78+0.09 0.58+0.08 
0.21+0.15 0.34+0.11 0.35+0.08 
1.43+0.50 0.65+0.20 0.38+0.08 

22.0 +3.3 17.6 +2.5 6.04+0.91 
2.70+0.24 2.28+0.22 .31+0.16 
6.12+0.63 4.82+0.34 2.74+0.29 


16.0 +0.2 13.4 


* Cross-section errors quoted in this table are relative, absolute cross 
sections having been determined by assuming the O*(d,p)O" g.s. reaction 
(Ea =15 Mev) cross section is 34 mb/sr at the peak of its angular distri- 
bution (60.m. ~13°). See reference 13. All absolute cross sections quoted have 
an additional error of +25%. The 0.096-Mev state was not observed. Cross 
sections quoted for this level are statistical upper limits. 

> This value was taken from reference 20 and used as a standard. All 
other errors in excitation energies are estimated probable errors. 

© The broad peak (width ~200 kev) corresponding to 5.45-Mev excitation 
in O” consists of contributions from at least two unresolved levels. 
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1G. 12. Nuclear emulsion plate spectrum of O!8(d,p)O" reaction protons. Top figure shows 0- to 6-Mev excitation, bottom 


figure shows 5- to 9-Mev excitation, both at @ij,4,=17° 


apparently correspond to those reported by Williams 
and Hough at 3.14 and 3.94 Mev.* 

Angular distributions of the well separated, positively 
identified O' groups are shown in Fig. 13 through 18 
together with curves calculated using the Butler-Born 
approximation. The only positively identified /,, values 
are those of the ground state (/,=2) and the 1.469-Mev 
state (/,=0) reactions. The O'%(d,p)O" 1.469-Mev 
reaction data were fitted with several /,=0 curves, each 
having a different stripping radius. Experimental data 
for all other O" states have been fitted with several 
curves having different /, values by allowing large, and 
perhaps unreasonable, variations in the value of ro. 


Analysis 


a. Spin, Parity, and Reduced-Width Values. The 
theoretical curves and experimental data presented in 
Figs. 13 through 18 have been used to extract the 


37 W. Williams, Jr., and P. V. C. Hough, Bull. Am. Phys. Soc. 
4, 219 (1959). 


. Arrows denote the position of identified energy levels. 


quantity [2/+1]©?,"” and results are shown in Table 
Vil 


TABLE VII. Parameters used in fitting theoretical curves to the 
O'8(d,p)O” angeles distribution data. 
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Fic. 13. Angular distribution of the O'8(d,p)O” ground state. 


The ground-state spin of O” is known to be either 
3/2 or 5/2. The theoretical /,=2 curve fitted to the 
data of this group (Fig. 13) confirms this assignment 
and indicates positive parity. Table VII yields 0?=0.28 
if J™=3/2+ and ©?=0.18 if J*=5/2t. Assuming 
©,?(1d)=0.05,'* the spectroscopic factors are 0.56 and 
0.36, respectively. 

The possible spin and parity assignments for the 
0.096-Mev state are 3/2+ and 5/2*. Assuming that this 
state has positive parity, its excitation via the O'*(d,p)- 
O” reaction would require the absorption of an /,=2 
neutron. The angular distribution of the proton group 
corresponding to the reaction would therefore be 
similar to that of the ground-state group and the ratio 
of [2J+1]@? values for these reactions would be 
approximately equal to the ratio of their cross sections. 
This is because the Q values involved (1.6 and 1.7 Mev) 
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Fic. 14. Angular distribution of the O'8(d,p)O"” 1.469-Mev state 
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Fic. 15. Angular distribution of the O'8(d,p)O” 3.164-Mev state. 
are nearly the same and the theoretical angular distri- 
bution is comparatively insensitive to small changes 
in Q value here. Thus the cross sections of Table VI 
indicate 


S(ground state) 


{| [2/0+1]©*(ground state) 


; > 50 
[2J +1]©?(0.096-Mev state) $(0.096-Mev state) ~ 

if the 0.096-Mev state has positive parity. This in- 
equality together with theoretical calculations may be 
used to make tentative spin assignments for the relevant 
states. 

Complete the three lowest 
predicted states in O'’ have been published by Redlich® 
and by Elliott and Flowers.‘ While inspection reveals 
differences in the wave functions of these two calcu- 
lations, they are in essential agreement. For the low- 
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Fic. 16. Angular distribution of the O'5(d,p)O"” 3.948-Mev state. 
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lying J*™==5/2+, 1/2+, and 3/2+ states the dominant 
configurations are (d5/2*)5/2, (ds/2*S1/2)1/2, and a combina- 
tion of (d5/2*)32 and (d5/2"51/2)3/2, respectively. We have 
seen that the O'* ground-state wave function is pre- 
dominantly (ds5,s*)o and it is apparent that the /,= 
transition to the lowest 3/2+ in O” can only proceed 
weakly.*8 

Using the O'*® ground-state wave function experi- 
mentally determined from the O!8(d,t)O" analysis and 
the theoretically predicted O” wave functions of 
Redlich,’ the spectroscopic factors for the O'*(d,p)O” 
reactions to the low-lying 5/2+, 1/2+, and 3/2+ states 
in O” have been calculated to be 0.62, 0.77, and 0.0004, 
respectively. 

Both Redlich and Elliott and Flowers predict an O' 
level order of 5/2*, 1/2+, 3/2* extending over not more 
than 2 Mev. But, if all the levels in O” below 3 Mev 
have been observed and if the predicted 5/2+ and 3/2* 
states are among them, the experimental data are 
compatible only with the assignments 


J*(O"” ground state)=5/2t, 
and 
J*(O” 0.096-Mev state) =3/2t, 


giving a 5/2+, 3/2+, and 1/2* level order. ‘These assign- 
ments are not at variance with any experimental data 
and if the assumptions made are valid, the evidence is 
conclusive. In particular, the theoretical ratio 


$(J* =3/2*)/8(J* =5/2*) ~0.001 


is so small that enormous inaccuracies in the theoretical 
O” wave functions would be required to reverse the 
above assignments. 

The O'8(d,p)O” 1.469-Mev state reaction data can 
be fitted only with /,=0 curves and it may be concluded 
that 

J*(O" 1.469-Mev state) =1/2t. 


The reduced width extracted for this transition is 
highly sensitive to ue choice of the stripping radius. 
Using both the slope of the experimental data for 
66.m<20° and the position of the second maximum, the 
angular distribution of this group (Fig. 14) has been 
fitted with three values of ro. The agreement between 
the theoretical curves and the experimental data 
appears to be equally good for all three ro values, while 
the extracted reduced widths (Table VII) differ greatly. 
Although the normalized theoretical curves for ro= 4.45f 
and ro= 4.8f differ by only 10% at 0¢.m.=0°, the reduced 
widths resulting from these curves are in a ratio of 
approximately 1.8. Accurate quantitative analysis is 
obviously impossible, but for use in the discussion to 
follow it may be noted that, assuming @,?(2s)=0.16,'* 
the spectroscopic factors for this transition are 1.3, 1.0, 
or 0.56 for ro values of 5.0f, 4.8f, and 4.45f, respectively. 

Low-angle data for the 3.164-Mev state reaction 


38 This has been previously noted. W. Zimmermann, Phys. Rev. 
114, 837 (1959). 
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Fic. 17. Angular distribution of the O'*(d,p)O" 5.707-Mev state. 


(Fig. 15) are best fitted by the /,=0 curve, indicating 
J*=1/2* for this state. The existence of two low-lying 
1/2+ states separated by less than 2 Mev seems 
somewhat improbable, and in view of the fact that 
low-angle stripping data commonly disagree with 
theory it is concluded that this J* assignment is 
questionable and will not be adopted here. 

If the 5.45-Mev excitation group (Table VI), for 
which no angular distribution was obtained, contains 
a major contribution from a single state in O”, this 
transition would possess a relatively large reduced 
width. This group could not be resolved into its com- 
ponents, but its width (approximately 200 kev) does 
not preclude the possibility that it is primarily 
attributable to a single level. If this is the case, it is 
suggested that the large reduced width (i.e., large cross 
section) for this transition results from the fact that 
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Fic. 18. Angular distribution of the O'8(d,p)O” 6.279-Mev state. 
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Fic. 19. Strong-coupling unified-model description of the low-lying states of O”. The J*=4*, 3*, and § 
reference (27), orbits 7,9, and 5 are shown at the left (energies measured relative to the }* state of orbit 7 
and experimental level diagram (up to 5-Mev excitation) are shown at the right. Parameter values used to obtail 


trum are listed in Table VIII 


numerous other configurations are, without doubt, 
present in the function. 

No angular distributions were obtained for the 
possible O" states at 4.123, 4.586, 4.706, and 5.165 Mev 
and the similarity of various /, curves fitted to the 
angular distribution of the 3.948-, 5.707-, and 6.279-Mev 
states prevents unique /, determinations for them. The 
J* assignments for all these levels therefore remain 
undetermined. 

b. Strong-Coupling Unified Model Description of O". 
In applying the strong-coupling unified model to O” 
the total Hamiltonian was taken to be of the form 


this state is to a large extent (d5/2°d3/2)3/2, although 


h? 
A=—{(P?4+P—-I?-—J2—(1,J_+I_J,)]+Him, (9) 
29 


where $=moment of inertia of the nucleus, /= total 
angular momentum, J=particle angular momentum 
z=nuclear symmetry axis, and Hj,¢=intrinsic (i.e., 
individual particle) Hamiltonian. A description of the 
intrinsic motion commonly used in unified model 
calculations has been discussed by Nilsson and is used 
here.” The Hamiltonian deformed 
harmonic oscillator term, H/o, to which is added spin- 
orbit and 7 corrections: 


consists of a 


Hint=Ao+Cl-s+DP. (10) 


An extension of Nilsson’s calculations for the N=2 
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the theoretical spec- 


states 


i 


(1d-2s) shell has been made by allowing variations in 
u=2D/C from —0.2 to +0.5.” 

In order to apply this model to O" it is necessary to 
know the values of various parameters which arise 
from the use of Eq. (9) and (10). These have been 
estimated by a variety of means and are summarized 
in Table VIII. The inertia parameter 
h?/29 is taken from the position of the first excited 
state in O'8 while the deformation has been estimated 
by assuming the validity of Rakavy’s’ calculated ratio 
B(O")/B(F¥)=+3/4 and taking 6(F"%)=0.3 as 


moment ol 


used 


TABLE VIII. Parameters used with the strong-coupling 
unified model in describing O” 


Parameter Value Reference 


l-s splitting strength (C) 

2 strength (D) 

Moment of inertia 
parameter (#?/29) 

Harmonic oscillator level 
spacing (ftw") 

Nuclear deformation ({) 0.225 

Nuclear deformation (6 0.214 

Nilsson parameter (n) 3.0 

Nilsson parameter (4 0.1 

Nilsson parameter (« 


2.18 Mev 
0.12 Mev 


0.33 Mev 


15.4 Mev 


* Calculated using the O” energy leve 

>» Calculated using the O'8 energy level \ 

© hwo® =41 ; see reference 27. 

4 B for O'8 taken as 38 for F"; see reference 
¢ Calculated using above parameters 


%® These calculations were performed in collaboration with A. G 
Blair and S. Meshkov. 
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previously by Paul.* The values of C and D in Eq. (10) 
are taken from the O” energy level spectrum by 
assuming the ground, 1.469-Mev, and 5.45-Mev states 
correspond to single-particle 1d5)2, 2512, and 1d3/2 
states, respectively. 

The energy level spectrum of the low-lying states in 
©” which results from using the complete unified 
Hamiltonian in the strong-coupling limit [Eq. (9) ], 
the intrinsic Nilsson Hamiltonian [Eq. (10)], and 
parameters taken from Table VIII appears in Fig. 19. 
In Fig. 19 the unperturbed level order is shown at the 
left where each state is labeled by J. The value of K, 
the projection of J on the nuclear symmetry axis, 
appears under each rotational band together with 
Nilsson’s designation (orbit number). 

States with the same total angular momentum having 
K values differing by 1 (or both equal to 4) interact 
through a coupling of the total angular momentum 
with the individual particle angular momentum 
(referred to as rotation-particle coupling or RPC). 
This interaction between unperturbed states yields the 
final level diagram labeled Theory in Fig. 19. The 
experimental energy level diagram is shown for com- 
parison. The spin and parity order is in agreement with 
the J* values deduced above and the theoretical energy 
values are in reasonable agreement with experiment, a 
ground-state spin of 5/2* resulting theoretically from 
strong RPC interaction. 


In addition the theoretical O''(d,p)O” spectroscopic 


factors were calculated. The results for the low-lying 

2+, 3/2*+, and 1/2* states are shown in Table IX 
together with those obtained from shell model wave 
functions and those observed experimentally. In view 
of the uncertainties in both the experimental data and 
the parameter values of Table VIII, the agreement 
between experiment and theory is most satisfactory. 
It is noteworthy that the $ values obtained from the 
Nilsson calculation agree with shell-model 
predictions. 

Spectroscopic factors for the three states predicted 
above 2 Mev (Fig. 19) were also calculated. The § 
values are 0.0003, 0.15, and 0.005 for the (5/2*) 2.63-, 
(3/2+) 2.97-, and (5/2*) 4.30-Mev states, respectively. 
If a 5/2* state does exist at approximately 2.6 Mev, 
the small $ would account for its nonobservance in the 
present experiment. The next 5/2+ state, predicted to 
lie at about 4.3-Mev excitation, could be any of the 
states observed between 4 and 5 Mev. It is unlikely that 
the 3/2* state predicted to lie at 2.97 Mev corresponds 
to the experimentally observed state at 3.164 Mev. If 
the 3.164-Mev state possessed a spin of 3/2, its 
ange distribution would be characterized by an 
i,=2 stripping curve, but in order to fit the position 
of the observed maximum (Fig. 15) a theoretical /,=2 


also 


SOME DEUTERON-INDUCED REACTIONS 


IN O18 163 


TABLE IX. Spectroscopic factors for O'8(d,p)O"” 
transitions to low-lying states. 


Experiment® Shell model 


0.35 
<0.007 
0.56 to 1.3 





Nilsson 


0. 62. 0.74 
0.0004 0.0008 
0.77 0.46 








* The experienenash fy values are based on the J* edpanents deduced in 
the text and assuming @0*(1d) =0.05 and @o?(2s) =0.16. 


curve requires a stripping radius less than 3f or greater 
than 9f. It is more probable that this state has either 
negative parity or arises from intrinsic states lying 
higher than those considered in Fig. 19. The predicted 
3/2+ state may correspond to the experimentally 
observed 3.948-Mev state. The experimental spectro- 
scopic factor, 0.08, is in reasonable agreement with the 
theoretical value, 0.15. 

The above theoretical description of O” seems to 
explain adequately the experimentally observed low- 
lying level structure and reaction data. The calculation 
was based on parameter values obtained both from 
neighboring nuclei and from what are believed to be 
reasonable estimates. No arbitrary adjustment of any 
parameter was made and, in particular, the positions 
of the unperturbed states were calculated explicitly. 

The theoretical results may be improved by altering 
one or more of the parameter values. Better agreement 
with the experimental level spectrum may be obtained 
by using a larger value of C, a smaller value of D, ora 
larger moment of inertia parameter. Similarly, the 
theoretical spectroscopic factors can be adjusted to give 
better agreement with experiment by choosing a 
smaller deformation parameter. In view of the lack of 
spin and parity assignments for states above 3-Mev 
excitation, it is felt that any attempt at this time to 
improve the theoretical results by arbitrary adjustment 
of these parameter values would be meaningless. A 
true estimate of the model’s success can be made only 
after comparison with further experiments, in particular, 
those dealing with the dynamic properties of this 
nucleus. 


ACKNOWLEDGMENTS 


One of us (J. C. A.) is grateful to the National Science 
Foundation for the grant of fellowships during the 
course of this research. Appreciation is expressed to Dr. 
N. Austern, Dr. E. U. Baranger, Dr. M. H. Macfarlane, 
and Dr. S. Meshkov for helpful discussions and criti- 
cisms. The assistance and active interest throughout all 
phases of this work by A. G. Blair and E. L. Keller is 
gratefully acknowledged as is the support and en- 
couragement of Dr. A. J. Allen. 





PHYSICAL REVIEW VOLUME 


e232, 


NUMBER 1 
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Che angular yield of monoenergetic neutrons from the T(d,n)He‘ reaction has been measured with 6.2-, 


7.9-, 9.1-, 10.2 


, and 11.4-Mev deuterons. The neutrons were detected with a proton recoil telescope which 


provided discrimination against neutrons from the T(d,np)T breakup reaction. The yield curves are all 
peaked forward, with a second maximum at about 65° which becomes more pronounced with increasing 
energy, and a back-angle rise. A quasi-absolute determination of the 0° cross section for this reaction is 
described. The measured yield curves are compared to those for the companion He'(d,p) He‘ reaction and a 
strong similarity in shape and magnitude is noted. A simple stripping model is inadequate to describe these 


data. A distorted-wave calculation is required. 


INTRODUCTION 


HE T(d,x)Het reaction is the primary source of 
monoenergetic beams of neutrons with energies 
between 14 and 30 Mev, due to its very high Q value 
of 17.578 Mev.' Hence, knowledge of the angular yield 
of the neutrons from this reaction at different deuteron 
energies is of considerable experimental interest. It also 
provides additional information in the field of few- 
nucleon systems. 

A review of the experimental work, with an extensive 
bibliography, is given by Brolley and Fowler.? Previ- 
ously reported angular distributions in the deuteron 
energy region from 6 to 11.5 Mev include distributions 
at 6.0 and 7.0 Mev by Bame and Perry,’ using a proton 
recoil telescope similar to that used in this experiment, 
and a distribution at 10.5 Mev by Brolley, Fowler, and 
Stovall‘ using various neutron detecting techniques. 
Recently, Stewart, Brolley, and Rosen,® using nuclear 
emulsions to detect the residual alpha particles, have 
reported angular distributions for neutron center-of- 
mass angles greater than about 70° for deuteron energies 
of 6.1, 8.4, 9.9, 12.3, and 14.2 Mev. They have also 
measured full angular distributions of the companion 
He*(d,p)He* reaction at similar deuteron energies. 

Butler and Symonds® have attempted a stripping fit 
to the 10.5-Mev data of Brolley et al.,4 and the very 
similar 10.2-Mev angular distribution for the com- 
panion He*(d,p)He* reaction.’ A reasonable fit, as- 
suming an /=0 momentum transfer, was obtained for 
center-of-mass angles from 0° to the second minimum 
at about 100°, but beyond this the data departed 
strongly from the theoretical stripping curve. 


'V. J. Ashby and H. C. 
Radiation Laboratory Rept. 
(unpublished). 

2J. E. Brolley, Jr. and J. L 
edited by J. B. Marion and J. L 
Inc., New York, 1960). 

8S. J. Bame and J. E. Perry, Jr 

i P E. Brolley, bf L 
502 (1951). 

*L. Stewart, J. E. Brolley, and L. Rosen, Phys. Rev. 119, 1649 
(1960). 

6S. T. Butler and J. L. Symonds, Phys. Rev. 83, 858 (1951). 

‘J. C. Allred, Phys. Rev. 84, 695 (1951). 


Catron, University of California 
UCRL-5419, February, 1959 


Fowler, in Fast Neutron Physics, 
Fowler (Interscience Publishers, 


, Phys. Rev. 107, 1616 (1957). 
Fowler, and E. J. Stovall, Phys. Rev. 82, 


The experiment reported here provides angular yield 
curves for the T(d,n)He* neutrons for laboratory 
deuteron energies of 6.2, 7.9, 9.1, 10.2, and 11.4 Mev. 
These data indicate that a distorted wave calculation 
is required to describe the yields for this reaction. 


EXPERIMENT 


the Livermore 
90-inch variable energy cyclotron. Just under one 
atmosphere of tritium gas, of unknown purity, was 
contained in a stainless steel cylindrical gas cell 4 
inches in length and 1 inch in diameter. Deuterons 
entered the target through a 0.00025-inch (about 10 
mg/cm?) tantalum foil and were stopped in a 0.020-inch 
tantalum beam stopper. Tantalum collimators pre- 
vented bombardment of the side walls of the target 
cylinder. 


The deuterons were provided by 


The neutron detector was mounted 32 inches from 
the center of the gas target on a remotely controllable 
angle changer. The selsyn control from the counting 
area permitted accurate changes in steps of about 0.2° 
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Fic. 1. A typical pulse-height spectrum from the proton recoil 
counter telescope. Deuteron energy=10.2 Mev, neutron angle 
=0°. The monoenergetic group of T(d,n)He* neutrons is well 
resolved from the high-energy end of the breakup neutron 
spectrum. 
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and was reproducible over long periods of time to 
better than 0.5°. 

The proton recoil counter telescope used to detect 
the neutrons has been described in a report on a similar 
experiment to measure the D(d,n)He* neutrons.* A 
typical pulse-height spectrum from the telescope, as 
viewed with a 256-channel pulse-height analyzer, is 
shown in Fig. 1. The deuteron energy is 10.2 Mev and 
the counter is at 0° with respect to the incident beam. 

The neutron production was monitored by collecting 
the charge received by the gas target, which was 
insulated from the beampipe. In addition, an auxiliary 
monitor was provided by a single plastic scintillator 
fixed at about 15° to the deuteron beam direction and 
sufficiently highly biased that only the direct T (d,x)He* 
neutrons could be counted. 

The incident deuteron beam energy was determined 
by a differential range measurement,’ and the un- 
certainty in the beam energy was about +2%. 


RESULTS 


The measured angular yield curves for the T (d,n)He* 
neutrons for incident laboratory deuteron energies of 
6.2, 7.9, 9.1, 10.2, and'11.4 Mev are plotted in Figs. 2-6. 
The open circles are the present data, shown in the 
center-of-mass system. The filled-in circles were ex- 
tracted from the back-angle data of Stewart ef al.,> by 
considering the variation of the cross section at each 
angle with their deuteron energies and picking out the 
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Fic. 2. Laboratory and center-of-mass angular yield curves for 
the T(d,n) Het reaction for 6.2-Mev incident deuterons. The open 
circles are the present data. The filled-in circles are from Stewart 
et al.5 The triangles are from the data of Bame and Perry’ at 6.0 
Mev. 


8 Murrey D. Goldberg and James M. LeBlanc, Phys. Rev. 119 
1992 (1960). 
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Fic. 3. Laboratory and center-of-mass angular yield curves for 
the T(d,n)Het reaction for 7.9-Mev incident deuterons. The open 
circles are the present data. The filled-in circles are from Stewart 
et al.§ 


values at that angle corresponding to our deuteron 
energies. These absolute data points were then nor- 
malized to the present experimental data at 120°. 

Thé angular resolution, as determined by the target 
size, proton radiator size, and the target-to-radiator 
spacing, was about 2° at 0° and about 5° at 90° in the 
laboratory. The position of 0° was determined by taking 
data from about —6° through 0° to positive angles and 
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Fic. 4. Laboratory and center-of-mass angular yield curves for 
the T (d,n)He* reaction for 9.1-Mev incident deuterons. The open 
circles are the present data. The filled-in circles are from Stewart 
et al.® 
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Fic. 5. Laboratory and center-of-mass angular yield curves for 
the T (d,n) He‘ reaction for 10.2-Mev incident deuterons. The open 
circles are the present data. The filled-in circles are from Stewart 
et al.§ 


calling the peak position of the yield curve the true 0° 
position. The shape of the forward peak allowed a 
determination of true 0° to within about +1°. The 
statistical uncertainty in the values ranges from about 
2% at 0° to about 6% at angles near the minimum of 
the angular yield curves. 

The curves through the experimental center-of-mass 
points in Figs. 2-6 represent a least-squares fitting of 
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Fic. 6. Laboratory and center-of-mass angular yield curves for 
the T (d,n) He‘ reaction for 11.4-Mev incident deuterons. The open 
circles are the present data. The filled-in circles are from Stewart 
et al.® 
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the data by a sum of Legendre polynomials, i.e., 
o(0)=> >» @nPn(cos). Polynomials to order n=8 were 
used, providing nine parameters to fit the observed 
data. The variation of the Legendre coefficients with 
incident deuteron energy, plotted in Fig. 7, provides a 
means of constructing angular yield curves for any 
energy through the range covered. The coefficients are 
listed in Table I along with the integrated total cross 
sections, which were calculated using the absolute cross 
sections discussed below. 

The angular yield curves in the laboratory system, 
also plotted in Figs. 2-6, are easily obtained by con- 
version of the least-squares center-of-mass curves. Due 
to doubtful validity of the least-squares fitting pro- 








Variation of Legendre 
incident deuteron et 


Fic. 7. 


cedure outside the range of the data, the values for 
angles greater than about 155° (corresponding to about 
160° in the center-of-mass system) may be incorrect. 
The points tabulated by Bame and Perry® for an 
incident deuteron energy of 6.0 Mev are plotted (filled- 
in triangles) on the 6.2-Mev laboratory curve (Fig. 2) 
for purposes of comparison. The agreement is seen to be 
excellent and does corroborate the least-squares data 
at this energy beyond 155°. 


DISCUSSION 


Since the purity of the tritium gas was unknown, 
absolute cross sections could not be measured. However, 
it was possible to make a quasi-absolute measurement 
of the 0° cross section as a function of deuteron energy, 
in which all conditions for an absolute measurement 
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were met except for the unknown scale factor due to 
the number of tritium atoms present. To do this, the 
target gas pressure must be maintained constant, the 
accumulated charge on the target must be known, the 
variation of the efficiency of the recoil telescope with 
energy must be known, and the effects due to heating 
of the target gas by the passage of the deuteron beam 
must be measured. The gas pressure was monitored at 
frequent intervals and the charge accumulated by the 
gas target was integrated by standard means. The 
telescope efficiency, when the same hydrogenous 
radiator is used at all energies, depends on energy only 
through the variation of the m-p cross section with 
energy, and this is well known. The effects of beam 
heating were measured by running at several beam 
levels between 1 and 5 wa and extrapolating to zero 
beam level. The quasi-absolute measurement was done 
for incident deuteron energies of 6.4, 8.5, 10.4, and 11.0 
Mev, to an estimated accuracy of about +15%. Using 


TasLe I. Legendre coefficients resulting from fitting angular 


yield curves with a sum of Legendre polynomials. Total cross 
sections (in millibarns) are from integration of the Legendre sum, 
using Fig. 8 to obtain absolute angular distributions. 


Ea(Mev) 
6.2 7.9 9.1 





10.2 
0.245 
0.049 
0.172 

—0.016 
0.139 
0.198 
0.161 


0.261 
0.062 
0.173 
—0.017 
0.139 
0.196 
0.127 


0.314 
0.113 
0.221 
0.048 
0.068 
0.147 
0.064 
0.005 0.020 0.034 0.051 0.059 
0.004 0.017 0.025 0.007 0.034 
73 53 47 41 


0.295 
0.067 
0.205 
0.013 
0.127 
0.182 
0.096 





the variation of the absolute 0° cross section with 
deuteron energy up to 7 Mev of Bame and Perry,’ the 
6.4-Mev point can be used to provide the scale factor 
for the other three points. These points are plotted in 
Fig. 8, along with the data of Bame and Perry between 
4 and 7 Mev and the 10.5-Mev point of Brolley et al.‘ 

The back-angle measurements of Stewart et al.,° of 
the T(d,n)He* neutrons are given absolutely and can 
be used to absolutely normalize the yield curves re- 
ported here. The resulting values of the cross section 
at 0° are also plotted in Fig. 8. An error of about +10% 
is estimated for these points. Also plotted are the abso- 
lute 0° cross sections of Stewart ef al.,5 resulting from 
an extrapolation of their Legendre polynomial fits to 
the He*(d,p)Het reaction to 0°. 

The absolute 0° curve in Fig. 8 was used to normalize 
the angular yield curves in order to obtain the inte- 
grated total cross sections tabulated in Table I. 

A composite of the angular yield curves in the 
center-of-mass system for both the T(d,n)He* neutrons 
and the He'(d,p)He* protons at identical incident 
deuteron energies is shown in Fig. 9. The He*(d,p)He' 
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Fic. 8. The absolute 0° center-of-mass differential cross section. 
The line at low energies and the filled-in circles are from the data 
of Bame and Perry.’ The open circles are the quasi-absolute data 
points, normalized at 6.4 Mev to the Bame and Perry data. The 
open triangles are the 0° values when the present yield curves 
(Figs. 2-6) are normalized to the absolute back-angle data of 
Stewart et al. The square is from the data of Brolley et al.4 The 
filled-in triangles are the values when the Legendre fits to the 
He?(d,p)He* data of Stewart et al., are extrapolated to 0°. 


curves were obtained by plotting the variation of the 
Legendre coefficients of Stewart ef al.° with energy and 
constructing angular yield curves using the coefficients 
corresponding to deuteron energies used in the experi- 
ment reported here. 

As can be seen from Fig. 9, the two reactions have 
very similar features. Both show strong forward 
peaking, a minimum at about 40°, a maximum at 
about 65° which becomes more pronounced with in- 
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Fic. 9. Composite to show the similarities in the features of the 
T(d,n)He* angular yield curves and those from the companion 
He3(d,p)He* reaction. The T (d,n) He* curves are the present data. 
The He®(d,p)He* curves were constructed from the values of the 
Legendre coefficients of Stewart et al.' at energies corresponding to 
those of the present experiment. 
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creasing energy, a minimum at about 100°, and a 
back-angle rise. Figure 8 indicates that the absolute 
cross sections are also the same. This coincidence of 
the two cross sections for these companion reactions 
may be considered as a demonstration of the charge 
symmetry of nuclear forces.® 

The analysis by Butler and Symonds® of the older 
10-Mev that a 
simple stripping model can account for the shape of 
the distributions from the forward peak through the 
second minimum. Their calculation, however, cannot 
account for the back-angle rise. An attempt to account 
for this rise by considering stripping of the triton, 
using the exchange stripping model of Owen and 
Madansky,*'* led to the conclusion that a triton strip- 
ping amplitude that would account for the back-angle 
rise was inadequate to account for the magnitude of 
the second maximum. A triton amplitude sufficiently 
large to give rise to an interference term sufficiently 

® George E. Owen and L. Madansky, Phys. Rev. 105, 1766 
(1957); Am. J. Phys. 26, 260 (1958). 


data on these reactions‘ indicates 
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large to account for the second maximum would indi- 
cate a cross section at 180° an order of magnitude or 
more higher than that observed experimentally. This 
would indicate that distorting effects not considered 
in a simple stripping model must be accounted for. 
Therefore, a distorted-wave stripping calculation, using 
an exchange wave function for the final-state neutrons, 
would seem to be required to fully describe the observed 
angular distributions for these reactions. 
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Cross sections for the (m,2n) reaction have been measured at an incident neutron energy of 14.4+0.3 Mev 


for 27 nuclides. These measurements were made relative to the cross section for the Cu™ 
The relative cross sections were then converted to absolute cross sections by using the 


n,2n)Cu®™ reactior 
weighted mean of 


several Cu®(n,2n)Cu®™ reaction-cross-section measurements made by other investigators 


INTRODUCTION 


ANY (n,2n) cross sections have been measured at 
incident neutron near 14 Mev,!-” 
because of the ease with which neutrons having this 
energy can be produced by use of low-voltage acceler- 
ators and the H*(d,n)He' Other investi- 


energies 


reaction. 
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Energy Commission. 
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gators!” have measured the variation of the cross 
section for the (m,2m) reaction as a function of neutron 
energy from near threshold to 18 to 20 Mev. Most of 
these measurements have been characterized by rather 
large standard deviations for the measured cross 
sections because of the experimental difficulties en- 
countered. The present method eliminates some of these 
difficulties so that in general the standard deviations of 
the measured cross sections are somewhat less than 
those of most previously reported (m,2m) cross-section 
measurements. 

The compound nucleus model'® has frequently been 
used in the theoretical evaluation of (n,2n) cross 
3 H. C. Martin and B. C. Diven, Phys. Rev. 86, 565 (1952). 

4 J. E. Brolley, Jr., J. L. Fowler, and L. K. Schlacks, Phys. Rev. 
88, 618 (1952). ; 

'S H. C. Martin and R. F. Taschek, Phys. Rev. 89, 1302 (1953). 

© A. V. Cohen and P. H. White, Nuclear Phys. 1, 73 (1956). 

J. M. Ferguson and W. E. Thompson, Phys. Rev. 118, 228 

(1960). 
Bay! M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap. VIII. ~ 





14.4-MEV (m,2n) 


IRRADIATED 
SAMPLE 











ay 
ol f} Nex 


PRE- 
AMP 


AMPLIFIER | 
nn, {SCALER 
Anat LYZER 


RCA6655 RCA 6655 




















a, 
LEAD 





AMPLIFIER| 


_ {COINCIDENCE 
T=2psec 


Fic. 1. Electronic circuitry. The windows on the single-channel 
pulse-height analyzers were set so that only those pulses falling 
under the 511-kev photoelectric peak were fed to the coincidence 
circuit. 


sections in order to compare experimental measure- 
ments*"'-!7 with the theoretical predictions. Compu- 
tation of theoretical values of the (m,2m) cross sections 
by use of this model requires knowledge of two param- 
eters (the nuclear temperature and the cross section 
for the emission of the first neutron from the compound 
nucleus), which are generally not known. This makes 
it difficult to compare the theory with experimental 
data at only one incident neutron energy. If one com- 
pares theoretical and experimental curves,’ it is 
evident that there is, at best, only order of magnitude 
agreement between the theoretical and experimental 
values of the cross sections. Yet the predictions from 
this model are more accurate than those from any other 
theoretical model, For these reasons no attempt has 
been made to compare the present measurements with 
theoretical predictions. 


EXPERIMENTAL DETAILS 


Samples were irradiated with neutrons produced by 
the H*(d,n)He* reaction. The deuterons were accelerated 
to approximately 120 kev in a Cockcroft-Walton 
accelerator and allowed to strike a thick Zr-T target. 
The alpha particles going off at 90° to the direction of 
the incoming deuterons were collimated by apertures 
and then detected with a plastic scintillator mounted 
on an RCA-6342 photomultiplier tube. The neutron 
yield was monitored by counting these alpha particles. 
The total neutron yield was usually about 5X 105 
neutrons per second and did not vary more than a few 
percent during the course of any one irradiation. 

All of the samples were irradiated in cylindrical 
Lucite sample holders having an inside diameter of 
1 in. These sample holders had different thicknesses 
so that variable amounts of the solid or powdered 
samples could be irradiated. Two irradiation positions 
were used, one approximately 3 cm from the target 
and the other 10 cm from the target. In each of these 
positions, the axis of the cylindrical sample holder made 
an angle of 45° with the direction of the incoming 
deuteron beam. The incident neutron energy was 
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Fic. 2. Gamma-ray spectrum from a Cu sample irradiated with 
14.4-Mev neutrons for 25 min. The count was taken during the 
third, fourth, and fifth minute after the end of the irradiation. 





14.4+-0.3 Mev at each of the irradiation positions. The 
irradiation times used were about three times the 
half-life of the expected activity. The maximum 
irradiation time for any sample was 7 hr. 

After irradiation the sample was placed between two 
Nal(TI) scintillation spectrometers positioned 180° 
from each other. Interest was confined to those residual 
nuclei which decayed at least in part by positron 
emission. Coincidences between the two 5ll-kev 
gamma rays from positron annihilation were counted by 
use of the electronic circuitry shown in Fig. 1. The 
usual setting of the windows on each single-channel 
pulse-height analyzer is shown in Fig. 2. The end of 
each Nal crystal holder, 1} in. in diameter by 1} in 
long, was covered with a sheet of lead in order to insure 
that annihilation of the positrons took place between 
the crystals. The proper operation of the circuitry was 
checked during the experiment by using a Na” source. 

The radioactive decay was followed for several 
nalf-lives. A least-squares analysis of the coincidence 
counting rate taken at periodic time intervals allowed 
the positron activity present at the end of the irradiation 
period to be determined. In some cases it was necessary 
to correct the data for ‘‘spurious” coincidences due to 
(1) gamma rays which were coincident with the positron 
emission, and (2) cascade gamma rays from the (m,2m) 
or other reactions with the target nuclide or other 
isotopes of the element. These corrections were usually 
not more than a few percent. In two or three cases the 
corrections amounted to as much as 10%. Each 
irradiated sample was checked to determine the extent 
of these ‘‘spurious” coincidences and corrections were 
applied to the data where necessary. 

Several different thicknesses of each sample were 
irradiated and the positron activity at the end of the 
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irradiation” period in each case was determined as 
described above. These data were used in order to 
determine a correction to be applied for the absorption 
of the 511-kev gamma rays in the sample. (See 
Appendix.) 

Cross sections for the (m,2m) reaction were computed 
from the equation 


26 
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Tn,2n=— 


AYBURN 


where Koo is the coincidence counting rate at the end of 
the irradiation period per gram of sample per unit 
incident neutron (extrapolated to zero sample thick- 
ness), M is the atomic weight of the target isotope, T 
is the irradiation time, Ky is a constant of the experi- 
mental arrangement which includes contributions from 
the irradiation geometry, the efficiency of the alpha 
counter (neutron production rate), and the efficiency 
for the coincident counting of positron annihilation 
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radiation, 8, is the relative sotopi abundance of the 


TABLE I. (m,2n) reaction cross sections. 
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® The fraction of the radioactive residual nuclei that decay by positron emission. In those cases in which the decay is from a n 
ground state, the percent shown includes contributions from both states. These values were obtained from the compil: 
and G. T. Seaborg, Revs. Modern Phys. 30, 585 (1958) or from Nuclear Data Cards {reference 19], or were con 
Phys. Rev. 107, 329 (1957). 

b This is the value of the cross section for the reaction Cl*5(m,2n)C14™ only. 

¢ This is the value of the cross section for the reaction Sc*5(n,2”)Sc* only. 

4 This is the value of the cross section for the reaction Sc*5(m,2”)Sc#™ only. 

© This is the value of the cross section for the reaction Se7*(,2n)Se only. 

! This is the value of the cross section for the reaction Se™4(n,2n)Se™™ only. 

& This is the value of the cross section for the reaction Br®(,2n) Br®™ only. 

b This is the value of the cross section for the reactions Zr®(n,2n)Zr#™(93%) and Zr(n,2n)Zr®, 

i This is the value of the cross section for the reactions Mo(n,2m)Mo™™"(57%) and Mo*(n,2n) Mo", 

i Lower limit since only one isomer was observed. 

k Reference 3. 

1V. J. Ashby, H. C. Catron, L. L. Newkirk, and C. J. Taylor, University of California Radiation Laboratory Report UCRL-5054 

™ Reference 12 ® Reference 7. © Reference 2. P Reference 16. 
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target isotope, 8, is the fraction of the radioactive 
residual nuclei that decay by positron emission, ) is the 
disintegration constant, and b= 4A(t2—d;), where (/2—t)) 
is the length of time coincidence counts were collected 
for each point on the decay curve. The quantity 
2b/(e’—e~*) has a value different from unity only in 
those cases in which the counting time for each point 
approaches a value equal to the half-life of the radio- 
active decay. 

The constant Ky was determined by irradiating 
copper samples, determining Koo from the induced 
positron activity from the Cu®(n,27)Cu® reaction, and 
using a value of 503 mb+7.3% for the cross section of 
this reaction. A value of 0.982 was used" for the number 
of positrons per disintegration for Cu®. This value of 
the Cu®(n,2n)Cu® reaction cross section is the weighted 
mean of the measurements of several other investi- 
gators.*:'4.!6 Qne or more values of Ky were determined 
when cross-section measurements were made for each 
of the samples. The measured relative cross sections can 
then be expressed as absolute cross sections by using the 
above cross section for the Cu®(n,2n)Cu® reaction. 


RESULTS 


The experimental measurements are tabulated in 
Table I. The standard deviations of the measured cross 
sections include all known contributions, including the 
uncertainty in the Cu®(,2n)Cu® measurement. In the 
same table the measurements of other investigators are 
listed where these measurements exist for incident 
neutron energies near 14.4 Mev. The agreement between 
the present measurements and those reported by other 
investigators is in general very good. 

In some cases the decay scheme of the residual nucleus 
is such that it allows measurement of the cross section 
for the (n,2n) reaction leading to a metastable state. 
Cross sections for this type of reaction are shown in 
Table I for the reactions Cl**(n,2n)Cl*™, Sc**(n,2n)- 
Sc#™, Se™4(n,2n)Se™™, and Br*!(2,2n)Br®™. In other 
cases it was not possible to entirely separate the decay 
through the metastable state from the decay through 
the ground state of the residual nucleus. In the two 


8 Nuclear Data Cards (National Academy of Sciences, National 
Research Council, U. S. Government Printing Office, Washington, 
D. C., 1959). 
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cases of this type shown in Table I, Zn® and Mo™®, it was 
possible to include only a fraction of the decay through 
the metastable state. 

The measured half-lives are in generally good agree- 
ment with the values in the literature! except for the 
half-life of Ni®’ which was found to be 43.7+0.9 hr. 
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APPENDIX. ABSORPTION CORRECTION 


The value of the linear absorption coefficient for 
511-kev gammas was measured in the present experi- 
mental arrangement for samples of Cu, Mo, Ag, Cd, 
and Sb. Because of the experimental arrangement used, 
it was expected that the value of this measured linear 
absorption coefficient would be less than the value of 
the theoretical linear absorption coefficient computed 
on the assumption of good geometry. The ratio of the 
measured to the theoretical linear absorption coefficients 
was found to be 0.899-+ (5.8%) for the above mentioned 
samples. The theoretical values were computed from 
equations given by Heitler.*” The experimental linear 
absorption coefficient was then obtained for all thé 
other samples by multiplying the theoretical value by 
0.899. A least-squares analysis of the activities found for 
different sample thicknesses by use of the experimental 
linear absorption coefficient as found above then 
enables one to determine Ko (the coincidence counting 
rate at the end of the irradiation period per gram of 
sample per unit incident neutron—extrapolated to zero 
sample thickness). 

It should be pointed out that the value of the experi- 
mental linear absorption coefficient could be changed 
considerably without changing the value of Koo very 
much. In a typical case a 5% change in the value of the 
experimental linear absorption coefficient produced a 
change of 3% in the value of Koo. 


20W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, New York, 1954), 3rd ed., Chap. V. 
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The beta spectra of In™‘, P®, and Y® have been studied closely in an intermediate-image beta-ray spec- 
trometer and compared to theoretical predictions in terms of a linear shape factor of the form (1+-aW). The 


values obtained for a were 


(+-0.0036+0.0021)/mc? for In™, 


(—0.01334+0.0011)/mc? for P®, and 


(—0.0047+0.0008) /mc* for Y®, all for electron kinetic energies from about 200 kev up to near the maximum 
beta energies. Tests were made to give indications for spectrometer fidelity. Because of the linearity of the 
shape-factor plots and the similarity in energy range, the comparative results from In', P®, and Y®™ are 
taken as a definite indication that for at least two of these activities the shape factors have nonzero slopes, 


irrespective of questions of instrumental fidelity. 





I. INTRODUCTION 


HE form of the beta-decay interaction now seems 

to have been clarified' principally through experi- 

ments involving parity nonconservation. This removes 

the possibility of Fierz interference? and makes the 

theoretical beta-momentum distribution quite definite 
in many cases. 

Although there persisted some degree of disagreement 
between the experimental results of beta spectroscopy 
and the Fermi theory until about 1943,* the improved 
techniques of the past decade have given rise to a 
general agreement where linearity of Kurie (F-K) plots 
has been the test. In studies that have been made, 
having a precision of one percent or better per data 
point, there still remains some disagreement among the 
experimental results, thus indicating the frequent 
presence of instrumental distortions to at least this 
order of magnitude. In spite of the great success of the 
Fermi theory, a closer experimental check on beta 
spectra shapes still seems desirable. 

Tests for spectrometer fidelity in general do not give 
sufficient information to constitute a proof of such. 
Unless the evidence is quite compelling, it may be more 
reasonable to accept the theory as a test for the experi- 
mental methods. However, as pointed out by Porter 
et al.,‘ if one finds differences in beta spectra of similar 
energy range under the same experimental conditions, 
the reality of some deviation from the theory should be 
evident. The present work reports the results of a study 
of In'™, P®, and Y” under similar conditions. Some 
consideration is given to experimental indications of 
instrumental accuracy. 

Recent investigations' 


’ 


of these isotopes, employing 


+ Contribution No. 949. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

* Present address: Gustavus Adolphus College, St. 
Minnesota. 

1 E. J. Konopinski, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1959), Vol. 9, pp. 99. 

2M. Z. Fierz, Physik 104, 553 (1937). 

3C. S. Wu, Revs. Modern Phys. 22, 386 (1950). 

‘F. T. Porter, F. Wagner, Jr., and M. S. Freedman, Phys. Rev. 
107, 135 (1957). 

5 A. V. Pohm, R. C. Waddell, and E. N. Jensen, Phys. Rev. 101, 


Peter, 


volatilized sources and thin (<200 ug/cm*) backings, 
have varied in results. P® was included in each of these 
studies. The other results may best be compared in 
relation to the P® values. The results from other isotopes 
which are common to two or more of these references 
should also be noted. The factor Z» was not incorporated 
in the allowed shape factors of P® in these works. It is 
almost constant for low Z isotopes, decreasing by 0.7% 
for P® over the energy range from 250 to 1600 kev. 

P® and Y” were examined by Pohm ef al. in a thin- 
lens spectrometer and in an intermediate-image spec- 
trometer. The Y” shape-factor plots obtained from 
both instruments gave no indication of deviation from 
theory. The P® shape factors changed about 1.5% over 
the interval from 300 kev to 1600 kev but in opposite 
directions for the two spectrometers. However, Henton 
and Carlson,® using superior statistical methods on the 
same P® data, found the shape factors from both 
spectrometers to have negative decreasing 
(2.340.5)% for the intermediate-image spectrometer 
and (1.1+0.8)% for the thin-lens spectrometer, over 
the energy interval from 300 kev to 1600 kev. 

Porter, Wagner, and Freedman,‘ using an iron-free 
double-lens spectrometer, found a decrease of about 3% 
in the P® shape factor over the same energy range. 
Under the same conditions, Na, which has about the 
same energy, showed no deviation from theory. 

Daniel’ obtained a linear shape-factor plot for P® 
decreasing about 10% between 300 kev and 1600 kev 
and for Na™ found a decrease of (3-41) from 200 kev 
to 1250 kev. Na” results reported at the same time 
showed no deviation from theory. These data were also 
taken in a double-lens spectrometer. 

Graham, Geiger, and Eastman® investigated P® with 
a double-lens spectrometer and found an excess of about 


slopes, 


1315 (1956). This article gives many references to earlier works on 
P® and Y®. 

°G. B. Henton and B. C. Carlson, U. S. Atomic Energy Com 
mission Report ISC-1006 (Iowa State University) December, 1957 
(unpublished) ; Bull. Am. Phys. Soc. 2, 358 (1957). 

7H. Daniel, Nuclear Phys. 8, 191 (1958 

SR. L. Graham, J. S. Geiger, and T. A 
36, 1084 (1958). 

® 0. E. Johnson, R. G. Johnson, and L. M. Langer, Phys. Rev. 


112, 2004 (1958). 
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Fic. 1. Schematic diagram of spectrometer with modified endplates. 


5% in the low-energy region of a shape-factor plot. 
They reported that no significant difference was seen in 
results from a volatilized source on 200-yg/cm? backing 
and a liquid-deposited source on 800-yg/cm? backing. 

Johnson, Johnson, and Langer® examined P®, In", 
and Y® in a high-resolution, 180°, shaped-magnetic- 
field spectrometer and reported the results in terms of 
a fit with a Fierz-interference-type shape factor 
(1+6/w). The value for b (0.2mce?<b<0.4mc*) indicated 
an excess of about 15% at the low-energy side of the 
spectra for all three isotopes. A Na™ shape-factor plot” 
obtained from the same instruments showed a decline 
of approximately 7% over the energy range from 50 
kev to 450 kev, which is consistent with the same value 
for 6 as was obtained for the other three isotopes. 


II. EQUIPMENT 


An intermediate-image beta spectrometer" was 
used for this investigation. The endplates had been 
modified to permit joint operation with a similar 
spectrometer for beta-beta coincidence measurements.” 
Turns ratios in the coils were such that no shunted 
section was required to achieve intermediate-image 
focusing with the coils connected in series. A schematic 
diagram of the instrument is shown in Fig. 1. 

The baffles were made of aluminum of $-inch thick- 
ness. The baffle edges were angled approximately 
parallel to the central rays. Initially, data were taken 
without baffle B, in the spectrometer. P® data were 
obtained with baffle settings giving 3.3% half-width 
and about 3% transmission. The baffle openings were 


10 J, H. Hamilton, L. M. Langer, and W. G. Smith, Phys. Rev. 
112, 2010 (1958). 

11 H. Slatis and K. Siegbahn, Arkiv. Fysik 1, 339 (1949). 

12R. T. Nichols, A. V. Pohm, J. H. Talboy, Jr., and E. N. 
Jensen, Rev. Sci. Instr. 26, 580 (1955). 

18 FY, Slatis and C. J. Herrlander, Rev. Sci. Instr. 26, 613 (1955). 


diminished to reduce the transmission by a factor of 
two resulting in a 2.5% resolution. No detectable 
change in shape factor occurred (see Table II). In" 
data were taken with the baffles at the first-mentioned 
settings. Then B, was inserted with an opening, smaller 
than that which had been used for B3, which was then 
opened further to function mostly as a scatter baffle. 
A transmission of about 23% was obtained with a 2.4% 
half-width. No significant change in the In™ shape 
factor appeared at that time. Later, improved analytical 
methods gave a somewhat smaller slope for the shape 
factor in the latter set of data (see Table I), but the 
results are considered to be inconclusive for reasons 
that will be given later (Sec. IV). 

To check for the possibility of distortion due to 
scatter off the edges of the openings at the ends of the 
spectrometer, endplates with polepieces' were rein- 
stalled. No difference in the measured shapes of the 
In™ spectrum were detected. 

Anthracene crystals, 2 mm thick, were used for beta 
detectors. A small diameter crystal, as it sublimes, 
would result in a changing transmission. A 1.0-cm orifice 
over a 1.4-cm diameter crystal was used for a constant 
detection area. The edges of the orifice were slanted at 
45 degrees, meeting at a right angle in the central plane. 
The median angle for focussed electrons is about 45 
degrees with respect to the spectrometer axis. The 
orifice was made in a 35-inch brass plate which is about 
twice the range of Y® beta particles, the most energetic 
betas encountered in this research. The orifice also 
served to discriminate against any scattered electrons 
which approach the detector at angles greater than 45 
degrees with respect to the spectrometer axis. 

A 3-cm diameter crystal was tried as a detector. This 


‘*W. Paul and H. Steinwedel, in Beta- and Gamma-Ray Spec- 
troscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 
New York, 1955), p. 18. 
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was much larger than the area of focus so that sublima- 
tion could not affect the transmission. With this 
arrangement, the conversion lines in In™ had long tails 
on the low-energy side, and the shape-factor plots 
curved upward at the low-energy end. The results from 
both endplate arrangements varied with baffle openings, 
confirming the evidence that there was distortion due 
to detection of scattered electrons. 

A 1.0-cm crystal was used with no orifice and correc- 
tions made for sublimation. No significant difference 
from the results with the 1.0-cm orifice was detected 
(see Table I). 

Any orifice effects, whether from penetration or from 
scattering, would be enhanced with the replacement by 
a smaller orifice which places the orifice edges in a 
denser electron flux while diminishing the open area. 
A 0.6-cm orifice substantially changed the shape factor 
results, making the shape facters more positive and 
resulting in an approximately allowed shape for P®. 
The absence of a measurable effect in changing from 
1.0-cm orifice to the bare crystal indicates that the 
orifice effect was small in this case due to a relatively 
low number of electrons at the 1.0-cm periphery. 

Sources were volatilized through a 5-mm orifice onto 
Formvar films. Some difficulty was experienced in 
obtaining substantial transfer of carrier-free activity 
to films of 50 yug/cm? or less in thickness, without 
breaking the films. A rapid flash procedure was found 
to be the most efficient one. The thicknesses of films and 
sources were measured with an alpha gauge utilizing a 
ZnS scintillation detector and a Po” alpha source. The 
discriminator level was set to eliminate the beta pulses 
for source thickness measurements. The sensitivity of 
the gauge was reduced when measuring high-energy 
beta sources, but a thickness of about 3 ug/cm? could 
be detected. 

An electron gun made from a 6AGS5A tube was used 
to prevent source changing for much of the work. Later, 
a Po” alpha source on a brass cylinder, 3° inch in 
diameter, was covered with quarter-mil Al foil and 
placed 1 inch back of the beta sources to ground them."® 

A 6810A 14-stage photomultiplier, cooled to —55°C, 
was used to amplify the beta signals. For the latter part 
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of this work an amplifier with gain settings from 20-100 
was used with the results showing an improved signal to 
noise ratio. A univibrator with 15- to 20-ysec delay 
setting was employed to fix the dead time independent 
of energy and to eliminate counting of afterpulses. 


As evidence for energy independence for the scintilla- 
tion detection efficiency, plateau curves were obtained 
at various electron energies from 200 kev to 1430 kev 
by plotting the relative counting rate, after the thermal 
background had been subtracted, for a wide range of 
photomultiplier or amplifier gain settings. Such curves 
were taken frequently to check against changes that 
may appear with deterioration of optical junctions, 
phototube aging, etc. A pair of plateau curves at 200 
kev and 900 kev are shown in Fig. 2. No need for de- 
tector efficiency corrections is evidenced for energies 
above 200 kev. 

Current settings were maintained within about 2 ma 
by a servomechanism. An automatic current stepping 
device with data record was used to procure data in 
positive current steps over the desired energy range. 
Before going to a lower current setting, a homing cycle 
was used in which the current was increased to 100 
amperes and then reduced to zero. This reduces varia- 
bility from hysteresis. Current settings were found to 
repeat with a precision of better than 10 ma except for 
long-term drifts that are noticeable over a period of 
months. The actual current was measured frequently 
to give current values with errors less than one tenth 
of a percent. Calibration with Th(B+C+C”) indicated 
linearity to 2.5 Mev within experimental error. 


III. PROCEDURE AND TREATMENT OF DATA 


Each set of data consisted of two or more runs over 
a spectrum. The data points were taken in order of 
increasing current settings starting from zero with the 
homing cycle taken before each run. Points below the 
detection threshold were used to obtain one background 
measurement and. points beyond the spectrum for 
another. Beta sources made no noticeable contribution 
to the background. 

A major portion of each spectrum was taken with the 
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Fic. 2. Scintillation detection pla- 
teaus for two electron energies. 





3 
| | 











3 S 
RELATIVE GAIN 


16R. T. Nichols and E. N. Jensen, Rev. Sci. Instr. (to be published). 
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recorder operating for preset counts. In this mode of 
operation, counts on each data point are taken until the 
nearest tenth of a minute after the prescribed number 
of counts has been reached. Where the counting rate 
has dropped by a factor of five or more from the peak 
rate, a preset time interval was used on each data point 
so that an undue proportion of time was not spent in 
these regions. 

Runs were programmed having total times of from 
3 to 7 hours depending on the source strength. For the 
weaker sources (~5000 counts/min) many runs were 
used for a set of data to reduce uncertainties from 
possible background shifts during a run. Individual 
sets of data varied from 40 000 counts per data point to 
90 000 counts per data point over the principal region. 

An IBM-650 computer was used to calculate the 
results for all sets of data. 

Half-life corrections never exceeded 4% in Y” data 
and were much smaller for P® and In". Comparison 
of corresponding points on successive runs over the 
spectrum indicated that the half-life corrections were 
sufficiently accurate for this work. 

Maximum counting rates up to 20000 counts/min 
resulted in dead time losses up to 0.5% for which 
compensation was made in the calculations. 
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3. (a) 192-kev conversion lines from In™4. (b) Spectrometer 
transmission function obtained from K-conversion line. 
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Calibration accuracy was estimated to be about 0.1%. 
Since the maximum beta energy value which is used for 
a shape-factor plot was obtained from the same set of 
data, calibration errors could not affect the results 
significantly. A one percent change in calibration con- 
stant effects a change of 0.0006/mc? in the slope of an 
In' shape-factor plot. 

The K-conversion lines from In"* were used to deter- 
mine the spectrometer transmission functions. The 
192-kev In'* conversion lines are shown in Fig. 3(a). 
The transmission function obtained from the K line is 
shown in Fig. 3(b). It has been obtained by plotting 


the K-electron counting rates versus e, where 
e= (/,/-I')/I'. 


I’ is the associated spectrometer current corrected for 
residual magnetism and J,’ is the corrected peak current 
value, i.e., the calibration reference point. The assump- 
tion was made that this function changes very little 
over the range of the spectrum as is the case if the shape 
of the magnetic field is constant and if scattering and 
penetration is negligible. The first and second moments 
of the normalized transmission functions were used to 
calculate the calibration constant change for a cen- 
troidal reference system and the resolution corrections'® 
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16G. E. Owen and H. Primakoff, Phys. Rev. 74, 1406 (1948); Rev. Sci. Instr. 21, 447 (1950); F. T. Porter, M. S, Freedman, 


T. B. Novey, and F. Wagner, Jr., Phys. Rev. 103, 921 (1956); Argonne National Laboratory Report ANL-5525 (unpublished). 
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which are minimal in this reference system. The 
theoretical beta distributions were taken as the true 
momentum distributions for the purpose of these 
calculations. No data point was used where the resolu- 
tion correction exceeded 5%. The long tail on the upper 
side of the transmission line may be largely due to 
scattering which is expected to diminish at higher 
energies, or some of the tail may have been introduced 
by the use of a linear beta-background interpolation. 
The moments of the line were calculated using the 
arbitrary cutoff shown in Fig. 3(b) and again using the 
entire function. Median values were taken as the best 
estimates, and the limiting values were used to get 
indications of the uncertainties caused by the procedure. 
Over the energy range of the spectra in this study the 
effect of such errors in resolution corrections was not 
significant. 
The quantities 
yi=Ni/ (n2FWarGiS;) 


were calculated from the data. N; is the counting rate 
with dead time, background and source decay correc- 
tions included, n; and W; are the associated momentum 
and energy in units of mc and mc’, respectively, 7; is the 
resolution correction, and G; is the modified Fermi 
function 


G;= (ni /W F(Z.) 


obtained from tables!’ with screening corrections added 
using interpolation from the tables of Reitz.!® S; is an 
additional shape factor which contains the correction 
for finite de Broglie wavelength.” For P® and In" it is 
the function LZ» and for Y” it is the first forbidden 
unique shape factor, 9L;+ (W»—W)*Zo. The functions 
Lo and L; were obtained from the tables of Rose ef al.” 
The finite nuclear size has negligible effect on the shape 
of these spectra.”! 

A quantitative measure of the deviation from theory 
was made in terms of a linear factor (1+alV;), i.e., 

y,= B(Wo—W;,)*(1+aW,)+«, (1) 
where B is a constant containing source strength and 
geometry factors, Wo is the maximum beta energy, and 
e; is the statistical error. This three-parameter problem, 
with the unknown values of B, Wo, and a, may be solved 
by a matrix method®” which requires initial estimates 

17 M. E. Rose, N. M. Dismuke, C. L. Perry, and P. R. Bell, in 
Beta- and Gamma-Ray Spectroscopy, edited by K. Siegbahn 
(Interscience Publishers, Inc., New York, 1955), Appendix II, p. 
875; Oak Ridge National Laboratory Report ORNL-1222, 1951 
(unpublished). 

18 J. R. Reitz, Phys. Rev. 77, 10 (1950). 

19 M. E. Rose and C. L. Perry, Phys. Rev. 90, 479 (1953). 

” M. E. Rose, C. L. Perry, and N. M. Dismuke, in Beta- and 
Gamma-Ray Spectroscopy, edited by K. Siegbahn (Interscience 
Publishers, Inc., New York, 1955), Appendix IIT, p. 884; Oak 
Ridge National Laboratory Report ORNL-1459, 1953 (un- 
published). 

21M. E. Rose and D. K. Holmes, Phys. Rev. 83, 190 (1951). 

1. Malcom, Phil. Mag. 43, 1011 (1952). 

30. Kempthorne, The Design and Analysis of Experiments, 
(John Wiley & Sons Inc., New York, 1952). 
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and through successive iteration will yield values 
arbitrarily close to the least-squares solution. Equations 
which are nonlinear in the unknown parameters may 
be linearized by a first order Taylor series expansion 
around approximate values for the parameters. The 
resulting equations are linear functions of correction 
parameters which may be solved for least-squares 
values. In the process, a matrix may be formed which 
contains estimates of the variances in the diagonal 
elements and estimates of covariances in the off- 
diagonal elements. The method is described in detail in 
reference 6. 

The weighted sum of the residuals were treated in the 


form 
> Wie; 


A,;=B(Wo—W,)*?(1+aW,), 


> 2.(yi— Ai)? 


where 


and 
n= (N7i—bt;)?, ‘( Noritdt; ). 


n; is the relative weight or inverse square of the relative 
standard deviation assuming negligible variance from 
sources other than counting statistics. V7, is the total 
number of counts for the data point, 6 is the background 
in counts per unit time, and /; is the counting time for 
the point. The substitution of A,* for y? in the denomi- 
nator of the residual expression simplifies calculations 
somewhat. The initial estimates for Wo and B were 
computed from a weighted least squares linear fit of the 
allowed Kurie plot in the form 


y } aW ,+8+5,, 


where a and 6 are the unknown parameters and 4, is 
the statistical error. The weights for this calculation are 
‘=n;/4j. 


Then, where aWo<1, 


Wo~—B/a and Bea’. 


Starting with these approximate values of W » and B 
and the approximation of a=0, the three-parameter 
solution was obtained by use of successive iteration 
until the correction parameters were much smaller than 
the standard deviation values. The weighted sum of 
the residuals was then computed, as well as y,/ 
B(Wo—W,)*, for the shape-factor plots using the 
resultant values for the three parameters. 


IV. RESULTS AND DISCUSSION 


Indium-114 


The accepted decay scheme™*® of In™ is shown in 
Fig. 4(a). Beta systematics agree with shell model 
predictions that the ground state of an even-even 
nucleus is 0+ and that the first excited state is 2+ 


‘J. N. Brazos and R. M. Steffen, Phys. Rev. 102, 753 (1956). 
° L. Grodzins and H. Motz, Phys. Rev. 102, 761 (1956). 
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Fic. 4. (a) In™ decay scheme. (b) P® decay scheme. (c) Y® decay scheme. 


except for special cases.*° Therefore the ground state of 
In'“ is 0+ or 1+ since it has allowed beta transitions 
(log ft values of 4.4 and 4.0) to both states in Sn'*. The 
K-conversion coefficient and the lifetime of the 192-kev 
transition from the isomeric level rule out the 0+ 
assignment?’ since the angular momentum of the 50-day 
isomeric state has been measured to be 5.2 Furthermore, 
K/L and Ly:Ly1: Lin ratios give an unambiguous £4 
assignment” to the 192-kev transition. Thus the ground 
state beta transition must be a pure Gamow-Teller 
allowed transition. 

Preliminary studies were made of In' produced at 
Oak Ridge and at Brookhaven from neutron irradiation 
of indium. The sources were volatilized in the form of 
InCl;. Thick source effects appeared due to granulation 
caused by deliquescence and the subsequent loss of 
water in the spectrometer vacuum chamber. The source 
used for the final results was in the form of In,O;. The 
Ini activity had been induced in In"™*-enriched (60%) 
indium by neutron bombardment at Argonne National 
Laboratories. The source was volatilized onto a 45-ug/ 
cm? Formvar film. Alpha gauge measurements showed 
that the source was less than 3 ug/cm? thick. 

Table I shows the In" results under differing condi- 
tions. Shape-factor plots from the same data are shown 
in Fig. 5. The Kurie plot is shown in Fig. 6, for the case 
of maximum deviation from the allowed shape. No 
points were taken at energies below 225 kev because of 
the conversion lines and the 0.7-Mev beta group. A 
small correction was adequate to compensate for the 
presence of the 0.7-Mev beta group in the region 


26 G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

27 R. M. Steffen, Phys. Rev. 83, 166 (1951). 

28L. S. Goodman and S. Wexler, Phys. Rev. 
(1955). 

2 V. M. Kelman, R. I. Metskhvarishvili, V. A. Romanov, L. I. 
Rusinov, and K. A. Konoplev, Doklady Akad. Nauk. S.S.S.R. 107, 
394 (1956) [translation: Soviet Phys. (Doklady) 1, 189 (1956) ]. 
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studied. This correction was obtained from the relation 


Viln) Bife(Wau—W)? 


No(n) Bofi(We—W)? 


which holds when n<10, and n<mo2. Ni(m) and N2(n) 
are the spectrometer counting rates for two beta groups 
from the same isotopes. B; and Bz are the respective 
total activities; f; and /2 are the associated integrals, 


% 
f= f nWG(Z,n)dn, 


0 


obtained from the graphs of Feenberg and Trigg®; Wo: 
and Wo. are the maximum beta energies; and 7 and 
nog are the maximum momenta. The shape factor plots 
show points with and without this correction. The 
result of the change is to increase the values for a by 
0.0009/mce?. 

The errors given in the tables and on the graphs are 
standard deviation estimates obtained from the least- 
squares calculations. From these results, it may appear 
that a definite change to closer agreement with theory 
occurs with the addition of the third baffle. However, 


TABLE I. In" results. 


Data Spectrometer 
set variations* 


A Bz and B;; 
1.0-cm orifice 

B B,, Bo, and B;; 
1.0-cm orifice 

c B,, Bo, and B;; 
1.0-cm crystal 
(no orifice) 


Wo (me?) 


4.8888-+0.0010 


a (1/me?) 


0.0078-+0.0012 


0.0017+0.0017 4.8953+0.0014 


0.0013+0.0019 4.8946+0.0015 


' Bi, Bs, and Bs are baffles (see Fig. 1). 


%” FE, Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
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the values obtained for P® (see Table II) indicated that 
such variations may occur with no apparent change in 
conditions. In view of this, the source of the additional 
variance is unknown. The number of measurements is 
too small for definite conclusions. An unweighted mean 
of the three measurements results in the value: a= 
(0.0036+0.0021)/mc?. Errors quoted on the mean 
values in this paper are standard deviation estimates, 
in this case obtained from the deviations from the mean. 
Other factors are expected to contribute to the variance 
in Wo. The unweighted mean of the Wo values is 
(4.8928+0.0013)mc?. When converted into Mev units, 
this becomes 1.989+0.001 Mev. This agrees well with 


31M. W. Johns, C. D. Cox, R. 


! | 
38 4.0 42 


44 46 48 


the measurements of Johnson ef a/.® obtained with 
volatilized sources and is slightly larger than those of 
Johns et al. obtained with a 1-mg/cm? source. 

Five measurements of the 192-kev conversion peaks 
gave values of 162.7+0.2 kev and 187.5+0.2 kev for 
the K and L+M conversion electron energies. A mean 
binding energy for the L electrons of 4.1 kev was ob- 
tained from the Z1:21::Lim ratios of Kelman ef al.” 
The affect of the M electrons on the location of the 
L+M peak was estimated by construction of the com- 
posite line from the transmission function obtained 
from the K line using the L/M ratio given by Kelman 
et al. This gave a value of 3.80.1 kev for the effective 


>. 6. In™* Kurie plot from 
data set A. 


T. Donnelly, and C. C. McMullen, Phys. Rev. 87, 1134 (1952); Am. J. Phys. 31, 225 (1953). 
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binding energy of the L+M electrons, from which a 
value of 191.3+0.3 kev was obtained for the energy of 
the isomeric state. A value of 191.8+0.2 kev was ob- 
tained from the A-line energy and the weighted mean 
of these two results is 191.6+0.2 kev. This determina- 
tion agrees well with the consensus of published results.” 


Phosphorus-32 


The decay scheme of P® is shown in Fig. 4(b). The 
spin of the ground state has been measured to be one. 
This conforms to shell model prediction,* which leads 
to the conclusion that it is an allowed, /-forbidden 
Gamow-Teller transition. 

Carrier-free P*® was obtained from Oak Ridge. 
Volatilized sources had no measurable thickness with 
the alpha gauge (<3 yug/cm’). The sources were on 
Formvar films from 40-50 wg/cm? in thickness. 30 
ug/cm? of aluminum was volatilized onto the back side 
of one source for one set of measurements. The presence 
of P* activity in the source material restricted the 
region of study to that above 250 kev. 

The results from P® are presented in Table II. The 
1.0-cm orifice was used in the spectrometer for all these 
measurements. The changes made within the set of 
results are also shown in the table. The associated 

#D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 31, 585 (1958). 

8 G. Feher, Phys. Rev. 107, 1463 (1957). 

41. H. Nordheim, Revs. Modern Phys. 23, 322 (1951). 
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shape-factor plots are shown in Fig. 7. The Kurie plots 
for the case of maximum deviation are shown in Fig. 8. 
A least-squares line through the points with the kinetic 
energy E> Eo gives a value for Wo» which, when used 
in a shape factor plot, results in a slope of 0.0149/mc? 
compared to the 0.0172/mc* from the three-parameter 
least-squares analysis. This change comes from a shift 
of only 1 kev in endpoint energy value. 

The values for the slope fluctuate much more than is 
consistent with the standard deviation estimates ob- 
tained from the least squares evaluation. It occurs with 
no apparent change in experimental conditions. Further 
work is planned in hopes of clarifying these results. The 


TABLE II. P® results. 





Data 
set 


Spectrometer 


variations® a (1/me?) 


Wo (me?) 


4.3349+0.0009 


A Bzand B;; 
13% T, 2.4% Wy 
Bz and B;; 
3% T, 3.3% Wy 
B,, Bo, and B;; 
24% T, 2.4% Wy 
B,, Bo, and B;; 
23% T, 2.4% Wy 
B,, Be, and B;; 
4% T, 24% Wy 


—0.0120+0.0015 


B —0.0121+0.0012 4.3410+0.0007 


Cc —0.0172+0.0014 4.3444+0.0009 


D —0.0142+0.0015 4.3450+0.0008 


E —0.0111+0.0011 4.3444+0.0007 








® T—transmission; W4y—half-width; B:, Bs, and Bs—baffles (see Fig. 1). 
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unweighted mean for the five sets of values yields 


a= (—0.0133+0.0011)/me 
and 
W o= (4.3419+0.0018)mc?. 


The latter value converted to Mev units is 1.7076 Mev. 
An average of 1.707 Mev has been computed from the 
results of thirteen investigations,” most of which used 
Kurie plots from a major portion of the spectrum. 

Henton and Carlson® and Iben** have independently 
shown that for an /-forbidden transition a linear shape 
factor may be expected. Both used a tensor form for the 
Gamow-Teller interaction, but an axial vector inter- 
action will give essentially the same results.*® The 
theoretical calculations with simple shell-model wave 
functions predict a shape-factor slope of —0.04/mc?,** 
which is appreciably larger than the result obtained in 
this investigation. 


Yttrium-90 


The accepted decay scheme for Y® is shown in Fig. 
4(c). The beta transition to the ground state of Zr” 
must be once-forbidden, unique (AJ=2, yes) from 
nuclear shell model considerations,™ the log ft value,™ 
and the spectral shape.**- 


TABLE ITT. Y®™ results.* 


Data 
set No. W 
5.4594+0.0013 
5.4403+0.0011 
5.4409+0.0008 
5.4426+0.0016 
5.4401+0.0018 


a (1/me? (mc?) 


—0.0052+0.0016 
—0.0044+0.0013 
—0.0034+0.0016 
—0.0038+0.0026 
—0.0080+0.0022 


C 


A 
B 
° 
E 


® No variations in spectrometer arrangements. 


35 T. Iben, Jr., Phys. Rev. 109, 2059 (1958). 

3° B. C. Carlson, in U. S. Atomic Commission Report ISC-1048 
(Iowa State University) May, 1958 (unpublished). 

37 C. B. Broaden, L. Slack, and F. B. Schull, Phys. Rev. 75, 1964 
(1949). 

38. M. Langer and H. C. Price, Phys. Rev. 76, 641 (1949). 

® L. J. Laslett, E. N. Jensen, and A. Paskin, Phys. Rev. 75, 412 
(1950). 

J. Moreau and J. Perzy Jorba, Compt. rend. 235, 38 (1952). 
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Carrier-free Y® was obtained from Oak Ridge for 
this investigation. The sources were volatilized on 
45-50 ug/cm? Formvar films. All measurements on 
Y® were made with all three baffles in the spectrometer. 

Table III presents the results from four sets of data 
for which the shape-factor plots are shown in Fig. 9. 
The fifth determination, which has the longer shape- 
factor plot, was made from a subtraction of the data 
for the D determination from the data for C deter- 
mination which was taken one half-life earlier. This 
subtraction was used to eliminate Sr” which may be 
considered to be a nondecaying component over this 
period of time. The other measurements were limited 
to the region beyond the range of the Sr® spectrum 
which has a maximum energy at 550 kev. The results 
of the calculations for the In''4 low-energy branch (see 
In' discussion) indicate that no corrections are needed 
for presence of the 540-kev Y” beta group from Y® in 
the shape-factor plot £. 

Since the five values obtained for a are not completely 
independent, the best estimation from these values is 
problematical. The unweighted and the weighted means 
using all values give identical results: a= (—0.0047+ 
0.0008)/mc?. The weighted sum of the squared residuals 
is 3.1. Thus the fluctuations are actually less than the 
expectation value in contrast to the results for In' 
and P®, 

For Wo the value obtained from the difference 
spectrum (£) was not used. The unweighted mean 
of the other values give Wo= (5.4453+0.0044) mec? from 
which it may be determined that Ho= 2.271+-0.002 Mev. 
A value of 2.26 Mev has been computed from the results 
of eight investigations.” 


Vv. CONCLUSIONS 


The beta spectrum of P® has: been measured and 
found to have a somewhat linear deviation from the 
allowed shape. The value for a, (—0.0133+0.0011)/me?, 
gives a magnitude of 33% for the total deviation over 
the energy range from 250 kev to 1600 kev. This is in 
good agreement with the results of Porter et al.,* partic- 
ularly since their method of analysis (in which a Kurie 
plot for E>%E» was used to obtain Wo) would give a 
slightly reduced shape-factor slope. It is much smaller 
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than has been predicted from theoretical considerations 
of /-forbiddeness.**:*6 

Smaller deviations were obtained in the shape-factor 
plots of In™: a= (0.0036+0.0021)/mc?, and Y™: 
a= (—0.0047+0.0008)/mc?, with the In™ results not 
in definite disagreement with theory. Any instrumental 
distortions which may be conceived to account for the 
deviation in Y* would be expected to affect the In' 
results in the same direction, so we conclude that at 
least one of the two has a real deviation from the 
theoretical shape and, to a lesser degree of confidence, 


1 ao J 
4 16 18 20 22 24 26 28 30 32 34 36 38 40 a2 aa 46 48 50 52 





that there is some deviation from theory in the spectrum 
oF”. 
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Measurements of neutron radiative capture cross sections in the kev region have been made using fast 
(millimicrosecond) time-of-flight techniques and a large liquid scintillator tank. Two series of measurements 
have been completed on a number of nuclides. These are determinaticns of (1) cross sections relative to 
that of indium at 30 kev and at 65 kev for 49 elements, and (2) cross sections as a function of neutron energy 
for the following nuclei: Br, Nb, Pd, Ag, Cd, In, Sb, I, Pr, Sm, Gd, Tb, Dy, Ho, Er, Tm, Yb, Lu, Ta, W, 
Pt, and Au. Curve fits, using the statistical model, have been obtained for Br, Nb, Ag, In, Sb, I, Pr, Tb, 
Ho, Tm, Lu, Ta, and Au. The results demonstrate the presence of the 2 giant resonance near A = 100 
predicted by the optical model. The average nuclear parameters obtained are in good agreement with 
recent low-energy total cross-section results, but are in poor agreement with earlier results. Possible reasons 


for these disagreements are discussed. 
° 


I. INTRODUCTION 


HE study of neutron capture cross sections has 
had three principal motivations: nuclear reaction 
theory, stellar nucleosynthesis theory, and nuclear 
reactor design. Detailed studies of thermal cross sections 
(0.025 ev) where capture is the predominant interaction, 
have been of invaluable aid in reactor design, but of 
limited help for reaction theory or nucleosynthesis 
calculations. The energy range downward from about 
100 kev and including the ev range is an interesting 
region from all three points of view. This energy region 
is characterized by interaction of predominantly s- and 
p-wave neutrons with generally only elastic scattering 
and radiative capture occurring. Further, theories of 
nucleosynthesis! predict correlations between 
mental abundances and neutron capture cross sections 
in the range 10 to 100 kev. Finally, recent reactor 
design criteria have been increasingly sensitive to ev- 
and kev-range capture cross sections. 
Some work in the kev range has been performed by 
activation?” and spherical shell transmission”?! tech- 


ele- 
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5R. Booth, W. P. Ball, and M. H. 
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Rev. 116, 927 (1959). 


Fowler, and F. 


MacGregor, Phys. Rev. 


niques. The activation technique is limited to isotopes 
that activate with convenient half-lives but has the 
advantages of easy isotope identification and high 
sensitivity. Spherical shell transmission studies to 
date have been mostly limited to specific neutron 
energies available from photoneutron sources, and 
require very large samples. On the other hand, these 
measurements provide probably the most accurate 
absolute absorption cross sections. An almost generally 
applicable technique for measurement of capture cross 
sections is the detection of a capture event by obser- 
vation of the prompt y radiation. This technique has 
been applied with a CaF, scintillator in a small-solid- 
angle geometry,” and has been most successfully 
applied to a large liquid scintillator tank in nearly 4r 
geometry* for neutron energies greater than 175 kev 
where monoenergetic neutrons are readily produced. 
For neutron energies less than 120 kev, measurements 
of radiative capture as a continuous function of neutron 
energy require a more elaborate system. The develop- 
ment of millimicrosecond pulsed beam techniques and 
fast pre-acceleration pulsing of the ORNL 3-Mv Van 
de Graaff have enabled us to investigate radiative 
capture cross sections for a large number of elements 
from about 7 kev upward to about 170 kev. 
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AVERAGE RADIATIVE 

The results reported in this paper are conveniently 
divided into two nearly independent experiments. The 
first was the determination at two or three energies of 
cross sections relative to that of the standard. For this 
experiment kinematically collimated neutrons around 
0° from the Li’(p,n) and T(p,m) reactions at energies 
very close to their thresholds were used, giving 30 kev 
and 65 kev neutrons, respectively, as discussed in 
Appendix I. The pulsed beam system for these measure- 
ments simply served to reduce background. A similar 
measurement was made for 167-kev neutrons by using 
a thin Li’ target in a lithium-loaded paraffin collimator, 
essentially the same technique first described by 
Diven.” These sets of measurements resulted in relative 
cross sections for these three energies. 

The second experiment was the measurement of the 
shape of capture cross sections as a function of neutron 
energy. In this case neutrons were simultaneously 
produced over a band of energies. Energy selection and 
measurement was done by fast time-of-flight, similar 
to the technique used for total cross section measure- 
ments.* The neutrons were produced by using the 
Li’(p,n) and T(p,m) reactions with thick targets and 
the proton energy adjusted to cover the neutron 
energy ranges 7~70 kev and 20-170 kev, respectively. 


Il. APPARATUS AND TECHNIQUES 
A. Detector and Electronics 


The liquid scintillator consists of double-distilled 
xylene containing 4-5 g/liter p-terphenyl and 0.02 

liter 2, 5-di-(biphenyl)-oxazole. It is contained in a 
.2-meter equilateral cylinder truncated at both ends 
45°) to more closely approximate a sphere”® (see Fig. 
). The inner surfaces are coated with a-Al,O; (Linde 
A abrasive) in a binder of sodium silicate. Eight five- 
inch diameter Dumont 6364 photomultiplier tubes 
view the interior. The phototube frontplates are in 
direct contact with the liquid; neopreme O-ring seals 
are held by chamfered compression plates to the 5-inch 
diameter cylindrical surfaces of the tubes. 

The phototubes are connected by cables (RG62/U) 
of equal lengths in groups of four which are in turn 
connected by equal lengths to the preamplifier of an 
ORNL A-8 Linear Amplifier.2* This is a double-delay- 
line amplifier?’ producing a positive pulse immediately 
followed by an almost identical negative pulse. Such a 
signal has several advantages; the equality of pulse 
areas minimizes base line fluctuations with high and 
variable counting rates and the point of axis-crossing 
between the positive and negative signals provides a 
reference time which is insensitive to pulse amplitude 


y 


*%W. M. Good, J. H. Neiler, and J. H. Gibbons, Phys. Rev. 
109, 926 (1958). 

25 We are indebted to N. H. Lazar for much of the original 
design work. 

26 G. G. Kelley, Inst. Radio Engrs. Natl. Conv. Record 5, 63 
(1957), Part 2. 
27 FE, Fairstein, Rev. Sci. Instr. 27, 475 (1956). 
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Fic. 1. Liquid scintillator tank as used for measuring (a) 
capture cross sections with kinematically collimated neutron 
sources, and (b) capture cross sections as a function of energy. 


for a wide range of signal amplitudes. The precision 
of the reference time is determined by: the linearity 
of pulse shape over the range of useful signals, the 
stability of the amplifier base line, the noise figure of 
the amplifier, and the uncertainty in timing connected 
with the statistics of the half amplitude point of each 
signal. The time of axis crossing is determined by 
proper adjustment of the hysteresis in a circuit especi- 
ally designed for operation as a “crossover pickoff.’”** 


28 E. Fairstein, Oak Ridge National Laboratory Instrumentation 
and Controls Division, Annual Progress Report for Period Ending 
July 1, 1957 (unpublished). More detailed description may be 
found in R. W. Peelle and T. A. Love, Applied Nuclear Physics 
Progress Report, September 1, 1957; Oak Ridge National 
Laboratory Report ORNL—2389 (unpublished), pp. 245-259. 
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electronic apparatus, connected for gated time spectrum measure 
ments. 


The output of the crossover pickoff provides the 
prompt or detector input to a time to pulse-height 
converter which gives an output pulse of amplitude 
proportional to the time interval between the prompt 
pulse and the delayed signal produced by the collection 
of beam pulse on a low capacitance target. A more 
detailed description of the beam pulsing system and 
time to pulse-height converter has been published 
elsewhere.” A block diagram of the electronic equip- 
ment is shown in Fig. 2. Although test pulser alignment 
of the crossover pickoff indicated a maximum time 
jitter of 6—8X 10~ sec over the linear-amplifier output- 
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Fic. 3. Flight-time spectrum for 65-kev neutrons incident on a 
Gd,0; sample. An over-all time resolution of 2010~ second is 
indicated by the target gamma-ray peak. 


* J. H. Neiler and W. M. Good, Fast Neutron Physics, edited 
by J. L. Fowler and J. B. Marion (Interscience Publishers, Inc., 


New York, 1960), Chap. IVA. 
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pulse-amplitude range of 7-35 volts, the timing reso- 
lution under operating conditions has been 15—25 
X10-* sec. Base line fluctuations due to high counting 
rates and large cosmic-ray overload signals probably 
account for much of the difference. The (~,y) peak in 
Fig. 3 shows the time resolution clearly. 

The scintillator background pulse-height spectrum 
is shown in Fig. 4, both with and without the 4-in. Pb 
shielding. Gamma-ray energies are calibrated in terms 
of the centroid of the total absorption peak; of course, 


for Mev energies only a small fraction of y rays are 
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Fic. 4. Background counting rates in scintillator tank with and 
without 4 in. of lead shielding on all sides, top and bottom 


totally absorbed by the scintillator. A large fraction 
are not totally absorbed and thus produce smaller 
pulses. The total efficiency of the scintillator tank for 
single y rays from a central source is shown in Fig. 5. 
This curve was calculated by a Monte Carlo method.* 
The efficiency approaches 97% for very low energies. 
The difference from unity, 3%, represents the solid 
angle for escape through the ends of the central duct. 
Single y rays of energy equal to high neutron binding 


* C. D. Zerby and H. Moran, Oak Ridge National Laboratory 
—CF-60-5-72 Memo, 1959 (unpublished). 
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energies have better than a 50% chance to make a 
light pulse. Since the average multiplicity of decay 
cascades ranges from 3 to 7,* the tank efficiency, for 
detecting capture, averages well above 90%, with few 
exceptions. 

A principal source of background in earlier measure- 
ments was the capture of thermalized neutrons in the 
scintillator and its container. For this reason, the 
scintillator was “poisoned” with about 5 liters of tri- 
methyl borate prepared from 97% B". This addition 
essentially erased the y-ray peak at 2.2 Mev (see Fig. 
6), due to neutron capture in hydrogen and substituted 
in its place the much less troublesome peak at 478 kev 
from the B"(n,avy)Li’ reaction. Neutron capture in 
the central duct wall was minimized by using thin 
(0.020 in.) Mg as the structural material. 

The use of a fast-pulsed (much less than one event 
per pulse) beam and a fast timing system offers its 
biggest single advantage in permitting direct measure- 
ment of neutron energies by time-of-flight. The same 
system may, of course, be used in experiments with 


— 
INTRINSIC EFFICIENCY (ONE OR MORE COLLISIONS) 7 
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fy (Mev) 


Fic. 5. Intrinsic efficiency of scintillator tank for single gamma 
rays for producing at least one light pulse. The value (97%) for 
zero gamma-ray energy represents the solid angle for escape 
through the collimator hole. 


monoenergetic neutrons for reduction of background, 
as has been pointed out by Diven.* Both features were 
utilized in the experiments described here. The first 
feature was used in measurements of cross section as a 
function of neutron energy ; the second in measurements 
of cross section for ‘“‘monoenergetic” neutrons. A third 
feature of fast pulsing is that it enables one to study 
(with no additional sample) capture y-ray pulse spectra. 
The time scale of events in the capture tank following 
a neutron burst is such that, for the fast-pulsed system, 
one may record background essentially simultaneously 
with the data, as shown in Fig. 7. To do this is impera- 
tive, since the measurement of capture y-ray pulse- 
height spectra for low y-ray energies involves large 
backgrounds (even with beam pulsing). It is important 
to determine the background not only with precisely 
the same amount of neutron scattering but also at 
essentially the same time as the sample is measured. 
This selection is made by single-channel analyzers 


31 J. E. Draper and T. E. Springer, Nuclear Phys. 16, 27 (1960). 
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Fic. 6. Pulse-height spectrum in the scintillator tank from a 
Po-Be neutron and y-ray source shown with and without B” 
poisoning. 


(Fig. 7) set at two regions in time, one corresponding 
to the time of neutron capture and the other to a time 
immediately afterwards (or before) corresponding to 
only background. The gate signals from each of these 
single-channel analyzers control concurrent storage in 
separate halves of the 256-channel analyzer, allowing 
simultaneous determination of signal and background. 
The exact ratio of the widths (+0.5%) of the single- 
channel analyzers is monitored by frequent replacement 
of the capturing sample with a purely scattering 
sample (carbon) which provides the same counting 
rate in the time converter and single-channel analyzers. 
Whenever capture samples were of such a nature that 
the average counting rates were affected (e.g., with 
samples with large capture cross sections) the single- 
channel analyzer window widths were checked at both 
background and signal counting rates. 


B. Samples 


The natural element samples used to date have been 
5- to 7-inch diameter disks. Metals were used where 
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Fic. 7. Block diagram of scintillator tank and associated 
electronic apparatus connected for capture gamma-ray spectrum 
measurements. 
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possible. Pressed oxides and lead salts in thin (0.001 
in.) evacuated iron cans were used when necessary. 
The sample thickness was chosen to give 1/e attenu- 
ation for about 150-kev gamma rays, and to limit the 
neutron scattering to a few percent. Samples five times 
thinner than normal have also been used. Considerably 
smaller samples (both in diameter and_ thickness) 
could be used, but at a proportional sacrifice in a signal 
to background ratio. 


C. Neutron Sources and Shielding 


The ORNL 3-Mv Van de Graaff accelerator was 
pre-acceleration pulsed at 1.6-usec intervals with pulse 
durations of about 10 mysec and average proton currents 
of 1-3 wa. Both lithium and tritium targets were used. 
The lithium targets were vacuum evaporated metal on 
Pt and transferred from evaporator to accelerator in a 
helium atmosphere. The tritium targets were all of the 
Zr-T type. 

For work near the reaction threshold, where neutrons 
are kinematically collimated into the forward angles, 
the targets were actually placed inside the duct in the 
scintillator tank as shown in Fig. 1(a). The only 
shielding used in this case was 1 in. of lead, close around 
the target, to minimize target y rays, particularly the 
478-kev y rays from Li’(p,p’y). 

Studies using a broad band of neutron energies (¢ vs 
E measurements) necessitated the use of a lithium- 
loaded paraffin collimator [Fig. 1(b)]. For effective 
neutron collimation a shield thickness of about 50 cm 
was required. A flight path of about 120 cm from 
neutron source to sample was used. 


D. Energy Resolution 


The neutron energy spreads encountered in the 
“monoenergetic” measurements depend only upon 
accelerator control proton beam energy spread, and the 
chosen accelerator voltage. For the results reported 


here, the “energy spectra” of neutrons from Li’(p,n) 
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Fic. 8. Net pulse amplitude spectrum of capture gamma rays 
from two silver samples of different thickness. 
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and T(p,n) were roughly triangular with width at 
half-maximum of about 15 and 40 kev, respectively. 
In order to obtain this resolution and a reasonably 
steady neutron yield, the accelerator, for the case of 
Li’(p,n), had to be controlled at 1.883 Mev to better 
than +300 ev. The energy resolution for the measure- 
ments at 167 kev was, for all practical purposes, 
determined only by the lithium target thickness 
(~3 kev). 

The energy resolution in the thick-target experi- 
ments (¢ vs E) was independent of target thickness, 
accelerator voltage, etc. It depended only upon the 
time resolution and flight path and varied between 
44% near 10 kev and 18% near 150 kev. 


III. EXPERIMENTAL RESULTS 


A. Measurements Made with Neutrons of 
30-, 65-, and 167-kev Energy 


The accuracy with which the capture tank can be 
used to measure cross sections relative to a standard is 
excellent (~+5%) but absolute measurements are 
much less certain (10-15%). This is to such 
uncertainties as (1) neutron flux measurements, (2) 
total escape probability of capture + and (3) 
absolute y-ray counting efficiency (within the pulse- 
height window). For this reason, a standard 
cross section (measured by a more accurate technique) 
was chosen and the tank was used to 
measure all other cross sections relative to the standard. 
The “absolute” cross sections thus obtained were then 
used to normalize results of relative cross section versus 
energy measurements (to be described in Sec. B). 

Use was made of “kinematic collimation” of the 
neutrons from Li’(p,2) and T(p,n) very near the 
reaction threshold to provide intense forward-directed 
beams of 30- and 65-kev neutrons. The proton energy 
was adjusted in each case to cause the entire reaction 
yield to appear within a forward cone of about 10° 
half-angle. For the case of Li’(f,n) for example, at a 
proton energy 2.0 kev above threshold the number of 
neutrons (H=30 kev) incident per second on the 
sample during the pulse is approximately 3X 10°. The 
experimental arrangement is shown schematically in 
Fig. 2. Target and sample were separated only enough 
to clearly differentiate neutrons from target y rays. 
In practice the experimental procedure consisted of 
(1) careful energy calibrations and circuitry adjustment 
to insure stability of the y-ray detector bias at a desired 
pulse height and (2) critical adjustment of the Van de 
Graaff energy, both in absolute value and stability. 
Then time spectra were obtained for the various 
samples, with an indium (standard) sample being run 
approximately every fourth time, or about once every 
15 minutes. The counting rate as a function of time 
for a typical sample is shown in Fig. 3. The base line 
(background) increase, due to thermalized neutron 
captures in the liquid, is a much more probable event 


due 


rays, 


single 


scintillator 
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than prompt neutron capture in the scintillator. Since 
the time required for neutron thermalization and 
capture is spread out over many pulse cycles, this 
background is essentially constant and the correction 
easily made. Fast capture of scattered neutrons was 
searched for by using a thick carbon sample and found 
to be completely negligible. The radiative capture 
cross section for element X is related to the net area 
under its time peak A, and to a corresponding area 
for the standard element A sta by 


( A; \(“)(*) 
Tz = 7std 
A std Ve fe 
X(R.S.P. correction)(A.P.L. correction), (1) 


where v=atoms/cm’*, f=fraction of capture y-ray 
pulses occurring within the detector single-channel 
analyzer window, (R.S.P.)=resonance self-protection 
correction, and (A.P.L.)=scattering correction for 
average neutron path length in the sample. It is seen 
that in order to obtain a cross section one must have 
obtained, in addition to sample-in and sample-out 
time spectra, the capture y-ray pulse amplitude spec- 
trum as seen by the scintillator and have determined 
the corrections for scattering and resonance self- 
protection (see Appendixes ITI and III). The spectrum 
fractions (fraction of the total capture y-ray spectrum 
within the y-ray single-channel window) were obtained 
by time-gating the multichannel analyzer on, as de- 
scribed in Sec. A, at a time corresponding to the 
neutron arrival at the sample position, and analyzing 
capture y-ray pulse heights. Samples used for capture 
y-ray pulse-amplitude spectra measurements were 
identical to those used in the cross-section measurement. 
This was important because attenuation of low-energy 
y rays, a function of sample thickness, can change the 
shape of the spectrum (see, for example, Fig. 8). 
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Fic. 9. Net pulse amplitude spectrum of gamma rays from 
tantalum. The midpoint of the break in the curve at higher 
energies corresponds, as expected, to the neutron binding energy. 
The dashed line at lowest energies is the extrapolated shape to 
zero pulse height. The various symbols represent different experi- 
mental runs. 


CAPTURE 


CROSS SECTEONS 





Tb (7, y) TANK PULSE SPECTRUM | 
En= 65 kev 





Ey (Mev) 


Fic. 10. Net pulse amplitude spectrum of capture gamma rays 
from terbium. There appears to be definite evidence near 4.5 Mev 
of some gross structure even under conditions of gamma ray 
summing in the capture tank. This may be due to preferential 
dipole transitions to a bound single-particle state. Different 
symbols represent different experimental runs. 


The capture y-ray pulse-amplitude distributions were 
taken during a separate run. Typical results are shown 
in Figs. 9 and 10. Energy calibration for the tank was 
done with 2.2-Mev y rays from neutron capture in 
hydrogen and from the two gamma rays (and their 
sum peak) from the decay of Na™. As expected, few 
capture events are observed at the full energy peak, 
but the midpoint of the break in y-ray yield corresponds 
closely to the neutron binding energy as indicated in 
the figures. The spectra generally fall off gradually at 
lower y-ray energies, indicating that few capture events 
occur that give only a single small pulse in the tank. 
Some gross structure may be present (see, for example, 
Fig. 10). This may be due to preferential dipole y 
decay via bound single particle states. Such events 
have also been observed in capture of thermal neutrons.” 

It is interesting to note the dependence of the 
fraction of total pulses above a given energy bias upon 
neutron binding energy. This dependence (Fig. 11) 
was examined after experimental spectrum fractions 
had been determined and adds to our confidence in the 
spectrum fractions. It also gives one an estimate of the 
spectrum fraction for other elements whose neutron 
binding energies are known. This is important for 
samples with cross sections too small (50 mb) for 
spectrum measurement. 


Absolute Normalization of Cross Sections 


The most direct, and most accurate measurements of 
absolute neutron absorption cross sections in the 
kilovolt region, have been made by Schmitt and Cook” 
using 24.0-kev neutrons with the spherical shell trans- 
mission technique. The best five of these measurements, 
listed in Table I with their standard deviations, were 
used to provide normalization for the present experi- 
ment in the following manner: 

The capture tank measurements of the shapes of the 


% 1. V. Groshev et al., Atlas of y-ray Spectra from Radiative 
Capture of Thermal Neutrons (Pergamon Press, New York, 1959), 
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Fic. 11. Fraction of capture gamma-ray pulses observed above 
2.76 Mev as a function of neutron binding energy. The apparent 
regularity as evidenced by these data allow estimates of ‘‘spectrum 
fractions” for nuclei whose cross sections are too small to allow 
capture gamma-ray measurements. The small scatter of the 
points demonstrates the relative insensitivity of the scintillator 
to different types of gamma-ray cascades. 


five cross sections as a function of neutron energy were 
used to extend the spherical shell cross sections to 30 
kev. The five elements were then compared at 30 kev 
by the threshold method described in this paper. The 
five ratios osnen/“Ctank’ Were then formed, and the 
average ratios weighted by the standard deviation of 
the corresponding ¢sne1 formed. The absolute errors 
of the five spherical shell determined cross sections 
range from 6.8 to 10.39%. We assign an absolute error 
of 6% associated with this normalization. The weighted 
indium cross section resulting from this normalization 
at 30 kev is 760+50 mb. The capture cross section 
of indium at 65 kev was obtained by measuring the 
ratio of the 65 to 30 kev cross sections. This ratio was 
found by two different methods. The relative neutron 
fluxes for the Li(p,n) (30 kev) neutrons and the 
T(p,m) (65 kev) neutrons were measured using the 
B"—NalI detector described by Good, Neiler, and 
Gibbons.** Assuming the B!°(n,a;y)Li’ cross section to 
be proportional to 1/v in this range,'®**.4 the ratio of 


TABLE I. Results of selected shell transmission measurements 
and comparison with capture tank results. These are the five 
results chosen to form the average, weighted standard discussed 
in the text. The first column gives the results of Schmitt and 
Cook.* Results of threshold measurements are given in column 2, 
and the ratio of results at 24 kev are in column 3. The total 
spread in the five results is 14%. 


Element o24(shell) 

Ag 1185+80 
Sb 565+45 
In 823460 
Au 585+60 
I 885+90 


o39(tank) o4(shell) /oe4(tank) 


1.05 
1.03 
0.91 
0.93 
1.04 


* See reference 20. 


% J. H. Gibbons and R. L. Macklin, Phys. Rev. 114, 571 (1959). 
* H. Bichsel and T. W. Bonner, Phys. Rev. 108, 1025 (1957). 
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the indium cross section at 65 kev to that at 30 kev is 
found to be 0.597. The second method of comparing 
the 65- to 30-kev capture cross sections of indium 
utilized activation of an indium foil first in the flux of 
65-kev neutrons and then in the flux of 30-kev neutrons, 
the flux of neutrons being measured by the 47 graphite 
sphere** detector. The cross-section ratio determined 
by this method was 0.583. The average of these two 
numbers was used to give o1,=450+40 mb at 65 kev. 

The indium capture cross section at 167 kev was 
determined by normalizing the relative indium cross 
section versus neutron energy curve at 30 and 65 kev 
and reading the value as measured by the shape of the 
U* absorption cross section. The indium cross section 
shape measurement will be described in Sec. B. The 
source of 167-kev neutrons thin (~3 kev) 
lithium target placed in a collimator-shield outside the 
tank, as described later in this article. The number 
thus obtained was o;,,(167 kev) =258+40 mb. 

A summary of the results for all measurements to 
date is given in Table II. Note that the limit of sensi- 
tivity is less than a millibarn. The results at 65 kev for 
even Z and odd Z were plotted separately on semilog 
paper and then overlapped and The 


Was a 


normalized. 


TABLE II. Results of ‘threshold’? measurements with 30, 65, 
and 167 kev average energy neutrons. Capture cross sections are 
given in millibarns. The estimated absolute error (standard 
deviation) as discussed in the text is +10% except where noted. 
The neutron energy resolution was approximately triangular 
with width at half-maximum of +7 and +20 kev at 30 and 
65 kev, respectively, and about +3 kev at 167 kev. 


Element 30 65 167 Element 3 65 

Cc 0.2+0.4 0.0+0.3 t t 59 

F 4.5+1.0 m 37: 450 

Mg 0.4+0.2 2.1+0.7 ( 670 

Al 2.8+0.7 TI 1070 

Si 13+4 

S 25+8 

V 30+8 

Cr 10+3 3.5+1 

Fe 12+3 6.342 Tn 700 
88+30 575 390 

Ni 16+4 6.542 ‘ 1200 

Cu 3947 25+5 Ts 73: 440 
31+6 20+5 ’ 190 


1070 


650 
155 
13.543 
14+3 

264 
140 


454 
951 
330 
(763) 
88+15 
436 
733 
55+10 
8.0+ 


3° R. L. Macklin, Nuclear Instr. 1, 335 (1957). 
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resulting curve obtained (¢ vs A) is given in Fig. 12. 
It is interesting to note that a single factor was sufficient 
to normalize even element to odd element results. A 
plot of results at 30 key is similar to the one for 65-kev 
neutrons, 


Errors 


The absolute (standard deviation) error in the value 
of the cross section standard has been indicated to be 
about 6%. For the measurement of the cross section 
of other samples relative to the indium standard, at the 
threshold energies, 30 and 65 kev, other sources of 
error must be considered : 


(1) The error in the determination of the net area 
under the time spectrum peak is estimated to be about 
5% except where noted. 

(2) The uncertainties in calculating the R.S.P. 
(resonance self-protection) correction for the sample 
relative to indium, as discussed in Appendix III, are 
estimated to be of order 2%. 

(3) The uncertainties in the tank efficiency for a 
sample as compared to indium are determined by two 
considerations. The difference in the probabilities of 
escape of all of the gamma-ray energy of the sample 
relative to indium appears to be a small effect (< 3%). 
However, for samples such as iron where there is a 
preponderance of ground-state transitions, the total 
escape probability becomes appreciable (see Fig. 5). 
The principal uncertainty in the tank efficiency, how- 
ever, is the uncertainty in the fraction of pulses lying 
above the bias level, which is estimated to be of order 
5% for typical samples compared to indium. The total 
efficiency error is assigned to be 5%. 

(4) The uncertainty in the average path-length 
correction as discussed in Appendix II is taken as 2%. 


The uncertainties in sample weight and geometry 
are negligible. 

The above errors are taken as uncorrelated and 
added (root-mean-square) to give an estimated typical 
standard deviation of +10%. 


B. Measurement of Radiative Capture Cross 
Sections as a Function of Energy 


All of the measurements of capture cross sections as 
a function of energy were made relative to the shape 
of the capture cross section of indium. Considerable 
effort was therefore expended in determining the shape 
of the indium capture cross section relative to the shape 
of the total absorption cross section of U*® above 100 
kev, and relative to the shape of the B'(n,ary)Li’ cross 
section below 140 kev. 

For the purpose of comparing the indium cross section 
to the B"(n,avy)Li’ cross section in the region from 7 
to 140 kev thick targets of Li’ and 40-kev thick tritium 
targets were used. The Li’ targets provided neutrons 
in the range from 7 to 70 kev, and the tritium targets 
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Fic. 12. Average capture cross sections near 65 kev as a function 
of Z. An empirical factor of 2.4 was determined for correlating 
cross sections of even-even vs odd-A target nuclei. This factor 
appears to be approximately independent of A. Other regularities 
seen are the effects of neutron shells at 50, 82, and 126, as well 
as the proton shell at Z=50. 


provided neutrons from 20 kev through 170 kev. The 
neutron producing target was placed 1.2 meters in 
front of the sample position and the lithium-loaded 
paraffin collimator was used to physically collimate the 
neutrons as indicated in Fig. 1(b). The neutron energies 
were determined from their flight times. Backgrounds 
were determined by substituting a lead or carbon disk 
neutron scatterer for the sample in order to find the 
shape of the background as a function of neutron 
flight time, and the magnitude of the background was 
determined by inspecting flight times when no primary 
neutrons were arriving at the sample. Successive 
measurements were made of: (1) the number of indium 
capture events in the scintillator tank (within the 
y-ray single-channel window of 3.7-10 Mev) as a 
function of neutron flight time, and (2) the shape of 
the associated neutron flux. For this flux shape measure- 
ment a B" slab was viewed by a NalI(TI) crystal on a 
photomultiplier, and the number of 478-kev gamma 
rays as a function of flight time was recorded in the 
256-channel analyzer. This detection system has been 
previously described by Good, Neiler, and Gibbons.™ 
The absolute value of the indium capture cross section 
was normalized to its values for threshold neutrons 
(30 and 65 kev) whose measurements were described 
in an earlier section. 

The shape of the B"(n,avy)Li’ cross section as a 
function of energy was obtained in the following 
manner. The B'(n,ao)Li’ cross section was calculated 
from reciprocity using the Li’(a,n)B™ cross-section 
measurements.* This was subtracted from the cross 
section for producing a particles which was measured 
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Fic. 13. Capture cross section 
of indium as a function of energy. 
Results of various experiments are 
given separate symbols for 
comparison. Energies correspond- 
ing to threshold for inelastic scat 
tering are indicated by arrows. 
Ihe solid curves are theoretical 
fits to the data, as described in the 
text. 
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most recently by Bichsel and Bonner.* The result is 
the shape of the B"(n,a:)Li™* cross section. Bilpuch 
et al.® have investigated carefully the shape of the 
cross section B'(n,a)Li’, Li’*, from 1 kev to 1 Mev. 
They find a good fit (~+5%) to 1/v behavior to 
above 200 kev. Thus based on these results plus 
corroborative evidence from the graphite sphere 
measurements given above, we conclude that the shape 
of the B!°(n,a,y)Li’ cross section is known to about 
+5% below 100 kev and perhaps + 10% above 100 kev. 

For comparing the shape of the capture cross section 
of indium to that of the absorption cross section of U™®, 
a series of measurements were made with a thin (~3 
kev) lithium target and the lithium-loaded paraffin 
collimator. The neutron flight time over the 1.2-meter 
flight path was used, in this case, only to separate 
capture events from background, and to separate the 
two neutron groups for £,<120 kev. The neutron 
energy was determined from the proton bombarding 
energy. The neutron energy range covered in this 
measurement was 50 to 400 kev. The absorption cross 
section of U™* was constructed from 


og=0;(1+a). (2) 
The fission cross section o; was taken from the solid 
line in the Brookhaven compilation.** This solid line 
was constructed utilizing the results of measurements 
from a number of laboratories. 

The straight line, a=0.190—0.1162,(Mev), given 
by Diven et al.,*7 was used for E,>100 kev. The 
indium cross section is then given by 


o.(In) = Ko,(U™)(N1,/Nv)(A.P.L.). (3) 


3€ Neutron Cross Sections, compiled by D. J. Hughes and R. 
Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958), 2nd ed. 

37 B. C. Diven, J. Terrel, and A. Hemmendinger, Phys. Rev. 


109, 144 (1958). 


Nin/Nv is the ratio of capture counts from indium 
per microcoulomb of protons (corrected for analyzer 
dead time) on the lithium target, to the number of 
absorption counts from the U™* sample, per corrected 
microcoulomb of protons. K is a normalizing constant 
which was chosen to match the cross section of indium 
vs U** absorption to that of the indium capture versus 
the B'(n,ayy)Li’ cross section, described above, in the 
range from 100 to 140 kev. (A.P.L.) is the ratio of the 
average path length, or scattering corrections, and is 
described in the Appendix II. Both of the resonance 
self-protection corrections are negligible for neutron 
energies above 50 kev. 

It was possible, as a check on the consistency of the 
experiment, to calculate the adsolufe indium cross 
section from the U*® absorption cross section using 
Eq. (1). When this was done, the resulting indium cross 
section was 7% higher, which is well within the errors. 
The principle uncertainty in this absolute determination 
is the value of fv, the spectrum fraction associated 
with U™ absorption gamma rays. The measurement 
of the U** absorption gamma spectrum is made difficult 
by the U*® sample background. Implicit also in this 
analysis is the assumption of equal total efficiencies for 
the detection of capture and fission events in the U™*® 
sample. Since the total efficiency of the tank is high, 
and the multiplicities of both fission and capture gamma 
rays are large, this is considered to be a fair assumption, 
and at worst the assumption should be independent of 
neutron energy. Because of this uncertainty in fy and 
counting rate difficulties due to the natural radioac- 
tivity, the normalization to the spherical shell trans- 
mission values, discussed in the previous section, was 
adopted as standard rather than the uranium absorp- 
tion cross section. The indium cross section resulting 
from these measurements together with other measure- 
ments is shown in Fig. 13. 

The capture cross sections of other materials were 
measured with thick lithium and tritium targets using 
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the lithium-loaded paraffin collimator as described 
above in connection with the measurement of the 
indium capture cross section relative to the B°(n,ary)Li’ 
cross section. The single-channel analyzer was set to 
include gamma rays with pulse heights from 3.7 to 
10 Mev to obtain a good ratio of gamma-ray counts to 
background. The absolute value of this bias level was 
not important, as the absolute values of the cross 
sections as a function of energy were normalized to 
the 30- and 65-kev threshold results described in the 
previous section. 

The neutron flux as a function of energy was deter- 
mined by taking the indium cross section as a known 
secondary standard. The cross section of element X 
for neutrons with energy such that they fall in the ith 
flight time channel of the multichannel analyzer, is 
given by 

(A si—ai/Raz) 
debit tpenimicened 
Ajni—@;/Ratn 


b7In- (4) 


Az and Ay,; are the number of counts in the 7th 
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channel from sample X and from the indium standard 
respectively. a;/kaz and a;/kat, are the normalized 
backgrounds. kg is a normalizing constant calculated 
from the threshold cross sections. An indium flux-shape 
determination was made about every fourth sample run. 

The initial cross sections thus determined were 
corrected for average path length and resonance self- 
absorption as described in the appendices. 

Cross sections of 22 elements were measured in this 
manner. The results are shown schematically in a three 
dimensional plot, Fig. 14. In many cases, particularly 
the even rare earths, there are no other data with 
which these data may be compared. For multi-isotope 
elements there exist few comparisons since the majority 
of other measurements in this energy range have been 
made by activation techniques. However, there are 
comparisons with activation experiments available for 
many of the odd-A elements, some isolated comparisons 
with spherical shell transmission results, and in many 
cases there exists a small range of overlap at low energies 
with preliminary capture tank results of Block et al.* 
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lc. 14. Capture cross sections of various elements as a function of neutron energy. The results are presented in this fashion for con- 
ciseness only. Cross sections of odd-Z elements are shown on (a) and of even-Z elements on (b). 


38 R. C. Block, Bull. Am. Phys. Soc. 4, 474 (1959). 
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The cross-section results reported here near 200 kev 
are generally about 30% lower in value than those 
reported by Diven et al.” One reason for a part of this 
difference may be the fact that the two sets of data 
are not normalized to the same standard; the data 
reported here are normalized to results of spherical 
shell transmission measurements at 24 kev while the 
work of Diven is related to the absorption cross section 
of U* at 400 kev. The disagreement is large and is not 
yet understood. 

Preliminary results obtained by Block** on capture 
cross sections up to 10 kev for Ag, In, Ta, W, Pt, and 
Au are in excellent agreement (both shape and magni- 
tude) with the results reported here. 

Comparison with the results of Johnsrud ef al." 
indicates that the cross sections reported here are 
either equal to or lower than their results. Elements 
compared are Br, In, I, Pr, and Au. Relatively good 
agreement occurs for In, Pr, and Au but our results 
for Br and I are more than 25% lower than theirs. It 
should be mentioned that effects of multiple scattering 
(average neutron path length) could be important in 
their experiment but apparently were not considered 
in any detail. 

Comparison with activation results using photo- 
neutron sources*:®!° shows agreement ranging from 


excellent (e.g., In, I) to very poor (e.g., Sb, Au). 
Where disagreement occurs the activation results are 
usually higher than those reported in this paper. 


Although a weighted average of five of the spherical 
shell absorption cross sections” was used for normal- 
ization, it is useful to compare the results element by 
element, especially with shell results not used in 
determining the normalization factor. The agreement 
between the results reported here and the shell results 
is good. In only one case, Cd, was the disagreement 
greater than about 10%, still well within the experi- 
mental errors quoted. No comparison has been made 
with the results of Belanova™ since there appear to 
be several serious difficulties* associated with those 
results as to the cross-section value, experimental 
errors, and effective neutron energy. 

The activation studies of iodine and gold by Bame 
and Cubitt,’ normalized to U™* fission cross section, 
are in rather good agreement with the capture tank 
work of Diven ef al., but lie about 25% higher than 
the results reported here. 

Gabbard, Davis, and Bonner,’ who measured the 
activation of iodine with a LilI(Eu) 
crystal with neutron flux determination by a modified 
long counter, are in good agreement with the results 
reported here for energies up to about 100 kev. At 
higher energies their data show a less rapidly decreasing 
cross section, resulting in a 25% difference at 200 kev. 
Activation results by Miskel ef a/."* on tantalum and 
gold are in disagreement with the results reported 
here, both in regard to cross-section shape and value, 
particularly in the case of gold. Recent gold-activation 


cross section 
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measurements by Cox,® normalized to the U”® fission 
cross section, are in good agreement with the results 
of Miskel et al.!2 The cause of this disagreement is not 
known but is under continuing study. 

It is possible to compare our results in detail with 
the relative cross sections of Bilpuch ef al.,° and 
Weston ef al.'® in three cases, In, I, and Au. In the 
case of indium, it should, be noted that an incorrect 
normalization was used in their experiment. Excellent 
agreement is seen for the case of iodine. The magnitude 
of the crosssection results for gold are in disagreement 
but only because of the different normalization used. 

In summary, although considerable differences still 
exist between various results the spread in results is 
steadily decreasing as more and more of the subtle but 
important experimental effects such as those considered 
in Appendixes II and III are found. The spread in 
results reflects somewhat the difficulty encountered in 
making accurate measurements in the kev range. It is 
disturbing, however, that results on such 
studied nuclei as gold are still in such poor agreement. 
Indeed, in the case of gold, results appear to be evolving 
into two bands over the energy range from 10 to 200 kev. 


frequently 


Errors 


The errors in the sections function of 
energy are obviously dependent on the element, and 
on the neutron energy. The errors are minimum at the 
points of normalization, namely 30 and 65 kev, and, as 
was discussed before, the standard deviation errors at 
these energies are estimated to be about 10%. At 
energies below 15 kev, the signal to background ratio 
from the thick Li targets used was poorer, and the error 
rises to perhaps 15%. Between 100 and 140 kev the 
shapes of the B'°(n,a;y)Li’ and U* 
well known 
perhaps, a maximum. The agreement of the thick 
tritium target measurements the thin lithium 
target results at 167 kev where the U*® absorption 
cross section is relatively well known, indicates that 
the errors are small at high energies. 

A qualitative estimate of the error as a function of 
energy, including the 10% normalization to indium, is 
shown in Fig. 15. 


cross ads a 


absorpt ion cross 


sections are least and the errors have, 


with 


Analysis and Discussion 


The experimental cross-section results show general 
similarities in shape from element to element. For 
instance, the rough average shape of the cross section is 


Ky E,-*, (5) 


a(k) 


It is apparent, however, that significant changes do 
occur from element to element. The onset of inelastic 
scattering by rotational levels is quite marked for some 
cases (Fig. 16), but it is not observed for levels in other 


#S. A. Cox (private communication 
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nuclei such as the 75-kev level in Au'®” (see Fig. 17). 
For energies below excited states and less than about 
100 kev, where d-wave neutrons are usually not 
important, the capture cross section should be sus- 
ceptible to decomposition into simple s- and p-wave 
partial cross sections. The cross section for neutrons of 
angular momentum /, captured by levels of total 
angular momentum J, can be written as” 











STANDARD DEVIATION ERROR 


Pal. Tary)) 
- : —F(a,7), (6) 
(Dy)T 9) 





where 
E, (kev) 


Py (nl, 7) Ts (y) (Ty(n,l,7)XTa(y)) 
F (azz) ( . / an . 
; ry (Ty) Fic. 15. Estimated total error (S.D.) associated with the cross 


section results as a function of neutron energy. The error is 
energy sensitive because of factors such as neutron yield (signal 
to background) and relative neutron flux calibration as discussed 
in the text 


ESTIMATED % 


and 


(Pa(y)) 


Qis= 
iJ reduces to 


CebryT'y (n,/,7)) 


2x? i. 
e';y will be defined below, and the sum over j isa sum  (\%J0)=—— ws Ve. 
over channel spins for a given J and |. The rest of the ee D 
symbols have their usual meaning. For the case of > 


guF (aos) 
s-wave neutrons, where J=j7, since /=0, Eq. (6) J (T,°/D)(Dobs gy Ent+(P,) 





Fic. 16. Capture cross section 
of tungsten as a function of energy. 
The downward break in the cross 
section near 100 kev is a good 
example of the effect of competi 
tion from the onset of inelastic 
scattering. 
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» and J. E. Lynn, Proc, Phys. Soc. (London) A70, 557 (1957). 
y 
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Equation (7) is subject to the following assumptions: 
(1) (,7/Dz) is independent of J and (I, 7/Dy)<<1. 
2(22+1)Dovs Dovs 


oe" 


gu 


(3) I, is independent of J. 

(4) I’, is independent of energy. This assumption 
should be valid as long as the range of neutron energy 
is small compared to the neutron binding energy. Dy 
is also independent of neutron energy for the same 
reason, 

(5) f=f,+1,. This simply states that inelastic 
scattering is forbidden or ignored in our range of 
interest. It has previously been noted that there are 
elements where this assumption breaks down at the 
higher energies. For p-wave neutrons, Eq. (6) becomes 
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Fic. 18. Calculated capture cross section for niobium for various 
assumed values of the p-wave strength function. 
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define the p-wave strength function to 


Si=(",75/Da), (10) 


which is assumed to be independent of j. 
The following additional assumptions are implicit in 
these formulas: 


1. D*,; is indepe 
This assumption is 
elements,” which 
theoretical fits were attempted. 

2. The average neutron width per channel-spin 
projection is independent of the channel spin. This 
implies that the neutron strength function for states of 
a given J is proportional to the number of ways of 
forming states of angular momentum J from an orbital 


41H. W. Newson and M. M 
(1959). 

“@H. W. Newson, E. 
Am. Phys. Soc. 4, 475 


ndent of parity r for a given J 
more likely to be true for odd-Z 
are the only elements for which 


Duncan, Phy s. Rev. Letters 3, 45 
G. Bilpuch, and L 
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Fic. 19. Capture cross section 
of niobium as a function of energy. 
The solid curves were calculated 
using average nuclear parameters 
derived from low-energy total 
cross-section measurements (see 
reference 46), and two different 
values for S;. This indicates that, 
for large values of S;, more data 
are needed in the energy range 
from 1 to 10 kev. 
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angular momentum / and all possible contributing 
channel spins. This assumption is implied by the factor 
Cc lJ. 

3. It has been assumed that I’, is independent of /, 
i.e., of parity. 

4. R, the channel radius as reflected in «=kR, has 
been taken to be R= 1.35X10-"A! cm, and independent 
of J and /, The general shape of the cross section for 
different values of the p-wave strength functions S; is 
given in Fig. 18. The maximum in the p-wave contri- 
bution shifts to higher energies for lower p-wave 
strength functions. For the usual range of values for 
strength functions, etc., the p-wave maximum appears 
in the range 10-100 kev. Thus, s- and p-wave average 
effects on capture cross sections are best observed in 
this region. 


The procedure for the fitting of experimental data 
was as follows: (a) using s-wave parameters, the /=0 
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cross-section contribution was calculated, (b) to this 
was added a cross section for /= 1 neutrons obtained by 
“first guess” of the p-wave strength function. In many 
cases, such as gold (Fig. 17), niobium (Fig. 19), anti- 
mony (Fig. 20), iodine (Fig. 21), tantalum (Fig. 22), 
praseodymium (Fig. 23), and silver (Fig. 24), only 
minor adjustments, if any, in s-wave parameters were 
needed to obtain good fits with parameter values within 
limit of error. However, for others, and especially the 
rare earths (see, for example, Fig. 25), fits were obtain- 
able only by assuming that either (1) average level 
spacing or radiative widths were wrong by up to a 
factor of four, or (2) that level spacing and radiative 
widths were simultaneously wrong by up to a factor 
of two. Once satisfactory fits were determined and a 
value of S; was derived, the cross section was recalcu- 
lated using the ‘‘chopper parameters” and the value of 
S;. Curve fits have been made on thirteen of the 
twenty-one elements studied as a function of energy. 
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Fic. 21. Capture cross section 
of iodine as a function of energy 
Results of other experiments art 
given for comparison. The solid 
curve was calculated using recent 
results of low-energy total cross 
section measurements (see refer 
ence 47) and a p-wave strength 
functior f30™ 10 


Fic. 22. Capt ire cross section ol 
tantalum as a function of energy 
The results of other experiments 
are given for comparison. The 
lower solid curve was calculated 
using results (see Table III) of 
low-energy total cross section 
measur I and i p-wave 
strength function of 0.210 


Fic. 23 I! cross section 
of praseodymium as a function of 
energy. Results of other experi 
ments are given for comparison 
[he solid curve was calculated 
using results of low-energy total 
cross section measurements, with 
a p-wave strength function (for 
best fit) of 0.1 10-4 
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Fic. 24. Capture cross section 
of silver as a function of energy. 
The upper dotted curve was 
calculated using recent low-energy 
total cross section results (see 
footnote a, Table ITI) anda p-wave 
strength function of 1.01073. 
The upper solid curve was com- 
puted using low-energy parameters 
modified to take into account the 
occurrence of p-wave resonances in 
the ev range. The lower solid curve 
was calculated using another 
recent set of low-energy measure- 
ments (see reference 45) in which 
the p-wave strength function was 
also given. [I. A. Isakov, V. P. 
Popov, and F. L. Shapiro, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 38, 189 
1960).] The lower dotted curve 
was computed by increasing the 
value of S; from 1.7107 (given 
in reference 45) to 7Xi0~ in an 
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attempt to obtain a more reason- 
able fit to the data. 
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Fic. 25. Capture cross section of 
terbium as a function of energy 
The lower curve was calculated 
using results of low-energy cross 
section measurements for s-wave 
parameters and a reasonable /- 
wave strength function. The upper 
curve is a fit obtained by changing 
s-wave parameters. The change 
required was far outside error 
limits quoted for the low-energy 


total cross section results. 5 


\ttempts have not been made to fit the results in cases 
of even elements with several isotopes. Of the thirteen 
elements fitted a representative group is given in Figs. 
13, 16, 17, 19-25. 

There is some basis for the assumption of rather large 
errors associated with some estimates of level spacings 
and radiative widths as determined from low-energy 
total cross-section measurements. It can be seen in 
cases such as indium (Fig. 13), and silver (Fig. 24), 
that simple counting of all resonances led to too small 
a value for s-wave level spacing, due to the enhanced 
number of observable p-wave resonances in the ev 
range for 4~100. Recently direct observation of this 
effect has been reported.*~* Likewise, for A ~~ 160, the 

8A. Saplakaglu, L. M. Bollinger, and R. E. Coté, Phys. Rev. 
109, 1258 (1958). 

“ J. L. Rosen, S. Desjardins, W. W. Havens, and J. Rainwater, 
Bull. Am. Phys. Soc. 4, 473 (1959). 


‘6 J. S. Desjardins, J. L. Rosen, W. W. 


; Havens, Jr., and J. 
Rainwater, Phys. Rev. 120, 2214 (1960). 
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average spacing might tend to be overestimated due to 
pileup of resonances caused by the s-wave giant reso- 
nance maximum. Radiative widths have recently been 
found to sometimes vary by a significant factor from 
resonance to resonance even for a nucleus as heavy as 
gold.** Thus, the radiative width of a given resonance 
may be significantly different from the true average 
even for heavy elements. 

It is perhaps noteworthy and certainly encouraging 
that in cases where the greatest amount of recent 
attention has been placed on low-energy resonance 
parameters and spacings one finds rather good agree- 
ment between low-energy parameters and the average 
capture cross section reported here, both in detailed 
shape and in magnitude. 

The reader is reminded that the fits described here 
are made under several simplifying assumptions. Thus, 

46 J. S. Desjardins, J. L. Rosen, James Rainwater, and W. W. 
Havens, Bull. Am. Phys. Soc. 5, 32 (1960). 
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the departure of the cross section from the calculated 
curve at higher energies is not at all surprising. The 
onset of inelastic scattering causes a decrease in the 
cross section (e.g., Fig. 16) while effects due to d-wave 
neutrons and possible changes in average spacings and 
gamma-ray width with excitation energy can cause a 
flattening in the cross section (e.g., Fig. 13). It should 
also be noted in the rare earth region (where the 
flattening seen in the higher energy cross section is fit 
by adjusting the p-wave strength function) that the 
non-s-wave contribution may be due to d-wave, rather 
than p-wave neutrons since the d-wave strength func- 
tion has a peak somewhere in this region. 

The curve fits reported here are not unique, in that 
the cross section is dependent upon the ratio (I',/D) 
and not the two parameters separately. However, we 
have separately considered (1',) and (D) since they are 
independently measured quantities. None of the param- 
eters are considered really ‘‘free’’ except S; since their 
approximate value is more or less dictated by low- 
energy total cross-section results. The energy-sensitive 
effect of changing some of the parameters is given in 
several of the figures. 

Values for parameters used and results of the curve 
fitting are given in the individual figures and are 
summarized in Table III. In cases, such as silver and 
antimony, where odd Z elements consist of two isotopes, 
low-energy cross-section results for the individual iso- 
topes were averaged by abundance weighting to form 
an effectively monoisotopic element. The “‘first choice” 
parameters with the exception of S; (p-wave strength 
function) were those taken from other low-energy 
measurements. 


rasce Ill. Summary of curve-fitting results of cross sections as a function of neutron energy 
‘first choice” parameters obtained from low-energy total cross section results. The right portion of the table 
the parameters, obtained by curve fitting of the capture cross section. It is clear, from column 11, that 
show a large peak in the range A =90 to 120. Estimated errors are given for S,. These errors reflect ranges 


cannot obtain a reasonable shape fit to the data. 
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The p-wave strength functions (as defined earlier) 
derived from the curve fits and given in Table III show 
the obvious presence of a broad maximum near A = 100. 
This is the 2p giant resonance predicted by the optical 
model. The apparent width of the peak as indicated by 
our results suggest with 
results of relative cross-sec 
it was suggested'® that 


s complexity, in agreement 
tion measurements!® where 
the presence of spin-orbit forces 
produces a p,;—/, splitting of the giant resonance. 
However, as discussed earlier, there appears t 
serious systematic disagreement between these workers 
and ourselves in the cross-section results, particularly 
at lower energies. This disagreement in experimental 
results is the cause of the difference in the derived 
value of .S). 


O be a 


The importance of p-wave effects for energies as low 
as a few kev is obvious. It is much more difficult to 
experimentally determine at what neutron 
Che 


parameters and 


energy 
d-wave contributions become 
fit the data 
results from 


ftant. attempts 


to using optical 


4 


low-energy total cross sections indicate 


that the shape of average capture cross section has a 
i p-wave 


much higher sensitivity to the value of the 


strength function than is found in corresponding total 


cross-section shapes. It is apparent, however, that the 


energy region most sensitive to /arge values of S; lies 


between 1 and 10 kev where experimental techniques 


are especially difficult 


] 


It is interesting to note that competition from low- 


energy neutron inelastic scattering can be observed 


from the capture results. The drop (due to inelastic 


scattering), such as is observed in Yb at 80 kev (Fig. 26) 
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Fic. 26. Capture cross section of ytterbium as a function of 
energy. The downward break in the curve near 80 kev indicates 
the onset of inelastic scattering. 


and W above 100 kev (Fig. 16), exhibits the competition 
due to inelastic scattering. 

The success in detailed fitting of the experimental 
results is gratifying and indicates strongly that, for 
example, average level density and radiative widths 
do not change significantly in the first 100 kev above 
the neutron binding energy, 

Further investigation of‘neutron capture in the kev 
energy range is anticipated, using enriched isotopes 
and samples of lower atomic weight. 
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APPENDIX I. AVERAGE NEUTRON ENERGY FROM 
(pn) REACTIONS NEAR THRESHOLD 
It is desired to determine with precision the average 
energy of the entire neutron yield from the (p,m) 
reaction near threshold. Define 


E,= f E,dN / f dN, 


(11) 
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where dN is the elemental neutron intensity. For 
convenience, the integration is performed in the 
center-of-mass system, with 


dN = W (A)dAV (¢)d¢, (12) 


where W(A)dA is the total neutron yield for an infini- 
tesimal layer of the target at a depth A and thickness 
dA, and V(@)d@ is the center-of-mass angular distri- 
bution at each layer. V(@) is taken to be isotropic. 
Now using the standard notation for Ey,“ Eq. (11) 
can be reduced to 


Ae Ae 
B.=c+0( f aw(ayda / f w(ayda), (13) 
Al Ai 


where 


M,M,, M,M,+MM, 


D=u——_—___——. 
(M,+M,)2 


; Eth 
(M,+M,)* 
(Ao+En) is the initial proton energy and (A;—A;) 
is the target thickness for protons. The yield function, 
W(A), contains the energy dependence of the (p,m) 
cross section and the proton energy loss as a function 
of depth in the target. 

For the case of T(p,2) the cross section rises* as the 
s-wave penetrability (A!). The Li(p,2) cross section, 
on the other hand, is proportional to A*/[A*+ (90). 

Using a constant dE,/dx, the s-wave case [e.g., 
T(p,n) ] gives 


(14) 


. A,!—A;! 
er al 
A.i— Aj! 


Likewise for the case of Li’(p,n) we have, assuming a 
thick target (A:=0), 


E,=C+3DA2 
: —5X/3+15.X?2/7—5X*/2+--- 


ee (15) 
1—3X 2+9X2 5—2X3+ ~>™ X =(As 9)? 
Applying these equations to T(p,2)He® with AE,=2.4 
kev gives E,=65 kev and for Li’ (p,n) Be? with AEp~2 
kev, E,=30.5 kev. 


APPENDIX II. DETERMINATION OF AVERAGE 
NEUTRON PATH LENGTH* 


In the class of neutron cross-section measurements 
involving 4 detection of reaction products, such as is 
encountered in the radiative capture tank technique, 
the effects of single and multiple neutron scattering 
can be large, even for thin, high-transmission samples. 
An analytical expression for the average path length 


‘7 See, for example, J. B. Marion and J. L. Fowler, Fast Neutron 
Physics (Interscience Publishers, Inc., New York, 1960), Vol. I, 
p. 133 ff. 

48 R. L. Macklin and J. H. Gibbons, Phys. Rev. 109, 105 (1958). 

4° The contents of this correction were developed by H. W. 
Schmitt, Oak Ridge National Laboratory Report ORNL-2883 
(1960), (unpublished). 
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Fic. 27. The average path length correction factor X, defined as 
(o,/or)[1—(e-"°T®) ], as a function of neort. 


has been derived for the case of plane parallel neutrons 
axially incident upon a thin disk of material whose 
scattering and capture cross sections are considered to 
be constant over several neutron collisions. Later 
Monte Carlo calculations for a finite neutron beam 
diameter produced essentially identical results. A 
summary of the derivation is as follows: Axial neutrons 
are considered incident upon the sample disk in which 
only elastic scattering and capture can occur. Then 
the /o/al number of captures per incident neutron f, is 


Oe 
f= (1—e aided) _ 


oT 


Os Oc 
+(l-—o-~"?*) [at aerei)) +] (16) 
OT 


OT 


where R; is the geometric path length in the disk for a 
neutron which has been scattered once. For relatively 
thin disks (~0.1 mean free path) it has been shown 
that® 

(e—noT Ri) — (e -neTRs\ ...— (e 


noT R;\ 


(17) 


Then defining X= (¢,/or)(1—({e~"*?®)), we have 


Ce 
f= (1—e-"°7"*) —[1+X+X2+- + | 


OT 
Cc 1 
=(1—(e nrg)“ — :). (18) 
OT 1—X 


The quantity to be determined then is (e-"*?*), This 
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has been determined explicitly for cylindrical geom 
etry.” The results for a disk of radius a and thickness 
tare 


1+e noTt | l 
(e~nerR) — —_____— 1—e-"°T*| 1— —(no7t) 
2(1—e-ner") | 2a 


—e~"T4+-exp[ —nor(a?+F)! |—Xi+-X2 | see, (19) 


where 


(nort)?  @ (—1)""(nort)"? 
X,=——_[—In(norl) + (3-v) ] > - —— 
2 n=1 nin(n+2) 


where y is Euler’s number, 0.5772; 


X= f nopZ{—Ef—nor(Z2+a2)*}}nordZ. (20) 
Z=0 


Under usual conditions the value of X» is much less 
than X;. The results given above are valid to better 
than 1% for nort<0.2, a2 2/. The parameter X defined 
in the text following Eq. (17) as a function of (nerf) 
is given in Fig. 27 for the case o,/or~ 1.0. 


APPENDIX III. RESONANCE SELF-PROTECTION 
CORRECTION 


Corrections for resonance self-protection must be 
considered in all average capture cross-section experi- 
ments. The magnitude of the correction is a function 
of many variables such as sample thickness, ratio of 
resonance to off resonance total cross section, ratio of 
capture to scattering widths, neutron width distribu- 
tions, strength functions, angular momenta, and energy. 
It has been considered in detail by Dresner® and 
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Fic. 28. The resonance self-protection correction factor (J/J. 
as a function of sample thickness for thin samples of indium and 
iodine at 25 kev. 


5 T.. Dresner, Oak Ridge National Laboratory Report ORNL- 
2659 (1959), (unpublished). 
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applied to spherical shell absorption measurements at 
24 kev by Schmitt and Cook.” 

For the purpose of illustration the self-protection 
correction factors (J/J,,.) for indium and iodine at 25 
kev are given as a function of sample thickness (Fig. 


28). The factor (I/I..) represents effectively the ratio of 


apparent cross section to the true cross section for an 
infinilely dilule sample. The factor (R.S.P.) given in 
Eq. (1) of the text is simply the ratio of (J/J,,) for the 
standard to that of the sample. The effects of s-wave 
and p-wave neutrons are computed separately and then 
weighted to obtain the over-all sample correction in 
the following manner. 


galt ONE /Ta) not oe(0= 1) / Te) 
(L/ T 2) = ° 
o.(l=0)+o,(l=1) 





In the expression given above, o,(/=0) and o,(/=1) 
are, respectively, the s-wave and p-wave partial capture 
cross sections, whose sum is equal to the total capture 
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;. 29. The resonance self-protection correction factor (I/I.) 
as a function of neutron energy for indium. 


cross section in the energy range under consideration. 
The correction for the indium sample used in the work 
reported here (no,l=0.068) is given in Fig. 29, showing 
the dependence of the correction as a function of 
neutron energy. The reader is referred to the references 
mentioned above for specific details of the correction. 
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Decay of Na’*+ 


E. L. Rosrnson, B. T. Lucas, AND O. E. JOHNSON 
Physics Department, Purdue University, Lafayette, Indiana 


(Received November 18, 1960) 


The bombardment of high-purity natural magnesium targets 
with fast neutrons from the Li’(d,n)Be® reaction (2,524 Mev) 
yielded, in addition to activities associated with well-known 
isotopes, an activity having an experimental half-life of 1.03+-0.06 
sec. Scintillation spectrometer measurements showed a (1.82+ 
0.03)-Mev gamma ray and a (6.7+0.3)-Mev beta group decaying 
with the 1.03-sec half-life. The 6.7-Mev beta group was found to 
be in coincidence with the 1.82-Mev gamma ray. The assignment 
of the (1.03+0.06)-sec half-life to Na®* produced in the reaction 
Mg**(n,p) Na*®* and the proposed decay scheme are supported by 
internally consistent arguments based on the known character 
istics of the reaction products and their decay modes; the half-life 
studies using both beta and gamma radiation; the features of 


I. INTRODUCTION 


- an investigation of the radioactivities following the 
bombardment of high-purity natural magnesium 
targets with fast neutrons from the Li’ (d,) Be® reaction 
(E524 Mev), an activity was observed which we have 
ascribed to the decay of Na?®. After the completion of 
the measurements and reduction of the experimental 
data, it was found (in connection with the preparatory 
literature search for the writing of this report) that the 
observation of an activity assigned to Na*® had been 
published.! This report had been overlooked in thé 
preliminary literature search. These experimenters 
reported that the irradiation of natural magnesium 
metal and MgO highly enriched in Mg’* with 14.8-Mev 
neutrons produced a new activity with a half-life of 
1.04+0.03 sec which is assigned to Na*® produced by 
the Mg?*(n,p)Na*® reaction. The activity was reported 
to “consist mainly of high energy (>5 Mev) beta 
particles.”” The present results are in agreement with 
these conclusions and include further experimental 
information concerning the new isotope Na*® and its 
decay modes. 


Il. EXPERIMENTAL APPARATUS 


The experimental apparatus, circuit configurations, 
and some of the experimental techniques used in the 
present investigation have been described elsewhere.?* 
There are some important points of difference and 
additions which will be discussed below. 

The lead cave and graded absorber which had for- 
merly housed the gamma-ray detector, a 3X3-in. 
Nal(T1) crystal mounted on a 6363 DuMont photo- 


+ Work supported in part by U. S. Atomic Energy Commission 
and based on a part of the doctoral thesis research of E. L. 
Robinson. 

1N. J. Nurmia and R. W. Fink, Nuclear Phys. 8, 139 (1958). 


*E. L. Rev. 120, 1321 
(1960). 
3R. P. McLean, Master of Science thesis, Purdue University, 


Lafayette, Indiana, August, 1958 (unpublished) 


Robinson and O. E. Johnson, Phys 


experimental beta and gamma spectra; and nuclear systematics. 
The decay of the ground state of Na®* takes place in part by a 
(6.7+0.3)-Mev beta transition to the (2+) first excited state of 
Mg*. The intensities of the beta transitions to the (2+) second 
excited state and (0+-) ground state are less than 0.1 of the inten 
sity of the (6.7+0.3)-Mev transition. The possible ground-state 
spin and parity assignment for Na* is either 1+, 2+, or 3+. A 
weak theoretical argument against spin 1 is presented. The present 
experimental measurements alone will not reduce the ambiguity 
in the spin assignment. A Na**—Mg* mass difference of 8.50.3 


Mev is derived from the known level structure of Mg®* and the 


beta transition energy measured in the present investigation. 


multiplier, were removed. The graded collimator be- 
tween the source and counter was also removed. The 
pulses from the gamma-ray detector were passed through 
a gain-one-or-ten preamplifier to either the half-life 
measuring system or the multichannel pulse-height 
analyzer. 

The beta detector consisted of a cylindrical (1}-in. 
height X24-in. diameter) Pilot-B 
optically coupled to a 6363 DuMont photomultiplier 
tube. The phosphor was covered with an aluminum 
light shield. The window through which the beta par- 
ticles entered the phosphor was 1-mil aluminum foil. 
The pulses from the beta detector were amplified by a 
gain-of-ten preamplifier and fed into either the half-life 
measuring system or the multichannel pulse-height 
analyzer. The resolution obtained for the 0.624-Mev 
internal conversion line of Ba'**™ was 15%. The beta 
spectrometer was calibrated using well-known internal 
conversion lines and/or tbeta-spectra end points. 

Target carriers made from several different plastic 
materials (Lucite, Araldite, and polystyrene) were 
used during the course of these measurements. It was 
found that both Lucite and Araldite were unsatisfactory 
because of the N'® activity produced by the reaction 
O'*(n,p)N"* in the target carrier itself. For the counting 
programs and procedures required in these measure- 
ments, activity from polystyrene carriers made no 
detectable contribution to the experimental beta or 
gamma spectra. 

The magnesium targets were cylinders (?-in. diameter 
X7-in. height) of vacuum distilled magnesium metal.? 4 
Four similar targets, short bombardments, and sched- 
uled measurements were used to avoid the accumulation 
of the longer lived activities. The targets, carriers, and 
carrier hardware could be interchangeably assembled 
so that the contributions to the total spectrum of each, 
if any, could be systematically studied. 


plastic phosphor 


‘D. Geiselman and A. G. Guy, Trans. Am. Inst. Mining Met. 


Petrol. Engrs. 215, 814 (1959). 
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The beta spectrum in coincidence with energy- 
selected gamma radiation was measured by positioning 
a gamma-ray detector coaxially with the beta detector 
and on the opposite side of the cylindrical source from 
the beta detector. The pulses from the beta detector 
were delayed and passed to the multichannel analyzer. 
The pulses from the gamma detector were amplified 
and pulse-height analyzed in a single-channel differen- 
tial discriminator. The output of the discriminator was 
shaped, delayed, and passed into the prompt coincidence 
gate of the multichannel analyzer. The resolving time 
of this coincidence system was ~ 1.5 usec. 

The neutrons used in the irradiations were produced 
using the reaction Li’(d,z)Be*. The 9.7-Mev external 
deuteron beam of the Purdue University 37-in. cyclo- 
tron was focussed by a set of quadrupole magnets; 
collimated; and passed through a 1-mil aluminum 
window, ? in. of air, and a second 1-mil aluminum 
window before striking a ;/g-in. thick lithium target. 
The nominal deuteron current and energy at the lithium 
target were ~ 0.5 wa and.~8.8 Mev. The bombardment 
position for the magnesium cylinders was } in. directly 
behind the lithium target. The Q value for the reaction 
Li’(d,n)Be® is ~15 Mev, and the reaction neutron 
spectrum is known to be complex. A maximum neutron 
energy of ~24 Mev could be expected. 


III. MEASUREMENTS, RESULTS, AND 
DISCUSSION 


Many nuclear reactions are energetically possible 
when natural magnesium is irradiated with neutrons 
from the Li’-d reaction. The identification of the un- 
stable reaction products was accomplished using 
measurements of the half-lives of various portions of 
the gross beta and gamma spectra as well as measure- 
ments of the beta and gamma spectra proper. 

The gamma spectra were measured using a series of 
bombardment and counting programs such that the 
components of the gross spectra due to isotopes having 
different half-lives could be studied. A gamma spectrum 
was measured using 60-sec counting periods starting 
20 sec after a 30-sec irradiation. A background correc- 
tion was made. The photopeaks and general features 
of this spectrum could be consistently interpreted by 
assuming that Mg?’, ~9.5 min; Na*®, ~60 sec; Na”, 
~15 hr; Ne*, ~3.4 min; and Ne*, ~38 sec were 
produced in the irradiation.® This particular program 
was intended to reduce the contribution of the shorter 
lived isotopes. A second type of measurement of the 
gamma spectrum was made which would tend to en- 
hance the net contribution of the shorter lived isotopes. 


6 It may be generally assumed, unless otherwise specified, that 
the values for various nuclear properties referred to in this report 
have been taken from one or more of the following compilations 
of nuclear data: P. M. Endt and C. M. Braams, Revs. Modern 
Phys. 29, 683 (1957); D. Strominger, J. M. Hollander, and G. T. 
Seaborg, Revs. Modern Phys. 30, 585 (1958); Nuclear Data Sheets, 
National Academy of Sciences, National Research Council (U. S. 
Government Printing Office, Washington 25, D. C., 1958-1960). 
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In these measurements the target was irradiated Ts 
sec; the beginning of the counting period was delayed 
Tp: sec after the end of irradiation; the spectrum was 
measured for 7¢: sec; after a time interval Tpe sec, a 
second measurement of the spectrum was made for 
Tc2 sec. A difference-spectrum was formed from the two 
individual spectra thus obtained. A series of similar 
measurements was made and the difference-spectra 
obtained after each bombardment were summed to 
form the final spectrum. A number of such difference- 
spectra were formed with various combinations of time 
intervals. The resulting gamma spectra were used in the 
identification and assignment of the observed activities. 
In Fig. 1 a gamma spectrum obtained using a program 
in which Tg=2.2 sec, Tp,:=0.21 sec, Tex=Te2=3.0 
sec, and Tps=5 sec (this will be referred to as the short 
program). The peak at 1.82+0.03 Mev and the less 
prominent one at 0.520+0.015 Mev are the only indica- 
tions of gamma-ray full-energy peaks in the spectrum. 
The peak at 0.520+0.015 Mev was attributed to 
annihilation radiation associated with the positron 
decay of Mg**, ~12 sec, produced by Mg**(n,2n)Mg* 





0.520 + 0.015 Mev 
1.82+40.03 Mev 
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lic. 1. A gamma-ray spectrum from neutron-irradiated natural 
magnesium targets formed from the difference of two spectra: the 
first measured over a 3-sec time interval 0.21 sec after a 2.2-sec 
bombardment; the second measured over a 3-sec interval 8.21 sec 
after the bombardment, 
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Fic. 2. Fermi plots of the beta spectra associated with the decay 
of isotopes produced by neutron irradiation of thick natural 
magnesium targets. The points labelled A correspond to the gross 
beta spectrum with the short program (see text). The points 
labelled B correspond to the beta spectrum in coincidence with 
the 1.82-Mev gamma ray using a short program. The Fermi 
function was assumed to be constant. 


and the annihilation of positrons from external pair 
production. Comparison with gamma spectra obtained 
with other programs indicated that the contribution of 
the long-lived components had been effectively reduced. 
Using an identical program, the gamma spectrum up 
to an energy of 9 Mev was measured and no evidence 
was found for other gamma rays. 

Half-life determinations were made by counting the 
gamma radiation in a 0.180-Mev energy interval 
centered at 1.82 Mev a period of 0.21 sec after a 2.2-sec 
neutron irradiation. The half-life associated with the 
1.82-Mev photopeak was found to be 0.97+0.10 sec. 
A second series of half-life measurements were made in 
which all the pulses from the beta detector correspond- 
ing to pulses above a given energy were used. The 
energy-bias and experimental half-life for the short- 
lived component were: 1.1 Mev; 1.01+0.05 sec; 1.4 
Mev, 1.06+0.05 sec; 1.8 Mev, 1.06+0.05 sec; 2.4 Mev, 
1.06+0.06 sec; 3.0 Mev, 1.07+0.08 sec; 4.1 Mev, 
1.11+0.10 sec; 4.7 Mev, 0.97+0.10 sec. The average 
experimental half-life resulting from all such measure- 
ments is 1.05+0.03 sec which is the same, within 
experimental errors, as that found for the 1.82-Mev 
gamma radiation. From these measurements it was 
concluded that the beta radiation with an energy greater 
than 4.7 Mev is associated with the 1-sec activity and 
the high-energy radiation (>4.7 Mev) has only a single 
short half-life associated with it, 1.05+0.03 sec. A 
half-life of 1.030.06 sec, based on all experimental 
measurements, is assigned to Na*®. The error was deter- 
mined from statistical considerations as well as an 
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appraisal of the various experimental measurements and 
the methods used in the analysis of the data. 

The same program and procedure used in measuring 
the gamma spectrum described previously (the short 
program) was used to measure the beta spectrum. The 
neutron-irradiated magnesium targets constituted ex- 
tremely thick beta sources since the radioisotopes were 
produced more or less uniformily through the body of 
the target. The experimental beta distribution extended 
to 6.6+0.3 Mev. In Fig. 2 (points labelled A) is a 
Fermi plot resulting from this beta distribution assum- 
ing the Fermi function to be energy independent. The 
maximum beta energy obtained by a linear extrapola- 
tion of this Fermi plot is 6.70.3 Mev. Also in Fig. 2 
(points labelled B) is shown a Fermi plot made from 
the experimental beta spectrum in coincidence with 
the 1.82-Mev gamma radiation. The counting statistics 
in the coincidence spectrum were very poor. However, 
a linear fit of the points corresponding to energies 
greater than ~4 Mev yields an end point which within 
statistical and experimental errors is in agreement with 
that obtained without the coincidence requirement. 
The Fermi plots were utilized only as an aid in obtaining 
the end-point energy. The measurements of the beta 
distribution support the conclusion that there is a 
6.7+0.3-Mev beta transition in coincidence with the 
1.82-Mev gamma ray. 

Subsidiary measurements were made which proved 
conclusively that the 1.03-sec activity arises from the 
magnesium target and not other materials in either the 
experimental area or the pneumatic transfer system 
proper. The chemical analysis of the magnesium? used, 
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Fic. 3. The level structure of Mg** as taken from recent compila 
tions of nuclear data (see reference 5). The proposed decay scheme 
of Na** js that resulting from the present investigation. 
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and the investigations reported elsewhere® constitute 
strong evidence for the purity of the target material. 
The 1.03-sec activity is therefore assigned to an isotope 
produced by the reaction of neutrons with one of the 
stable isotopes of natural magnesium. 

Consideration of each nuclear reaction (involving 
neutrons up to an energy of ~24 Mev and any one of 
the stable isotopes of magnesium) which is energeti- 
cally possible results in the conclusion that there is no 
known product isotope with a 1-sec half-life except 
Na*®(1.04+0.03 sec).! Assuming the correct assignment 
to be Na**, there would be beta decay to one or more of 
the states of Mg®*. The level structure of Mg*® is well 
known and is shown in Fig. 3 as taken from recent com- 
pilations of nuclear data.® The remainder of Fig. 3 is the 
proposed decay scheme of Na®* as deduced from the 
results of this investigation. The 1.82-Mev gamma ray 
observed in this investigation would then correspond to 
the de-excitation of the (2+-) first excited state which is 
presumably populated by the 6.7-Mev beta transition 
from the ground state of Na?*. The assignment of 2+ for 
the second excited state of Mg** suggests the possibility 
of a 5.56-Mev beta transition. If this beta transition did 
occur, the subsequent depopulation via a direct 2.97- 
Mev gamma transition to the ground state (14%) or a 
1.14-Mev gamma transition (86%) to the 1.82-Mev 
state would be expected. Analysis of the gamma-ray 
spectra obtained using the short program yielded the re- 
sult that the intensity of the 1.14-Mev gamma is less 
than 0.1 that of the 1.82-Mev gamma. This implies that 
the beta branching to the 2.97-Mev state is less than 
~12% of that to the 1.82-Mev state. Analysis of the 
various measurements of beta spectra indicate that the 
beta transition between the ground states of Na®® and 
Mg’* is less than 0.1 the intensity of the 6.7-Mev group. 
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Fic. 4. Plot of the intersection of the plane 0.673=\1+A2+A; 
with the \2—As; plane for various values of Ai, where Ax, Az, and A; 
are the partial transition probabilities of the beta groups which 
may possibly be associated with the decay of Na**. The text 
should be consulted for assumptions and details related to the 
construction and significance of this graph. 
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Fic. 5. An expanded portion of the graph in Fig. 4 with the 
experimental limits shown. The cross-hatched region corresponds 
to those points whose coordinates (Aj, A2, A3) are consistent with 
the transition probabilities allowed by the experimental results. 


A direct application of the shell model yields the 
alternative spin assignments 1, 2, 3, 4, or 5 and even 
parity for the ground state of Na®®. In the discussion to 
follow the spins of 4 and 5 are ruled out because of the 
allowed character of the 6.7-Mev beta group. A weak 
argument for eliminating spin 1 as a possibility will be 
presented leaving either 2 or 3 as the more probable 
spin of the Na”* ground state. 

In the following discussion it will be assumed that 
only three beta groups are associated with the ground 
state of Na®*: 8, to the ground state of Mg**, 8.5 Mev; 
8» to the first excited state, 6.7 Mev; and 6; to the 
second excited state, 5.5 Mev. The sum of the three 
partial transition probabilities \;, 2, and Ags corre- 
sponding to the beta branches §;, 82, and 8; is equal to 
0.673 sec”. Figure 4 is a graph of the family of straight 
lines in the A»-As; plane corresponding to the various 
values of \;. The scales on the Az and Ag axes indicate 
the partial transition probability, logfot values, and 
branching percentages. The spin assignments for the 
first and second excited states of Mg®® are both 2+; 
therefore, the orders of forbiddenness of the correspond- 
ing beta branches would be the same. In particular, if 
the ground-state spin of Na?® is 1, 2, or 3, both 6: and 
8; would be allowed transitions and would be expected 
to have log fof values in the range from ~4 to ~7. It has 
been established experimentally that A3<0.1A2 while 
\, is definitely less than 0.1 A». and is most probably 
much less than 2. Figure 5 is an expanded portion of 
the graph of Fig. 4 with the experimental limits clearly 
indicated. The cross-hatched region corresponds to 
those points whose coordinates (A1, A2, As) are consistent 
with the experimental results. It should be noted that 
unless the branching of §; is substantially less than 3%, 
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the range of log fo! values for this transition falls within 
that normally associated with allowed transitions and 
an assignment of 1+ for the Na®* could be inferred. It 
then follows that and 6; would be allowed 
transitions of the Gamow-Teller type. The classification 
of 8; as a forbidden transition on the basis of its log fof 
value, with any certainty, requires that the intensity 
of 8; be shown experimentally to be much less than 3%. 
Though this may indeed be the case, the present 
measurements neither exclude nor support such a 
conclusion. If 8; is a first forbidden transition, implying 
a ground-state spin of 2+ or 3+ for Na**, then 62 and 
8; would still be allowed transitions consistent with the 
experimental implications. 

Making the plausible assumption that the first 
excited state and the ground state of Mg*® are the same 
shell-model configuration, an assignment of 1+ for the 
ground-state spin appears unlikely because the log fot 
for the ground-state group must be greater than ~5.9 
and that of the first excited state must be less than 
~4.5. (See Fig. 5). Under the weak assumption con- 
cerning the similarity of the shell-model configurations 
for the two final states of the beta transitions, the log 
fot values would be expected to be more nearly equal. 


both B» 


IV. CONCLUSIONS 


In the preceding sections arguments and supporting 
experimental evidence have been presented for the 


following conclusions: (1) A radioisotope with a half-life 
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of 1.03+0.06 sec is produced in the bombardment of 
pure magnesium targets with Li’-d neutrons (neutron 
energy up to ~24 Mev). (2) The observed half-life is 
that of Na®* produced in the reaction Mg**(n,p)Na*®. 
(3) The decay of the ground state of Na®® takes place 
in part by a beta transition (4»=6.7+0.3 Mev, an 
allowed transition) to the first excited state of Mg*®. 
(4) The Na**-Mg*' Mev. 
(5) The intensity of a beta transition to the second 
excited state of Mg*® is less than 0.1 that of the first 
excited state transition. (6) A ground-state to ground- 
state beta transition definitely is less than 0.1 the 
intensity of the first excited state beta transition and 
is probably much weaker. (7) The possible spin and 
parity assignment for the Na*® ground state is 1+, 2+, 
or 3+ with a weak argument against 1. These conclu- 
sions are summarized graphically in Fig. 3. 


mass difference is 8.5+0.3 
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Spin-Orbit Splitting in Nuclei Due to Tensor Interaction* 
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The effect of the tensor force in nuclei with closed shells plus one nucleon has been investigated using 
second-order perturbation theory. It is found that one can explicitly exhibit the spin-orbit splitting due to 
the tensor force using some simple identities. The spin-orbit splitting in He’ is computed, and found to be 3.4 
Mev compared with an experimental value of 2.6 Mev. 


1. INTRODUCTION 


N a previous paper! we have formulated a procedure 

for applying the second-order perturbation method 
of Bolsterli and Feenberg? to doubly magic nuclei, and 
applied it to O'*. We shall now extend this procedure 
to nuclei with closed shells plus a single nucleon. 
Particular interest in this calculation will focus on the 
spin-orbit splitting to be computed for the last nucleon. 
It has long been recognized that one requires an 
effective one-body I-s interaction* to interpret nuclear 
energy levels. 

Several authors®" have considered the possibility 
that the observed spin-orbit splitting is caused by 
second-order effects of the two-body tensor interaction 
operator, 


(1-1) 


S12= 61+ Ny202-Ny2— 301° Ge, 


which is known" to be present in the nucleon-nucleon 
interaction. We shall show that the second-order effect 
of Siz may be factored into two parts, the first part 
displacing j=/+}3 and j=/—} states by the same 
amount, and the second part directly producing the 
splitting of the two levels. We shall then apply our 
procedure to obtain the splitting between the 3- and 
+-levels of He®. 

Throughout the paper we shall use freely the notation 
and formulas of reference 1 (hereafter referred to as 1). 


(x 
i<j 


A+ 


=4A (—1)*4(10.441(a)Po'| Viz] eaga(j Yo?) 


i,j=l 


=34(A—1)bo4!|Vio|Yo4#) +44 DC (—1)*Haraya(ipo!l Vie] wara( fo"). 


i,j=1 


1 P. Goldhammer, Phys. Rev. 116, 676 (1959). 
2M. Bolsterli and E. Feenberg, Phys. Rev. 101, 1349 (1956). 
3M. G. Mayer, Phys. Rev. 75, 1969 (1949). 


La V :3)00= $A (4+) f. . [vet Visbedtade, . “dt 441 


2. ADDITION OF A SINGLE NUCLEON 
TO A CLOSED SHELL 


In formulating our theory for doubly magic nuclei, 
we started with a single determinant of particle orbitals 
for the zero-order wave-function: 

Yottt= (A!)-4| uyue-- +a). (2-1) 
We now wish to add one nucleon in a new shell, and 
label the new orbital A+1 so that our wave-function 
becomes 
Yo= L(A+1)!F | aime: + -uatasi). (2-2) 
Now we expand the determinant in Eq. (2-2) by the 
row of the (A+1) orbital: 


A+1 
Yo= (A+1) “4 z (—1)?tta gio’, 


j=l 


(2-3) 


where the Yo? are A-by-A determinants of single- 
particle orbitals with quantum numbers running from 
1 to A and coordinate labels running from 1 to A+1 
with 7 excluded. 

We now proceed to evaluate matrix elements as in I: 


(2-4a) 


(2-4b) 


(2-4c) 
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The first term in (2-4c) represents the mutual interaction of the A particles in the closed shells, which was pre- 
viously calculated. The next term clearly represents the interaction of the extra nucleon with the A nucleons of 
the core. Making use of the density matrices, 


A 
(a|p|b)= > u;*(a)u;(b), 


l=] 


(2-5) 
we have: 


(2X Visoo= $A (A —1) hott | Viz] Pott!) +A (ta41 (Lo! | Vie! agi (1 yo!)— A (agi (Do! | Vie 


i<j 


U4+1(2)Yo") 


=f fCG.210 701 1,2)— (1,2) eV eal 2t) Writ f+ fuses Cl oV 2)t441(1) 


—(2 pV ie 1)tas 1(2) ldridry. 


(2-6a) 


(2-6b) 


One may express the second-order terms in a like manner: 
tA (A +1)/( V ye MOV 10) = tA (A —1] (poAt) V ye OV 19| Pott) 


+24 Yo (—1) i451 (dpo!l Vize”V p04 1 


i,7=1 


A(A+1)(A—1)(Vi2e°V 13) 00= A (A—1) (A —2)(ho4#*| Vine #V 13| oA?) 


+A(A—1) Y (—1)* iui (i) o!l ViveeOV; 
i,j7=1 
14(A+1)(A—1)(A—2)(V 12e-°V 34) 00 
=14(A—1)(A—2)(A—3)(o4# | V xe 20V 34] ot?) 


4 
+4A(A—1)(A—2) DS (—1) (teas (2) bo'| Vive V 34] wag (f)Wo’).  ( 


i,7=1 
Each term in Eqs. (2-7) expands into several parts when expressed by means of the density matrices, for example: 


A (A —1){u44i(1 ot | V 12€ AH V 3/1 44 1(1) yo!) 


ae fo fuaMOLQ310 exp(AHosc(1) +AH one(2)) V 12 €xp(—AHose(1)) V13 Exp(—AHose(2)) | 2,3) 


— (2,3) p? exp(AHose(1) +A Hose(2)) Viz exp(—AHose(1)) Vis exp(—AH ose (2) | 3,2) Juayi(Ldridrodr;. (2-8) 


As we did in I, we may perform the spin summations, Since 
isobaric spin summations, and space integrations in- 
dependently. There is, however, one important differ- 
ence. We are now summing effectively over incompleted 
shells. To illustrate this, consider the sum on isobaric 


(71,72| p?| 71,72) =y*(1) (72 P| T2)n4(1) 
+y*(1)(72|p|72)n_4(1), (2-11) 


we effectively are dealing with “half-filled” shells in 


spin. Let ; represent the proton state and 7_, the 
neutron state (later we use X,; for spin up and X_, for 
spin down). For closed shells we have isobaric spin 
sums of the form: 


+4 


(71,72! p?| 71,72) = z 
i,j=—} 


mi*(1)nj*(2)ni(1)0;(2), (2 9) 


but now if the A+1 orbital represents a proton we 
obtain, for the interaction of this orbital with the core, 
terms of the form 


ny*(1)(r2\ | 72)0y (1). (2-10) 


isobaric spin space in Eq. (2-10). A similar argument 
holds for the spin except that here the A+1 orbital may 
be a mixture of X; and X_, states and hence terms of the 
sort: 


X4*(1) (2! p|o2)X_;(1) (2-12) 


may appear. In the next section we shall consider the 
spin sums relevant to the tensor interaction, and display 
a simple theorem which directly exhibits the spin-orbit 
splitting due to these terms. 


3. THE SPIN-ORBIT SPLITTING 


The spin sums over the second-order terms involving 


the tensor operator (S}.= @1-My202-Nj2—40,-¢2) consist 
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of three major types: 


Xm*(a)(o0| pS12S 1/2" | o8)Xm? (@) = Lad,08”” | (Miz: My2")?— § | 
+A ob,08"” (Mi2°My2") (Mig KX M12") m’—m; 


DUE TO TENSOR FORCE 


a,b=1,2; a,B=1,2 (3-1) 


\o 


Xm* (a) (o0,0¢| p2S1251'3| 09,0y)Xm (a) = Cabe,apy™ | (Mie -Mys) —}] 


+A abe,apy”™ (Mr2° M13) (2X 11’3) m’—my 


x = (al (0,0¢,04 | pS 12S 34 | 08,0y 75)Xm’ (a) 


a,b,c=1,2,3; a,8,y=1,2,3 (3-2) 


= Eateaaays™™ [ (i234)? — 3 ]+-A aded.apys”” (Mi2- M34) (M12 X M34) m’—m, 


where we use the spherical components for vectors 
No=Nz, Nyi=Nztin,. The terms multiplying E™”’ do 
not depend on the orientation (E”™’ =8mmE"") of the 
spin with respect to the orbital angular momentum but 
the terms in A™™ do, and therefore provide a spin-orbit 
splitting. The corresponding spin sums over closed 
shells are of the form’: 


(01,09 | pS 2S yo | Ca,F8) = Eaal_ (Mie “Ayo )r— + | (3-4) 
(01,02,03| p> S125 173| Ga,08,0y) 

= Easy[(Mi2-My3)"—43] (3-5) 
(61,02,03,04| p'Si2S 34 | Fa,F8,0 7,78) 


7 Eapys[ (12° M34)?— +}. 


(3-6) 


We see that the A” terms disappear when we sum 
over a complete spin shell. From Eqs. (3-1) to (3-6), 
one may deduce 
EN=E-H Ava — 4-11 
and 
Et= E-=0. 


Needed E" and A" are displayed in Table I. 


TABLE I. The E™”’ and A™”’ coefficients of two-, three-, and four- 
particle terms. Coefficients for absent permutations vanish. 
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a, b,c, d=1, 2,3,4; a, 8, y, 6=1, 2,3,4, (3-3) 





It is now possible to exhibit the spin-orbit splitting 
in a simplified manner. Let us abbreviate 


(3-8a) 


= { 1 
$= (n45-M)’— 3, 


Qa= (m;;- M42) (Mi; XMx2) M, (3-8b) 
and consider the A+1 orbital (angular part only) to be 
Uj,m. We need 

(3-9a) 


Ur44,144=%4V v1, 
Miy4,r-y= (21+ 1) X_4V at (2/)'Xy¥ 1], (3-9b) 
834 ,3..4™ (2/+-1) AT (22) 'X4~Vu—-X%yV nr], (3-9c) 


where the Yj are spherical harmonics. Now consider 
the energy shift due to a typical term in the j=/+43, 
m=I+-4, state: 


DE P= (Yery ees | SisSer| Yrrs.c49*) 

-- EM ue & YiP)+ APY | Qo| Yr?). (3-10) 
The Ysa are complex functions of several (ijkl) 
particles which carry angular momentum J with 
z-component M. Their explicit evaluation is not 
pertinent to this derivation, and would only obscure 
matters. Obviously one can calculate the same energy 
shift in the j=/+ 4, m=/—} state: 


AE iy 8 = EM(Yit| &| Yr®)+ (214+ 1) (21-3) 


X(Yut| @o| YF)AN+C, (3-11) 
where C is the cross term. We have used the fact that & 
is a scalar and @ a vector in relating the matrix 
elements: 


(Yu*| &| Yr?) = (Yu! §| Yu), (3-12a) 


l 
(Yrt| Ao] YrFe)= aya *| @o| Yu-s®), (3-12b) 


by the Wigner-Eckart theorem. Comparing (3-10) and 
(3-11), we find 


4 
C=—ANYi7*| Go| YF). 


(3-13) 
+1 
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The energy shift in the j7=/—} state is then 


l—1 
AE, y= EM Yit| &| Yu®) +A (+1) |—-2] 
X(Yu*| Bo] YuF)—C, (3-14) 
where we have precisely the same cross term C, but 
with a negative coefficient. Eliminating C from (3-14), 


we obtain 


AE, . ye= EM Ye! &| Yu") 


l+1 
— (Yi! Qo we)( 7 jan (3-1: 


Comparing (3-15) with (3-10), we see that 


21+1 
AF in x8— AF, e= ( _ 


" )4 ACY | Qo | Yir*), (3-16) 
l 


which explicitly exhibits the spin-orbit splitting due to a 
typical term in the tensor interaction to second-order. 
The splitting due to a conventional one-body I-¢ 

term: 
Va.0. 


V(r)l-e, (3-17a) 


is customarily expressed by 
AEy.4— SEy_4= (2/4+-1)(Rni(r) | V(r) | Rui(r)). (3-17b) 


One must note that in both (3-16) and (3-17b) there is a 
“hidden” dependence on / in the radial part of the 
matrix element. This hidden dependence is illustrated 
in Appendix I by a simple example. 


4. APPLICATION TO He® 
We shall consider here an application of the preceding 
discussion to He®. We use a force presented in I, which 
is a Serber mixture with a repulsive core fitted to the 
properties of H’, H*®, He’, and Het: 
Vio=Jr exp(—ri2” R?) 
+ (1/16) Je[(1— 01-2) (3+ 21-22) 
+ (3+ 01:02) (1— 2-22) | exp ( —13°" ro) 
+3 i- *1° t2)J s(ric ro)*Si2 
Xexp(—r2?/re?), (4-1) 
where: 
Jce= —58.65 Mev, 
J r=+189.75 Mev, 


J s=—107.29 Mev, 
ro= 1.54(10—") cm, 


and 

R=1/V/8. (4-1a) 
We compute, for the fifth nucleon in He, only the 
spin-orbit splitting between the p; and p, states from 
Eqs. (2-7). This is the simplest possible example. 
Unfortunately it has the drawback that the fifth 
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nucleon is not bound and consequently the size param- 
eter is uncertain. We obtain our rough estimate by 
fitting the Coulomb energy difference between He® and 
Li® (0.95 Mev in the ; state, and 0.85 Mev in the p; 
state’®). We compute a splitting of 3.4 Mev compared 
with an experimental value of 2.6 Mev. 

The fact that our estimate is about 30% too high 
may be attributed either to the problem of determining 
the size parameter, the fact that the splitting is certainly 
sensitive to the force used, or more likely a combination 
of both. One should note here that the wave function 
and the potential both have Gaussian radial dependence 
and overlap exceedingly well. (The oscillator well 
parameter fw used was 19 Mev.) This would appear to 
strengthen the view that the overestimation of the 
doublet P splitting is due to the radial functions used. 

Feingold’ has examined the doublet P splitting in 
He'®, and found that for a tensor force of the Serber 
type the splitting vanished. We too found considerable 
cancellation among terms with a Serber mixture, in 
fact the two-particle terms in Eq. (2-7a), which are of 
the type that produce splitting, cancel completely. We 
are left with three-particle terms from Eq. (2-7b) 
however, which would cancel were it not for the rigorous 
treatment of the operator (E—H 
Feenberg method. 

Since the two-particle terms in Eq. (3-16) cancel in 
He’®, one does not mix in any states where two particles 
are excited out of the ground state. The three-particle 
terms, 


' by the Bolsterli- 


(Wo| Viz|Yn)Wn| Vis Yo (4-2) 
involve excitations of only one particle. We emphasize 
that this cancellation occurs only when one nucleon 
interacts with a closed 1s-shell. As one adds on more 
particles, the two-body terms may build up. This effect 
may be partially responsible for the building up of the 
doublet splitting in the first p shell. 

Teresawa" has computed the doublet splitting in 
He’ and attributes the effect to the fact that the nucleon 
outside the closed shell suppresses configuration inter- 
action of the core nucleons due to the Pauli principle 
more effectively in the j;=/—4 state than in the 
j=!+} state. Although this explanation appears quite 
different from the derivation presented here,*where the 
doublet splitting is directly obtained from a*spin-orbit 
term in the expansion of the tensor force in second order, 
there is a correlation between the two. Three-particle 
terms like that in Eq. (4-2) represent the interaction 
between particles 2 and 3 due to their mutual inter- 
action with particle 1. Part of this interaction must be 
related to the fact that particles 2 and 3 cannot be 
excited to an orbital occupied by particle 1. The fact 
that terms of this type contribute strongly to the 
doublet splitting verifies the effect found by Teresawa. 

15 F. 


Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 





SPIN-ORBIT SPLITTING DUE TO TENSOR FORCE 


We would emphasize that this is an effect of the doublet APPENDIX I. THE | DEPENDENCE OF THE 
splitting, however, and not the cause. SPIN-ORBIT SPLITTING CONTAINED 
IN THE RADIAL INTEGRALS 


ACKNOWLEDGMENTS a . ‘ 2% ; 
The radial integrals arising from the interac- 


The author wishes to thank Professor Saul Epstein tion of one nucleon in a state of orbital angular 
and Professor Henry Valk for interesting discussions of momentum / with the first s shell are all of the 
this problem. form: 





1 4 
r= [ +f (rites) negro — ris ries) (tated expl— >> yisti-t; ldridrodrjdry. (A-1) 
T 


j=l 
This integral is easily performed by the method of I, obtaining 
r,= 51 LC (v2—-Yy12) (v¥aa— 34) — (yoat ¥14) (Yost 723) If D-“+) (2/4+-3)r,/"1.4+ (l—1)D-“4 My ,-T 5}, (A-2) 


where 


D= det} ¥i;|, (A-2a) 
Pa=YVi3(Vo2V sa V2 AV 22V 14 V 34 V4 V2 12 Voa(V 1234+ V2x714), (A-2b) 


P= (¥22— 12) (Yaa ¥34) — (Yaa ¥23) (Voat V4) — 2¥2¢V 13+ 274723, (A-2c) 
and 


T.= ¥13(¥22— V12) (Vas ¥34) FY 24(V11— V12) (Vis— 34) — Y14(V22— Y12) (¥33— ¥a4) — Y23(¥11— V12) (Yaa 34) 
— (Yi13V24— Yo3714) (Vist YeatYViat yes). (A-2d) 


Setting /=1 in Eq. (A-2) yields the needed space integrations for He’. 
We may compare our I’; with the analogous radial integral arising from the l-@ term in Eq. (3-17) if V(r) has 


the dependence exp(— ar’): 
r= if [fe r,)' expl—(a+h)r? dr (A-3) 


d! 1 
=(-1)(a+4)4+—( =) (A-3a) 


da' a+k 
=I!(a+k)-“), (A-3b) 


where & is the size parameter for our oscillator wave function. 
Comparing (A-3) and (A-2) with (3-16) and (3-17), we see that in this simple case the / dependence of the spin- 
orbit splitting is proportional to (2/+1) for both the tensor and the 1-@ interaction, insofar as they are comparable. 
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Statistical Theory of Gamma-Ray Spectra Following Nuclear Reactions* 
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A theory predicting y-ray spectra following intermediate or high-energy nuclear reactions is derived on 
the basis of the statistical theory. The equations take a particularly simple form if the assumption is made 
that all radiative transitions are of the electric dipole type. The theory is applied to two specific reactions: 
inelastic neutron scattering and thermal neutron capture. Numerical calculations of spectra arising from 
thermal neutron capture by two gadolinium isotopes are shown to compare well with experiments. 





I, INTRODUCTION 


ET us consider a nuclear reaction leaving a residual 
nucleus with an excited state of energy E above 

the ground state. Let R°(E£)dE be the probability that 
levels between E and E+dE are excited. R®°(/) can 
be considered as a population density. (See Fig. 1 
which illustrates the case of a particular nuclear 
reaction: inelastic neutron scattering.) An excited state 
at energy E can be de-excited by emission of a gamma 
ray of energy £, or by some other process like particle 
emission. In the former case the residual nucleus is left 
at an energy E’=E—E,. Let S(E,E’) be the relative 
transition probability such that, given an excited state 
at energy FE, S(E,E’)dE’ is the probability of radiative 
transition to the excited states between FE’ and E’+dE’. 
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Fic. 1. Schematic energy diagram for inelastic neutron 
scattering followed by y-ray emission. 
* Work supported in part by contract with the U. S. Army 
Chemical Center. 


S(E,E’) has the normalization /o" S(E,E’)dE’=Y1,(E)/ 
I'(£)=7(E), where T,(£) and I'(£) are the average 
radiative and total widths at the energy E. The states 
at energy E’ can be de-excited again by gamma-ray 
emission or by particle emission, the process ending 
when the ground state of the nucleus is reached. The 
complete de-excitation of the nucleus leads therefore 
to a number of cascade gamma rays. We are interested 
in the spectrum P(£,) of all these gamma rays, such 
that P(E,)dE, gives the number of gamma rays of 
energy between FE, and F,+dE,. 

Let us define a quantity R"(£) such that R"(E)dE 
gives the expected number of levels between E and 
E+dE that are excited as the result of the nth gamma 
ray following the nuclear reaction. R"(£) satisfies the 
obvious recursion formula 


e 


R“(E)= f R™(E’)S(E",E)dE’, (1) 
E 


where the upper limit ¢ is such that R°(Z)=0 for E>e. 
Let us define the population density due to any number 
of transitions: 


R(E)=>° R*(E). 


n=() 


«© and adding them up, 


Writing Eq. (1) for m=1,2--- 
we obtain 


R(E)=R(E)+ f R(E’)S(E',E)dE’, (2) 
§ 


which is an integral equation for R(£). 
The spectrum P(£,) which we seek can be obtained 
from the solutions of (2) through 


P(E,)= f R(E)S(E, E—E,)dE. (3) 
Ey 
The problem is formally solved. 


It can be shown similarly that the spectrum P(E,) 
can be obtained from the solution of: 


K 
P(E,E,)=S(E, B-E,)+f S(E,E')P(E!.E,)dE’, (4) 
Ey 
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by evaluating the integral 


P(E,)= | RE)P(E,E,)dE. (5) 


Ey 


The Eqs. (2) and (4) are mutually adjoint. 

It will follow from the assumption on the level density 
p(E) that the use of the set of Eqs. (2) and (3) is much 
more convenient than that of the set (4) and (5). 


Il. GENERAL ASSUMPTIONS ABOUT THE 
LEVEL DENSITY 


Let us now make some general assumptions on the 
level density of the nucleus considered. The level 
spectrum can be considered as composed of a discrete 
part, with levels at E=£,[i=0, 1, 2, ---m], and of a 
continuous part with a density p(£) such that p(£)dE 
gives the number of levels between E and E+dE; 
o(E)=0 for E<Ey, Ey>En. 

Under these conditions the quantity R°(£) can be 
written as 


R(E)=@(E) + r88(E—E)), (6) 
i=0 


®@°(E) being the initial population density in the 
continuum and r,° being the initial population of the 
discrete level i. The transition probability S(£,Z’) can 
be broken up into three parts: 


S(E.E)=S:itSctSz, (7) 


where S;(£,E£’) is a continuous function for E> E’> Ey, 
and is 0 otherwise; 


SAE,E')=> S‘(E)8(E'— E), 


i=0 


S‘(E) being a continuous function for E>Ey, and 
being 0 otherwise; 


n 3-1 
SAE,E)=> ¥ Sibe,2,6(E’—E)), 


7=0 i=0 


where 6£,z; is the limit, when §—0, of a function 
which is equal to 1 when E;—-§<E<E;+&, and equal 
to zero otherwise. 

Substituting the above expression of S(£,E’) in the 
integral equation (2), we obtain 


R(E)= @°(E) +2 r,°6(E—E,;) 


+ f R(E’)S,(E',E)dE’ 
E 


+3. 8(E-E,)) f R(E")S*(E!dE! 
t=O E 


n j—l 


+> ¥ Sis(E-E,) f R(E)bn'.2,dF’. 
E 


j=0 i=0 
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For E>Ey most terms of Eq. (8) vanish because of 
the conditions (7). There remains 


R(E)=@°(E)+ f R(E)S\(E',E)dE’, (E>Ey), (9) 
E 


which is an integral equation for R(£), involving only 
continuous functions. 

For E<Ey the other terms contribute, but let us 
first transform the last term of (8). Using the definition 
of the function 6z’,z;, it becomes 


Ejtt 
lim f REE’ | 
Hie Ej-§ 


Changing the order of summation, we obtain 


n j-l 


> DX S*(E—E,) 


7=0 i=0 


n n Ejt+t 
¥ 8(E-E) ¥ sim f REDE’ | (10) 


(=) j=i+1 Ej-t 
Let us write the nonvanishing terms of Eq. (8) for 


E<Evy, using the expression (10) for the last term: 


R(E)=> (E-E))| r+ f R(E’)S‘(E')dE’ 
i=0 EM 


Ej+ 


+> stim f 
j=it+1 &-0, Ej; 


+j-§ 


t 
REE , (E<Em). (11) 


It can be shown rigorously that it follows from (11) 
that one can write R(£) for E< Ey in the form 


R(E)=>0 r6(E-E,), (E<Ew), 
i=0 


r,; being the population of the discrete level 7. Sub- 
stituting this expression in (11), we obtain 


r=ro+ f R(E')S(E)dE'+ ¥ Sins, 
EM j=i+l 


(i=0, 1, ---m). 
Writing 


—-R(E)=Q(E) + r8(E-E), (any B), 
i=) 


the solutions (9) and (11) become 


R(E) = ®(E)+ f R(E’)S,(E',E)dE’, 
E 


rari [ Q(E)S(EDME'+ & Sir 
EM j=i+1 
(i=0,1,-+-m). (14b) 


Taking into account (7) and (13), the expression for 
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the spectrum P(£,) becomes 


P(Ey)= f ((E)+EDend(E-E)] 
Ey 


x[Si(E, E—E,) +X, S'(£)6(E-E,— E,) 
+>; >; S*6(E—E;)b(E—E,—E,) dE. 
Performing the integrations involving 6 functions, the 
expression becomes 


P(E,)= f R(E)S\(E, E-E,)dE 
“Ey 
E,+E,)S‘(E,+E,) 
n j3-I 


+¥ ¥ rSHE,— (EE). 


j7=0 0 


(15) 


Once the integral equation (14a) is solved, the system 
of linear equations (14b) can also be solved and the 
solutions can be used for the calculation of the spectrum 
by Eq. (15). 

It is easy to recognize that the first term of Eq. (15) 
corresponds to transitions between states in the con- 
tinuum, the second term to transitions between the 
continuum and discrete state, and the last term to 
transitions between discrete states. 


Ill. ASSUMPTION ABOUT THE TRANSITION 
PROBABILITIES 


We are now going to make the simple assumption 
that all the transitions between levels in the continuum 
are of the electric dipole type, that is, 


Si(£,E’)= f(£)(E—E’)5p(E£’), (16) 


f(E) assuring a proper normalization of S(£,E’). 

We have assumed that the transition probability 
depends only on the energies of the initial and final 
states and that the average matrix element is constant. 
The form (16) is to be understood as a relative transition 
probability, averaged over many initial and many final 
states. At high excitation energies there is a great 
number of levels of all spins and parities, and one can 
indeed assume that the predominant transitions are of 
the £1 type. In that region the assumption (16) is 
probably reasonable, unless R°(£) includes only one, 
or only a few levels of definite spins and parities (as, 
for instance, in the case of thermal neutron capture). 
For lower excitation energies, the validity of the above 
assumption becomes questionable. 

If one assumes the form (16) for all energies £, 
Eu<£E<e, the integral equation (14a) can readily be 
reduced to a fourth-order differential equation. 

Making the substitution 


¥(E)=[R(E)—@®(E) //p(P), 
one obtains 


d*) (E)/dE*=6/(E)p(L)y(£)+6f/(E)R°(£). (17) 
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It is clear that Eq. (14a) can be reduced to a differential 
equation of order 2(1+1) if the more general form 


S\(E,E')=> f\(E)(E-E')""'9(E’) 


l=1 


(18) 


is assumed. We are, however, restricting our calculations 
to L=1. 

A few words remain to be said about the transition 
probabilities S; and S;. In the numerical work reported 
below, we have assumed 


S'(#)= f(L)(E—-E, (19) 


This assumption is probably the weakest point of this 
calculation. 
For E> Ey, the normalization of S(£,£’) yields 


j(e)=[¥ (E-E 
i=() 
+f (E—E')3p(E’)\dE’ | y(E). (20) 
Em 


No general assumptions have been made on the 
transition probabilities S’ 
These can usually be derived for each particular case, 
either from experimental data or, when the spins and 
parities of the levels are known, from theoretical 
considerations. 


between discrete levels. 


IV. APPLICATION TO INELASTIC 
NEUTRON SCATTERING 


The application of the theory outlined above to 
specific nuclear reactions requires some specific assump- 
tions on R°(£). In the case of inelastic scattering, the 
prediction of the statistical theory' gives 


WE) =o-(e—E)(e— Fo(E) / | o-(e— E;) (e— E;) 


+f o(e—E’)(e— E’)p(E’ in| (21) 
EM 


where ¢ has been identified with the incident neutron 
energy. o.(£) is the cross section for compound nucleus 
formation for neutrons of energy E. 


V. APPLICATION TO THERMAL 
NEUTRON CAPTURE 


In the case of thermal capture, the form assumed for 
R°(E) is 
R°(E) 


6(E—e), (22) 


where ¢ is now the neutron binding energy in the residual] 
nucleus. 
It can be shown that in this case R(£) can be written 
in the form 
R(E£) =6(/k—e)+ R'(E a 
1B. T. Feld et al., Final Report of the Fast Neutron Data 
Project, NYO-636, 1951 (unpublished). 


(23) 
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where R’(£) has no singularity at E=e. It follows from Up 


Eq. (2) that R’(E£) satisfies the equation: Wy 
R 


'(E)=S(¢E)+ f R'(E')S(E',E)dE', (24) 





which is an equation similar to that for R(/), with 


R” (E)=S(¢,£). (25) 





It was mentioned in Sec. III that the assumption 
(16) is usually not valid when R°(£) does not include a 
large number of states of all spins and parities. In the 
case of thermal capture the initial states are of definite 
parity, and have spins which take only one or two 
values. If more accurate knowledge is available on the 
first y-ray transitions S°(e,«—E,), the resulis can be 
improved by taking proper account of it, and by 
replacing Eq. (24) by 

















R'(E)=S"(¢,E)+ f R'(E)S(E',E)dE'. (26) 








We would also like to mention that, in the case of 
capture, one can show that 


f E,P(E,)dE,=« (27) 


for any S(£,E’), provided that o 1 
: 0 


























Energies are given in Mev. The assumed branching ratios are 
given in percent. 


Ez 
t S(E,E')dE'=1 Fic. 3. The scheme of low-lying levels of Gd'** (reference 2). 
0 


BR mm Rx, Zz, ZI VI. NUMERICAL CALCULATIONS, RESULTS, 
to eh ssa ops, 9st, 900$y£et sss tht $4 ss AND CONCLUSIONS 


LCL EELS tupyttiyttion 
YGL OOOO Gin 14h It turns out that in both particular cases considered 
above, the differential equation (17) can be transformed 
to a homogeneous one [ we assume o,(£)=const in the 
case of inelastic scattering, and are solving Eq. (24) 
in the case of thermal capture ]. 

Letting 





X(E)=@(E)/p(B), 





we obtain 

















d*X (E)/dE*=6 f(E)p(E)X(E). 





The boundary conditions are 


X(e)=0, 


X'(6€)= -1/|s (e— Ej) 


| + f (<— BEE | 
ed EM 


, 1 
| gs 
t) - . 0 














(29) 




















Fic. 2. The scheme of low-lying levels of Gd'®* (reference 2). 
Energies are given in Mev. The assumed branching ratios are 
given in percent. 
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Fic. 4. The population of levels in Gd'®*: Qyny—population 
density in the continuum, following inelastic neutron scattering 
at 8.5 Mev; ®,,—population density in the continuum, following 
thermal neutron capture by Gd'®*; r;—population of the discrete 
level at energy E, following either 8.5-Mev inelastic scattering on 
Gd"**, or thermal capture on Gd!® (the two sets: of r; coincide). 


for inelastic scattering, and: 
X(e)=0, 
X’(e)=0, 

X"(e)=0, 


X""(e)= -6/|s (B+ f («—E’)'p(E')dE’ |, 
EM 


i=0 


for capture. 

A code has been prepared for the NDA Datatron 
for the solution of Eq. (28) and the integrations in- 
volved in (14b) and (15). The level density law assumed 
is 

p(E)=Bexp[2(aE)'] for E>Ey. (30) 

Calculations have been performed on two gadolinium 
isotopes. The low-energy levels,? values of Ey, and 
assumed branching ratios are shown in Figs. 2 and 3. 
The parameter a was taken following Igo’ (a=0.1 A) 
as 16 for both isotopes. The parameter B was obtained 
by normalizing the level density (30) to the observed? 
one in Gd'®* around 2 Mev: B=6X10-* for both 
isotopes. It should be noted that the level densities 


2L. V. Groshev, A. M. Demidov, V. N. Lutsenko, and V. I. 
Pelekhov, Atlas of Thermal Neutron Capture y-Ray Spectra 
(Atomizdat, Moscow, 1958), translated by J. B. Sykes, (Per- 
gamon Press, London, 1959); and Atomnaya Energ. 4, 5 (1958) 
[ translation: Soviet J. Atomic Energy 4, 1 (1958). 

3G. Igo and H. E. Wegner, Phys. Rev. 102, 1364 (1958). 
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observed just above the neutron binding energy could 
not be used directly, as only 1~ and 2 
detected by /=0 neutrons on /=}~ targets. 

The variation of R(£) in Gd'® is shown on Fig. 4 
for two different cases: inelastic neutron scattering at 
e=8.5 Mev and thermal neutron capture in Gd'® 
(e=8.5 Mev). It is that at high energies 
R(E)=R°(E). At low energies (E<5 Mev) both 
solutions coincide and are therefore independent 
(except for normalization) on the boundary conditions 
at «. It can be shown in general that Eq. (28) has four 
independent solutions: two oscillatory solutions, a 
solution X(£)=C/f(E), all three being regular as 
E-— 0, and a solution which is irregular as E-0. 
This is this last solution which governs the behavior 
of R(E) at low F. 

The spectra P(E,) obtained are shown in Figs. 5 
and 6. A capture spectrum calculated for Gd'®* (e=7.9 
Mev) is given in Fig. 7. In the case of inelastic scattering 
(Fig. 5), the different terms of Eq. (15) have been 
plotted separately: P, corresponds to transitions be- 
tween the levels in the continuum and P, corresponds 
to transitions between the continuum and 
discrete levels. The discontinuous form assumed for 
p(E) (a continuum starting abruptly at E= Ey) gives 
rise to a discontinuous shape of the Pa spectrum. The 
sharp oscillations in the low-energy end of the composite 
spectrum P should not therefore be taken seriously. 

The discrete lines obtained [last term in Eq. (15) ] 
are given in Tables I and II. 
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Fic. 5. The spectrum of y rays following inelastic scattering 
of 8.5-Mev neutrons on Gd!*. P.—part of the spectrum due to 
transitions between levels in the continuum; Pg—part of the 
spectrum due to transitions from levels in the continuum to 
discrete levels. P= P,.+P,. Additional low-energy discrete lines 
are given in Table I. 
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Tas_e I. Calculated and observed low-energy discrete lines 
following thermal neutron capture in Gd'*, The calculated in 
tensities of low-energy y ray following inelastic scattering of 
8.5-Mev neutrons on Gd" coincide with those given in Column 2. 





I,, photons/100 captures 
Calc Obs 
50 
34 


E,, Mev 
0.089 
0.199 
0.36 
0.48 
0.65 
0.96 
1.06 
1.17 
1.24 


References 
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* A 0.64-Mev line was observed for natural Gd; Jy =2. 


In the case of capture, comparison with experiment 
is possible. The data? are given together with the 
calculated spectra in Figs. 6 and 7 and in Tables I and 
II. It should be understood that the comparison is 
absolute: there is no normalization involved. 

The difference in the spectra of the two isotopes (up 
to E,~4 Mev) is mainly accounted for by the difference 
in the scheme of the low-lying levels. A correct in- 
clusion of these levels seems therefore imperative for a 
good prediction of the spectrum. At higher energies, 
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Fic. 6. The spectrum of y rays following thermal neutron 
capture in Gd'55, The data are from reference 2. Additional low- 
energy discrete lines are given in Table I. 


‘Vv. V. Sklyarevskiy, E. P. Stepanov, and B. A. Obinyakov, 


Atomnaya Energ. 4, 22 (1958) [translation: Soviet J. Atomic 
Energy 4, 19 (1958) ]. 
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lic. 7. The spectrum of y rays following thermal neutron 
capture in Gd!5?_ The data are from reference 2. Additional low- 
energy discrete lines are given in Table IT. 


TABLE IT. Calculated and observed low-energy discrete lines 
following thermal neutron capture in Gd!®’, 





I,, photons/100 captures 
Calc 


E,, Mev References 


0.079 59.7 
0.182 19. 
0.26 4. 
0.69 
0.73 
0.90 
0.96 
1.11 
1.185 
1.26 
1.33 
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* A 0.69-Mev line was observed for natural Gd; Jy =1. 


the difference between the binding energies is also of 
some importance. Some high-energy transitions are 
observed experimentally. We could have, but did not 
attempt to account for them by using a proper 5S°(e,£) 
in Eq. (26). Equation (24) was used as is. 
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Evidence that the nuclear matrix element | B;;|* contributes 
to first-forbidden transitions may be deduced from the electron 
capture—positron-emission ratios observed in these transitions and 
from an analysis of the energy and Z dependence of the coefficients 
of all the nuclear matrix elements involved. The analysis of these 
coefficients for the capture and for the emission processes shows 
that it is reasonable to expect that, except for =| B;;|*, these 
transitions would be characterized by essentially the same cap- 
ture—positron ratios as those characteristic of allowed transitions. 
Consequently the deviations of the observed ratios from the 
allowed values would be due to contributions from 2| B;;|?; and 
the magnitude of the deviation, in a particular case, together with 
lifetime information may be used to compute values for this matrix 
element and for the sum of the others. Values are thus computed 
from available experimental data for three 2— — 2+ transitions, 
and these are compared with values derived directly from theory of 
Rose and Osborne. In each case the value of =| B;;|? computed 


HE determination of the relative magnitudes of 

the nuclear matrix elements which contribute to 
first-forbidden beta decay is based upon the analysis of 
the observed variation of the decay probability with 
energy, atomic number, and spatial correlation in terms 
of the energy, Z, and correlation dependent coefficients 
of the individual matrix elements. With respect to 
variation with energy, except for the unique (A/=2, 
yes) transitions, the observed shapes deviate so little 
from the distributions characteristic of allowed transi- 
tions that the analysis is, in most cases, impractical. The 
probability of K capture relative to that of positron 
emission, however, is more sensitive to the energy-de- 
pendent coefficients of the matrix elements than is the 
spectral shape. In the capture process, neutrinos are 
emitted of energy greater by two electron masses than 


Gy’ |?) fr f:4(V)+ 


P.(Gy,Gy',G4,Ga’) 


=P, torittedly| 


(|Gy|2+ 


from experiment is nearly as large as the theoretical 2 | B;;|? value 
calculated for nucleon spin change two and is considerably larger 
than those calculated for spin change zero or one; furthermore, the 
“observed”’ value for the sum of the other matrix elements is con- 
siderably smaller than the largest single matrix element calculated 
for spin change zero or one. These results are consistent with the 
conclusion that the nuclear states involved are of such a nature 
that the transitions proceed unhindered only via 2! B;;|*Aj=2. 
One arrives at the same conclusion on the basis of the shell model 
description of these nuclear states. For 2 »0+ transitions, 
which can be effected only by Z| B;;|2, the “observed” and theo 
retical values of the matrix element are in good agreement; and it 
is of interest to note that both the theoretical and 
values of | B;;|* in each of these 2 » 0+ transitions are about 
the same or smaller than the values for the 2— — 2+ transition 
in the same nucleus. 


“observer : 


those of highest energy associated with positron decay. 
Deviations of the decay probability from the allowed 
energy dependence arise from terms in the electron 
energy and the neutrino energy; and the deviations are, 
in general, greatest at the high and low ends of the 
spectrum, where there are the fewest events (i.e., due to 
the multiplicative terms in p and 4g, 
neutrino momenta). Decay by electron capture produces 
neutrinos of the largest energy possible for a given 
transition; and the capture process may be looked upon 
as a negative energy part of the positron emission, where 
comparatively large deviations from the allowed energy 
dependence are found.! 

Specifically, the probability of positron emission for 
the interaction combination V—A in first-forbidden 
beta decay may be written’ 


electron and 


9 


fe 613(T)+i fe . fr) —c.c. }¢,?(T) 
; J 


+(|Ga|?+]|Ga’|*) fo €,4(A)+ fol ¢:3(T)-i for fr -C.c, €1?(T) 
) | 


+| foxe £1?(A) +30 | Bis |*17(T) | + (GvGa*+Gy'Ga'*)| -i foxe 


* 


x 


( ss 
a oXr }- a 7C.C. ¢:7(S,T) ° (1) 


* Research performed in part under the auspices of the U. S. Atomic Energy Commission. 

+ Research performed in part as Guest Scientist of the Chemistry Department, Brookhaven National Laboratory 

! DPD. S. Harmer and M. L. Perlman, Phys. Rev. 114, 1133 (1959); D. S. Harmer and M. L. Perlman, Bull. Am. Phys. Soc. 4, 229 (1959). 
2M. L. Perlman, J. P. Welker, and M. Wolfsberg, Phys. Rev. 110, 381 (1958). 
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In Eq. (1), Py (permitted) = 


ELEMENT 


(1/2m*) '* pW (Wo—W)2F(Z,W) LodW. 
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The ¢; factors, which are derived from the 


coefficients of the individual matrix elements as given in the Cyy and Ci, factors of Konopinski and Uhlenbeck,? 
represent the deviation factors of the individual coefficients from the allowed factor, Lo. For example, the coefficient 


of | fr/?, ¢ 


(4(V), is, to better than 5% accuracy, 


Wo 


[3 (Wo- W)*Lo+2L,+Mo— 


§(Wo—W) No pW (Wo— W)2F 0 (Z,W)dW 


pW (Wo—W)F(Z,W) LodW 


Similarly, the probability of K capture may be written 


G4,G4') 


= Px (permitted) 
+av'i9[| fr, tuct(V)4-- |}, (2) 


where the {ix factors are analogous to those for posi- 
tron emission, and Px(permitted)=(1 4on*) gx (Wot+ex)* 

= (1/42?) fox. Simplified integrated expressions for the 
¢; factors for both K capture and positron emission have 
been given in reference 2. The ¢, factors may be classi- 
fied into three groups according to the forms of their 
energy dependence: 


Pr (G; Gy’ F 


Xi (|Gyl? 


=a, for fr F fel , Le=1], 
ae 
=a'+ f(W), for Se Sor : 


fox! , La’=f(Z)], 
| 


t= f'(Wo), for >| Bi;!?. 


— 


One may then separate the expressions for Px and P, 
into energy-dependent and energy-independent terms; 
thus from Eq. (2) 


Px=Px«(permitted) 


X[¥ G2|Mi)2a.+¥ G2|Mil2fix(Wo) 
+Ga2¥|Bijl2fx'(Wo)], (3) 


= Px (permitted) 


eg d | Bis|? fx’ (Wo) 
XZ G?|M;\?a; Mei dt hind 
> G?| M,)? “ay 


where G2 is intended to designate (G.G,*)+ (G,’'G,'*) 
and | M,|* to designate the appropriate matrix elements 
and cross-terms, and 

bk=>, G2|M;\?fix(Wo)/dX G2| M,)*ax. 


». J. Konopinski and G. B. Uhlenbeck, Phys. Rev. 60, 308 
( 1941); E. Greuling, Phys. Rev. 61, 568 (1942); A. M. Smith, 
Phys. Rev. 32, 955 (1951); D. Pursey, Phil. Mag. 42, 1193 (1951). 


For P, one may obtain an expression identical with 
Eq. (4) except that fx’(Wo) and 6x are replaced by 
‘(Wo) and 6,, respectively. The matrix element 
. B,;;\? is treated separately because of the strong 
energy dependence (Group 3, above) and Z independ- 
ence of its coefficient in contrast to the coefficients of the 
other matrix elements, which have relatively large 
energy-independent lead terms. For those matrix ele- 
ments other than >| B;;|*, the energy-independent lead 
terms are the same for both K capture and positron 

emission. Thus, the ratio may be expressed as 

(—) (“*) eee =| 

Ps" PF attoweal 1+6, +f,’ (Wo) 
Ga? >| B;;\*/S G2|M;\%a;, and 6x and 6, 
are defined above. If a single matrix element in addition 
to }-| B,;|* should be responsible for a transition, then 
both 6x and 6, would reduce to the ratio of the energy- 


dependent term, f(Wo), to the energy- Pa Sag ai, 
term of the coefficient of that matrix element; i.e., 


fix(Wo)|M;|2/G2|M;|2a,:=fix(Wo)/a, (6) 


and the relative paren) y, of >>| B;;|? and the 
single matrix element could be evaluated from the ob- 
served K/8* ratio using Eq. (5) and the known energy 
dependence® of the other matrix element. The magni- 
tudes of the two matrix elements could then be de- 
termined from the comparative half-life of the transi- 
tion, using Eq. (4) and the quantities defined above. 
Thus 


where y 


bix=G2, 


Px= (In2)/tx= Px(permitted) 
XG?7|M ‘|?a [1+6icntyfx’(Wo)], (7) 


M ;|*a;= (42? In2) 
x { foxtal 1+ fix (Wo) aityfr'(Wo)]}", (8) 


and 


Ga? >| By;|*=yG2|M; (9) 


several matrix elements con- 
tribute to the transition, and a unique solution is not 
possible. However, one may still set limits to the 
contributions of certain matrix elements from the ob- 
served K/8+ ratios, since for the matrix elements | fa|? 
and | fys|?, 6x=6,=0; and for | fr\|?, | fexXrl?, 


In general, however, 
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K capture positron ratios, ¢:«'/f:,*, for the various 
matrix elements relative to allowed ratios.* 


TABLE I 


A 74 74 74 84 126 126 
Matrix Z 33 33 33 37 53 53 
element Wo 1.90 2.805 5.00 2.526> 1.90» 5.0 
2.96 
1.00 
1.00 
1.033 
0.967 


1.57 


4.72 
1.00 
1.00 
0.960 
0.915 0.923 
1.49 1.43 


3.00 
1.00 
1.00 
1.05 
0.920 
1.76 


6.73 
1.00 
1.00 
0.970 
0.954 
1.30 


4.29 
1.00 
1.00 
0.965 


6.44 
1.00 
1.00 
0.937 
0.907 
1.38 


>| B;;|? 
Sa)? 
Svs!" 


®* From reference 2. 
> These Wo values correspond to 
tions in As™, Rb™, and I'%*, 


the energies of the (2— — 2+) transi- 


| So-r\?,8;= f (Wo)/(aZ/2R)?~ Wo/ (aZ/2R). For large 
values of Z and small values of Wo, dx and 6, become 
negligible relative to one, and the K/8* ratios for matrix 
elements other than >>| B,;|? correspond to those for 
allowed transitions. This corresponds to the usual 
(aZ/2R)>>1 approximation.‘ For somewhat larger values 
of Wo and smaller values of Z, the approximation 
(aZ/2R)>>1 breaks down, but 6 may still be small 
compared to one. The energy-independent terms (a,) in 
the coefficients of all matrix elements add to the magni- 
tude of the denominator of 6 (except for a probably 
small negative contribution from cross-terms). In the 
numerator of 6 appear the energy-dependent terms, 
fi(Wo), which are present in the coefficients of only 
some of the matrix elements. These terms are generally 
smaller than the terms in the denominator and further- 
more tend to cancel among themselves. It may be 
pointed out that the ‘modified >°| B;;|? approxima- 
tion,”® according to which only the matrix elements 
| fra\?, | Sys\2, and >| B;;|* contribute to the transi- 
tion, would of course make 6 identically zero. 

In Table I are shown the deviations from allowed 
values of the K/8* ratios which obtain for the various 
individual matrix elements.® It can be seen that for 
moderate transition energies only the matrix elements 
> |Bi;|*? and | feXr\? give rise to positive deviations 
from allowed ratios, and that | fo-r|? and | fr|? give 
rise to negative deviations. The matrix elements | fa)? 
and | f'ys|? would give rise to allowed K/§* ratios. 
Hence large positive or negative deviations would indi- 
cate the predominance of certain matrix elements. 

In the case of first-forbidden unique transitions 
(AJ=2, yes), only the matrix element }°|B;;|? can 
contribute; and its magnitude therefore is simply de- 


‘Tt may be noted that in this frequently used approximation, in 
which the ¢ factors are expanded in terms of x=aZ/2R and all 
terms except the first are neglected (i.e., x>>Wo), all matrix ele- 
ments other than Z| B, ;|* would produce K/8* ratios exactly equal 
to those characteristic of allowed transitions. 

5R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954); 
T. Kotani, Phys. Rev. 114, 795 (1959); M. Morita and R. S. 
Morita, Phys. Rev. 109, 2048 (1959). 

6 These values were taken from Table VII of reference 2 and 
include corrections for screening. 
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terminable from the comparative half-life. The ratio of 
the coefficients of this matrix element, (W»+1) 
2(W ?—1), is strongly energy dependent, and the K/s* 
ratios are expected to be much larger than the allowed 
values. This has been verified experimentally.2’7 The 
spectra show a characteristic deviation from the allowed 
form.® 

In nonunique transitions (A/=0, 1, 
matrix elements in addition to >- | B,;|? may contribute, 
and evaluation of their magnitudes is difficult. The 
spectral shapes of these transitions are observed to be 
very similar to the allowed shape, and little information 
can be obtained about the relative importances of the 
various contributions. On the other hand, the K- 
capture positron ratio can lead to some additional infor- 
mation due to the larger deviation from the allowed 
behavior of the K-capture probability for a given transi- 
tion. Experimental data are available for certain non- 
unique transitions in which one may expect | B;;|* to 
make substantial contributions. The K/8* ratios have 
been measured for the beta decays of the odd-odd 
nuclides As“, Rb™, and I'"° to the first-excited states of 
their respective even-even daughters. These three 
nuclides are all characterized by spin 2 and odd parity, 
and the transitions in each case are therefore 2— — 0+ 
(ground state) and 2— — 2+ (excited state). Shell- 
model considerations make it appear that in the ground- 
state transition the decaying nucleon undergoes a spin 
change of two units. If, in the excited state of the 
daughter nucleus, the individual nucleons have the same 
j values as in the ground state, then in the 2— — 2+ 
transition also, Aj would be 2; and only the matrix 
element >>| B;;|* would be operative. This, of course, 
would be the extreme single-particle shell-model result. 
The observed values of the A/f* 


yes), several 


ratios for these 


TABLE IT. Observed and calculated allowed K/8* ratios for 


2 » 2+ transitions 


P x/Ps3* 
P x/P3* calc 
observed allowed* 
145+4> 13146 
2.53° 5.1+0.44 3.4+0.3 
2.54+0.03® 5.12+0.11° 3.3+0.3 
2.45! 4.1 
2.81*+0.02 1.5 1.16+0.03 


Nuclide Wo me? 
[126 1.90+0.01 
Rb* 


(P k/P8*) atiowed 


Nm UuUe 
wu 


= 


As” 


*M. L. Perlman and M. Wolfsberg, Brookh nal Laboratory 
Report, BNL-485, T-110 (unpublished) 
© See reference 1. 
¢C. W. Wu and N. Benczer-Koller (private 
Doggett, Ph.D. thesis, University of California iblished). 
4 Jj. P. Weiker and M. L. Perlman, Phys. Rev , 74 (1955). 
ej. Konijn, B. van Nooijen, H. L. Hagedoorn, and A. H. Wapstra, 
Nuclear Phys. 9, 296 (1959). 
'C. M. Huddleston and A. C. G. Mitchell, Phys. Rev. 88, 1350 (1952). 
« S. Johansson, Y. Cauchois, and K. Siegbahn, Phys. Rev. 82, 275 (1951). 


ication); W. O. 


7J. Konijn, H. L. Hagedoorn, H. van Krugten, and J. Slobben, 
Physica 24, 931 (1958). 

8 The large K/8* ratio characteristic of the unique matrix 
element, 2| B;;|?, may be used to identify a AJ =2, yes transition 
in cases where identification from spectral shape is somewhat 
ambiguous due to the presence of higher energy positron 
transitions. 
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TABLE III. Limits of the magnitudes* of Z| B;;|? and of G| M;|*t; from experimental and 
calculated* K/8* ratios for 2— — 2+ transitions. 





16, Wy=1.90 
ZI Bij|2 GI] Mal%s 
0.28 1.4 1.6 
\fr|? 0.35 1.4 1.8 
| fo-r|? 0.39 1.3 1.9 
| fexr}? 0 d 0 


| Sa)? or | Sys!? 


As™, Wy=2.80 
DIBi;|2  GIMi|% 





Rb®*, Wo=2.53 Rb*™, Wo=2.45 
Z|Bi;|? Gl Mil%; 2|Bi;|? Gl Mil: 
1.6 2.2 1.0 2.9 
1.8 2.1 1.2 2.7 
1.8 2.0 1.3 2.6 

0.27 3.6 d 











* All magnitudes in this table have been multiplied by 10‘. The units 4 =m =c =1 have been used. 


& G| Mi| i =(Ge#/Ga?) | Mi| Fi. 
¢ See references 1 and 2. 





4If | {0 Xr|* makes a predominant contribution, widely varying contributions from the other matrix elements are necessary to obtain the observed 


K/8* ratios. 


2— — 2+ transitions are shown in Table II, together 
with the ratios which would obtain if these transitions 
were allowed. It should be noted that these ratios are all 
larger than allowed, indicating contributions to the 
transitions from >>| B,;|? and/or | foXr|*. Using Eqs. 
(5) and (8), the maximum and minimum values of 
> | B;;\* which can obtain with contributions from vari- 
ous other matrix elements may be calculated. The values 
so obtained are shown in Table III for the 2— — 2+ 
transitions listed in Table IT. 

It is reasonable to suppose that reduction effects of 
configuration mixing on the magnitudes of the nuclear 
matrix elements would be more or less the same on those 
matrix elements which have the same selection rules 
fice., | Mys|2and | fa-r|?, (AJ=0, yes); | fr|*, | fal?, 
and | foXr!? (AJ=0, +1, yes); >>| Bi;|? (AJ=0, +1, 
+2, yes) ]. In the absence of a cancellation effect® among 
the lead terms of the matrix elements, roughly equal 
contributions of the matrix elements | fr|?, | fa|?, and 

JS eXr\? (plus any amounts of | f-ys|* and | fe-r|*) 
would give rise to nearly allowed K/8* ratios. Only if 

JS @Xr|*? were considerably larger than the other 
matrix elements could the observed K/8* ratios be ex- 
plained without a contribution from }° | B;;|?.* One can 
argue that the marked uniformity of the ft values of 8* 
and B-, (2— — 2+), transitions and the uniformity of 
the increase of these fi values over those for AJ=0 
transitions in odd-A nuclei indicate approximately the 
same reduction of the matrix elements other than 
>| B,;|? in these transitions. It is indicated also that 
analogous nuclear structures are involved.’ The ac- 
companying ground state (2— — 0+) transitions, which 
show a similar uniformity in fi/, also appear to have 
analogous nuclear structures as predicted by the shell 
model. It can be seen from Table III that the value of 
>| B;;\? is roughly independent of choice of other 


® J. Konijn, B. van Nooijen, and A. H. Wapstra, Nuclear Phys. 
16, 683 (1960). Examination of the assumption made by these 
authors that only 4j=1 matrix elements contribute to the 
2— — 2+ transitions shows that, in the range of parameter values 
chosen, only | f@Xr\|* contributes, due to nearly complete cancel- 
lation among the other matrix elements. It may be noted that even 
for Aj=0 these parameter choices lead to a similar result. If indeed 

JS @Xr\? is responsible for nearly the entire transition rate, the 
deviation from the allowed spectrum shape would be rather 
marked at the low-energy end; it may be possible to detect such a 
deviation experimentally. 


contributing matrix elements unless | foXr|? makes 
the major contribution. 

Proceeding on the assumption that the sum of con- 
tributions of the matrix elements other than >>| B,;|? 
would produce allowed values of the K/8* ratios (i.e., 
5x and 6,<<1), one may compute the contribution to the 
transition rate made by >>| B;;|? relative to the con- 
tributions made by all other matrix elements from Eq. 
(5), which reduces':? to 


(Px/Ps*)24 24 


[1+ (1/12)(Wo+1)*y] 
= (Px/P*)atiowed — pray ° 


[1+ (1/24)(We—1)y]} 


(10) 


The values of y for the As™, Rb“, and I’? cases, as ob- 
tained from Eq. (10) with values of Px/P + and Wo 
taken from Table II, are 0.34, 0.72,"° and 0.18 respec- 
tively." It should be noted that these values have 
attached to them uncertainties of approximately 30% 
associated with uncertainties in W» and in K/8+ values. 

From the y values and the observed half-lives and 
decay schemes one may calculate the values of >>| B;;|? 
and of >-(G?/Ga?)|M;/*; for these transitions. In 
Table IV are given the observed values of >>| B;;|? and 
of 3°(G?2/G4*)|M,|*¢; thus computed, together with 
theoretical values for matrix elements calculated from 
single-particle wave functions by the method described 
by Rose and Osborne”:"* for AJ =0 and Aj=0, 1, and 2. 
For calculation of values from theory, the nucleon 
configurations were assumed to be those given in the 
Appendix. In Table V the observed and theoretical 


© Value calculated for Wo=2.53. 

4 Measurements of the higher energy 2— — 2+ transition in 
the decay of Tl made by B. van Nooijen, H. van Krugten, and 
A. H. Wapstra, Nuclear Phys. (to be published) (quoted in refer- 
ence 9), would indicate that y=0.9 in this case. Here the charac- 
teristic 2|B;;|? spectrum shape may be observable in measure- 
ments made in coincidence with the 368-kev gamma ray because of 
the large fraction (50%) of the transitions that may be effected by 
this matrix element. This measurement could determine whether 
>! B;;|? or | foXr\? is responsible for the enhanced K/8* ratio 
in this 2— — 2+ transition. Beta-gamma correlation measure- 
ments should show these effects even more clearly. 

2M. E. Rose and R. K. Osborne, Phys. Rev. 93, 1326 (1954). 

18 The radial integral $,? is taken to be equal to 0.5 (R/A.)?, 
where A- is Compton wavelength, 3.86X10-" cm, and R is 1.2 
X10-8A!t cm. 
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3LE [V. Observed and theoretical values of nuclear matrix el 


4 


5 


>! B;;|? 
Theoretical‘ 
Aj=1 


Observed* 
Nuclide >2 
[!26 
Rb™ 
Agi4 


+ Aj=2 Aj=0 


1.9K 10-4 : 
1.6 10-4 
1.4 10-4 


2.810 
1.6 10-4 
1.6 10 


4.5 10° 
5.2 108 
4.0 108 


1.11077 
1.41077 
1.31077 


1.7X10 


0.9 10 


*® It should be noted that the un 
matrix elements (+30% in =| B 

b In units A =m =c =1. 

©x« =(aZ/2R). 

4G >| Mi|%i =D (Gi#2/Ga2) | M 

© Calculated from the observed 1 
K/B* ratio. The values Gy =2.97 x 

f Calculated by the method of 


os and fotx values assuming that the 
2 and G4 = —1.25Gy were used in the 
and Osborne, reference 12. 


> 


values of >>| B,; ? 
ground-state transitions are given. 

For the ground-state (2— — 0+) the 
agreement between observed and theoretical values of 
> | B;;|? is remarkably good; and calculations made for 
sixteen well-characterized 2—— 0+ 
transitions demonstrate a similar agreement. For the 
2— — 2+ beta transitions, only in the case of 4j=2 


= 


for the corresponding 2 > O+ 


transitions 


negative beta 


(column 4, Table IV) are the theoretical values of 
> | B;;|* sufficiently large to account for the ‘“‘observed”’ 
> | B;;|? values (column 3); the agreement between the 
“observed” and theoretical values for A7 
the agreement found for 2— — 0+ transitions. It may 
be noted that in each case the theoretical value of 
> | Bi;|*, Aj=2, in the 2 2+ transition tends to be 
larger than the value for this matrix element in the 
2— — 0+ transition. The ‘‘observed”’ values show the 
same trend. If, indeed, the 2— — 2+ transitions are 
characterized to a large extent by Aj=2, then the 
“observed” values for the contributing matrix elements 
other than >> / Table IV) should be 
smaller than the largest matrix elements which may 
contribute via Aj=0 or 1 (columns 8, 9, 10, 11). This is 
seen to be the case. The argument, in summary, is that 
in each case the “observed” value for >>| B;, 

as large as the theoretical one calculated for Aj=2 and 
is considerably larger than that calculated for Aj=0 
or 1; furthermore, the observed value for the sum of the 
other matrix elements is considerably smaller than the 
largest single matrix element calculated for Aj=0 or 1. 
Thus, comparison between “observed” and theoretical 


values for matrix elements in these 2— 2+. transi- 


2 is similar to 


at 


Ea wer i va 
3,;|2 (column 7, 


? is nearly 


> 


TaBLe V. Observed and theoretical values of Z| B;;{? for the 
y > 0+ electron-capture—positron transitions. 


tx (sec) , B;;|? 


? 


Nuclide 2 
] 126 

Rb™ 

As 


>O+ Observed Theoretical* 


5.8X 10° 
2.6107 
6.9X 107 


0.41 10~ 
0.16 10~ 
0.11 10-4 


0.78 10-4 
0.56 10-4 
0.52 10™ 


* Calculated by the method of Rose and Osborne, reference 12. 


1.0X 10 


ertainties in A/8* ratios and transition energies are reflected i 
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ements for 2 » 2+ electron-capture—positron transitions.* * 


10 11 

Sal’, 
P| fo-r|? x2] fr? 
Theore tical! 
0 Ay 


K 


| foxr|? 
= 


G2\M; 
Observed® 


e 


Aj 0 Aj=0 


5 1.410 
2.210 
4.5x10- 


3.4X 1073 
1.6X10™ 
1.310 


1.31073 
6.3 10 


1.910 


7.9 1076 
95x 107-6 
7.4X 1078 


7.9X10- 
6.1 10-* 
4810-4 


7 


o 


} 


in observed values of the 


atrix elements 


calculation 


tions is consistent with 
are of such 
> | B,;|2Aj proceeds relatively unhindered. It has 
been pointed out that in the 3 )4 


the conclusion that the states 
a nature 
) 


that only the transition via 


transitions oc- 
curring in Sb" and Eu! beta-gamma correlation meas- 
B is respon- 
sible for a considerable fraction of the transition rate.!4 


urements have demonstrated that } 


Furthermore, beta-spectrum measurements made by 
2+ hin- 


dered transitions show nonstatistical sh pes, which are 


Langer and Smith'® in these and other 3 


interpretable in terms of substantial contributions from 
>, | Bi; 

If the parent nuclei discussed here are in zero-phonon 
ground states and if the first-excited states of the even- 
even daughter nuclei were pure phonon states, the beta 
transitions to these excited states should be forbidden 
relative to the transitions to the ground states. The fact 
that this is not observed to be the case may be 
that the first-excited states of these even-even nuclei are 
not pure phonon states. It may be that these excited 


evidence 


states such 
that the beta-decay may proceed, relatively unhindered, 


particle 


states are mixed collective single-] 


mainly through the single-particle components, and the 
gamma-ray de-excitation may proceed mainly through 
the collective components because of the enhanced 
speed of these collective £2 transitions. 
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APPENDIX 


The nucleon configurations chosen for the calculation 
of the nuclear matrix elements for beta decay are shown 
in Table VI. In the case of Aj=2 the configurations 
represent very reasonable choices which are consistent 
with all information about these nuclei. For A4j=0 and 1 
the assignments are intended merely for demonstration 
and are such as to provide the possibility of the spin and 
parity changes needed for the argument. 


Tasie VI. Nucleon configurations assumed for calculation of 
beta-decay matrix elements according to method of Rose and 
Osborne.* 


Nuclide Aj=2 
As™ = fs/2, 89/2 > (g9/2)? 


Rb™ = fsa, gore > (go/2)? 
[126 27/2, Nive > (Any 


® See reference 12. 
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Cluster Nature of Li’ and Be’7 


T. A. TomMBRELLO AND G. C. 


PHILLIPS 


Rice University, Houston, Texas 
(Received November 17, 1960) 


Measurements of the capture y-radiation processes, mass 3+-a — mass 7+ and nucleon+Li® 


> mass 


7+~+7, give information about the cluster structure of the mirror nuclei Li’ and Be’. The cluster model 
predicts that the ground state and low excited states of these nuclei should have large reduced widths 
6;,< for the configuration mass 3+ea particle and small reduced widths @,,¢? for the configuration nucleon 
+Li®. Scattering experiments provide accurate initial, capturing, wave functions, and an assumption of the 
cluster nature of the final, bound, states allows the electromagnetic capture cross sections to be calculated 
and compared to experiment. The reduced widths deduced show that 63,4? is large, 01,6? is small, and that 
the ground states and first excited states of Li? and Be’ are primarily of the two-body cluster form mass 3+ 


particle. 


INTRODUCTION 


N the past two years considerable new work has been 

done on a description of nuclei in terms of two-body 
clusters.’ This renewed interest may be traced pri- 
marily to the hope that the “cluster model” might serve 
to unify the other nuclear models and to overcome some 
of their deficiencies. Although the basic ideas of the 
cluster model are not new and may be traced back to the 
a-particle model and the resonating-group formulation 
of Wheeler,’ the new developments have extended the 
model’s range of usefulness and have been fairly suc- 
cessful in explaining many dynamical features of 
nuclear phenomena. 

The success or failure of the cluster model depends 
upon the degree to which the stable and semistable states 
of a complex nucleus may be described as resonances of 
pairs of complex clusters. The Li’-Be’ system is the 
lightest mirror pair for which enough data are presently 
available to provide a check on the validity of the 
cluster model predictions for the bound states of the 
system. The ‘‘cluster picture” of these nuclei for low 
excitation energies is that of an a particle and a mass 3 
particle in a relative P state. While this description is 
similar to that of the shell model, the cluster model 
additionally supposes that the residual forces between 
the three P-shell particles serve to produce a semistable 
cluster structure similar to a triton or He*. The low- 
energy excited states of such a system are also expected 
to show evidence of this structure; measurement of 
elastic scattering for He*(a,a)He® has shown that the 
¥ state in Be’ has the expected cluster form.’ This 
scattering data has also been interpreted as giving 
indirect evidence that the ground and first excited 
states of the Li’-Be’ are of the a+ mass 3 cluster form. 

The purpose of this paper is to show that electro- 
magnetic transitions reveal this same cluster structure 


t Supported in part by the U. S. Atomic Energy Commission. 

1K. Wildermuth and T. Kanellopoulos, Nuclear Phys. 7, 150 
(1958). 

2G. C. Phillips and T. A. Tombrello, Nuclear Phys. 19, 525 
(1960). 

3 J. A. Wheeler, Phys. Rev. 52, 1107 (1937). 

4P. D. Miller and G. C. Phillips, Phys. Rev. 112, 2048 (1958). 


for the bound states of these nuclei. This is accomplished 
by calculating the capture cross sections for the mass 
3(a,y)mass 7 and nucleon(Li',y)mass 7 reactions. This 
experimental example also serves to emphasize the 
extent that it is possible to make assertions about 
the spatial localization of the nucleons within the 
nucleus. By the uncertainty principle, any determina- 
tion of spatial ordering must be accompanied by a 
suitable dispersion in the energy. In the examples 
considered in this paper, the results of measurements 
of scattering and capture over a range of energies allow 
definite details of the capturing, continuum wave func- 
tions to be determined. For example, the S- and P-wave 
scattering phase shifts derived from He*+ Het scatter- 
ing‘ determine these partial wave functions rather well 
for all distances of He*-He* separation greater than the 
range of the strong nuclear forces, and also determine 
the range. It should be noted that the only way that 
phase shifts and radii can be determined with any 
uniqueness is by measurements over a range of energies 
that start at low energies, and by also knowing the 
number of bound states of each partial wave. 

The final, captured state wave function is, of course, un- 
known. In this paper a final-state wave function will 
be assumed so as to be appropriate to the model to be 
investigated. 

The comparison of the calculated capture y-ray 
transition rates with the capture data provides a means 
of obtaining the partial reduced widths of the ground 
states and first excited states for the configurations 
mass 3+a and riucleon+Li®, respectively. The magni- 
tudes of these reduced widths, 6;,.2 for the Li®+nucleon 
configuration, and 63,4? for the He‘+mass 3 particle 
configuration, show, respectively, the extent to which 
the system is described by an extreme independent- 
particle model (i.e., 0:,.?~1) or by the cluster model 
(i.e., O3,4° = 1). 


EXPERIMENTAL DATA 


The levels in the Li’-Be’ system are shown in Fig. 1.° 
(The absence of a state at ~6.5 Mev will be discussed 


5 F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 28 
(1959). 
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CLUSTER NATURE OF 


Fic. 1. The energy level dia- 
grams of the mirror nuclei Li’ and 
Be’. The electromagnetic capture 
transitions, mass 3(a,y)mass 7 and 
nucleon (Li®,y)mass 47, that yield 
information about the cluster 
structure of the ground and first 
excited states are shown. 





later.) The angular momenta and energies of these 
states are in general well explained on the basis of the 
intermediate coupling calculations of Inglis.* In addi- 
tion, Kurath’? was able to fit the correct ordering of 
these states and, with the exception of the }- state, 
was able to give the correct relative spacing of the 
levels. An equally good fit has also been accomplished 
in the cluster model calculations of Wildermuth.? The 
experimental data that are relevant to our calculations 
will be discussed briefly. 


(1) The capture reactions He*(a,y)Be’ and H*(a,y)- 
Li’ have been investigated experimentally for a-particle 
energies between 0.5 Mev and 1.3 Mev.*® The data 
show that the reaction proceeds by nonresonant capture 
and that the angular distribution of radiation is approxi- 
mately isotropic. These data indicate that the radiation 
is chiefly electric dipole radiation (£1) with, perhaps, a 
small amount of magnetic dipole (M1) radiation 
appearing at higher bombarding energies. 

(2) The phase-shift analysis of He*(He*,He*)He* by 
Miller and Phillips shows that the S-wave scattering 
phase shift is well described by a hard-sphere interac- 
tion, while the P-wave scattering phase shifts can be 
fitted with a bound-state plus hard-sphere interaction.‘ 
The energy variation of the phase shifts 50, 6;-, and 
5,+ yield hard-sphere radii, respectively, of 2.8 10-" 
cm, 3.5X10-" cm, and 4.4X10~" cm. A similar phase 
shift analysis of the existing He‘(?,t)Het data” re- 
produced these hard-sphere radii. 


6 TD). R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

7D. Kurath, Phys. Rev. 101, 216 (1956). 

8H. D. Holmgren and R. L. Johnson, Phys. Rev. 113, 1556 
(1959). 

® Pp. J. Riley, J. B. Warren, and G. M. Griffiths, Bull. Am. Phys. 
Soc. 3, 330 (1958). 

10 A, Hemmendinger, Bull. Am. Phys. Soc. 1, 96 (1956). 
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(3) The capture of protons by Li® has been deter- 
mined by Warren e/ al. at energies below 1 Mev." The 
results show that the Li®(p,y)Be’ reaction proceeds by 
nonresonant capture, while the angular distribution of 
the radiation rules out the possibility of S-wave capture. 
Only P-wave capture is found to be consistent with the 
data and the radiation is either magnetic dipole (M1), 
or electric quadrupole (£2), or a mixture of both. This 
fact in itself tends to preclude the existence of a virtual 
S state of Be’ in this energy region. In addition to this 
information, recent work has shown that the earlier 
reports of this state arose from a contaminant.” 


CALCULATIONS 


The Hamiltonian for the interaction of a y ray and 
the nucleus in the capture process is in general given by 


H,= (j-A+yp-B)*, 


where j is the current operator, A is the vector potential 
of the radiation field, u is the magnetic dipole operator, 
and B=VvXA. 

If the system is now considered as being composed of 
two.clusters of mass m, and me, charge Z; and Z», and 
magnetic moment uw; and pe, and assuming that the 
total Hamiltonian for the two-cluster system contains 
only central forces, the matrix element for the capture 
interaction may be obtained. For electric multipole 
capture of order \, where the effects of the motion of the 
magnetic dipole moments may be neglected, and where 
the wavelength of the y ray is long compared to nuclear 
dimensions, this matrix element is 


"J. B. Warren, T. K. Alexander, and G. B. Chadwick, Phys. 
Rev. 101, 242 (1956). 

2 E, W. Hamburger and J. R. Cameron, Phys. Rev. 117, 781 
(1960). 
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In this expression, uo is the permeability of free space, 
h is Planck’s constant, ¢ is the velocity of light, and w 
is the angular frequency of the y ray. D,,* is the element 
of the rotation matrix, 6, and ¢, the polar and azimu- 
thal angles of the y radiation, and is the state of 
circular polarization of the y ray whose wave number 
is k,. The initial and final wave functions of the system 
are denoted by ¢; and ¢,.(2A—1) !!= (2A—1)(2A—3)--- 
oe >t B 

For magnetic dipole capture in the long-wavelength 
approximation, the absolute value of the matrix element 


is 


; R poh? ; 
| M u—1| = t(' ) 
' 2w 


x | y| as . a o1**D,,' +2 i o2**D, )| >: |, 


is the «th spherical component of the spin 
operator for the ith particle. 

Outside the range of nuclear forces between the 
colliding clusters, the wave function for the initial state 
is provided by the solution of the particular two-body 
scattering problem and principle may be deduced 
from the analysis of the scattering data. This solution 
is usually given in the form of a partial wave expansion 
in the orbital angular momentum of a Coulomb dis- 
torted incoming plane wave plus an outgoing Coulomb 
distorted spherical wave. 

In this exterior region the final-state wave 
function is a rapidly decreasing function of the distance 
from the nuclear center, and its magnitude at the 
nuclear surface is related to the reduced width of the 
final state for that particular two-body form. 

For the numerical evaluation of the radial integral 
occurring in the matrix element it is necessary to 
generate both the initial- and final-state wave functions 
as functions of the radial coordinate, r. The JWKB 
approximation was used to obtain a closed form for the 
final-state wave function' 


(k,n, l ( “ ) 
Us\ RN, j= 7 
[e?+2np+l(/+1) }! 


X {Le?+2np+l(/+1) }}+-p+n} 


where o;* 


same 


1 
x| {[o?-+2pn-+/(I-+1)} 
p 


+[I(1+-1) ]!} 4 


(lc 
[7(1+1) - 
X exp{ —[p?+2pn+/(/+-1) }'}, 


8L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), p. 184. 
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where p=hkr, n=uZ,Z.e7/h*?k, 1 is the orbital angular 
momentum of the final state, and wu, is subject to the 
normalization condition that" 


tu 7? (R) " 
Hf u/(R)dr=1. 
38° R 


In this expression, R is the nuclear radius and @ 
(2uR?/3h*)y 7, v7 being the reduced width of the state. 
For the generation of the initial state wave function 
it was necessary to evaluate both the regular and 
irregular Coulomb wave functions. A modified expres- 
sion for the JWKB wave function has been found" that 
is correct to about 1% of tabulated values. 
sion is valid to this accuracy for p>pinax, where the 
first maximum of the regular Coulomb wave function 
occurs at pmax 


The expres- 


6 Using this expression, one obtains 
Ci= F (kr) cosé;+G,(kr) sind; 
~{p/[p?—2np—1(1+1) }!}! sin(é+o,+6,—4lz), 


where 6; is the scattering phase shift for the /th partial 
wave, a; is the Coulomb phase shift of the /th partial 
wave, F; and G; are the regular and irregular Coulomb 
wave functions, and 


o=n+[p?— 2np— 
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This expression was used to calculate a pair of 
starting values for the initial-state wave function. The 
wave function was then continued back to the nuclear 


surface by using the approximate relation: 


Ci(r—h) = —Gi(r+h) 


Co?—2np—1(-+1)}| 


aa | 


The numerical integration of the radial integral was 
done step-by-step by the trapezoidal rule as each new 
value of G; was generated. An interval of about 0.15 
for p was used. 


mae: 
| 


The accuracy of both the continuation process and 
the generation of initial values checked 
against tables and has been found to be quite satis- 
factory. The error due to the use of the approximate 
final-state wave function is difficult to estimate, but it 
is doubtful that the final answers would be very sensitive 
to small changes in its form. 


has been 


4 R. G. Thomas, Phys. Rev. 84, 1061 (1951) 
18 T. A. Griffy and T. A. Tombrello (unpublished) 
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Fic. 2. Capture y-radiation excita- 
tion curve for the T+a-— Li’++7 
reaction. The experimental points are 
those of Holmgren and Johnson.* The 
curve of £1 radiation, discussed in the 1.0 
text, was calculated for an assumed O; 
S-wave capture to both final P states 
(ground and first excited states). A 
hard-sphere, S-wave radius of 
2.8X10-% cm was employed.t The 
calculated branching ratio of ground 
state to first excited state was 2.35. 
The measured ratio of Riley et al.® is 
2.5. A reduced width of 63,¢=0.06 
was determined from the data of 
Holmgren and Johnson while the data 
of Riley et al. give 03,2=0.12. 


(BARNS) 











The only major approximation involved in this treat- 
ment is the neglecting of that portion of the matrix 
element that is due to the integration over the nuclear 
volume. The consequences of this approximation will 
be investigated separately for all the cases considered. 


RESULTS 
A. Li’ 


Since the scattering of S- and P-wave tritons from 
helium is well described in terms of a hard sphere inter- 
action, the initial state wave function for the reaction 
T(a,y)Li’ is approximately zero at the nuclear surface. 
This fact makes it possible to neglect the interior portion 
of the radial integral without introducing a significant 
error. The results of this calculation for an 1 transition 
following S-wave capture are shown in Fig. 2. The 
contribution due to the M1 radiation following P-wave 
capture has been calculated, and it was found that 
omi<0.02 ub at E,=1 Mev and oyi<0.05 ub at 
E,=2 Mev. For this reason the effect due to the M1 
transition has been ignored. 

The experimental data shown in Fig. 2 are those of 
Holmgren’; the adjustment of the calculated to the 
measured values of the cross section yields a value of 
63.40.06 for both the ground state and the first 
excited state. The data of Riley et al. at 1.6 Mev yield 
63,¢-0.12 for both states. The observed branching 
ratio o(ground state)/o(first excited state)=2.5 is to 
be compared with the calculated value of 2.35. 

A rough calculation of the thermal neutron capture 
by Li® was also made and compared to the experimental 
data.'? The values of 6:,<2 for both bound states were 
shown to be less than 0.003. 


17G. A. Bartholomew and P. J. Campion, Can. J. Phys. 35s 
1347 (1957). 


B. Be’ 


The experimental data for the reaction He*(a,y)Be’ 
was examined in a similar manner. As in the previous 
case neglecting the portion of the matrix element corre- 
sponding to the integration over the nuclear volume 
introduces no serious source of error. The results are 
shown in Fig. 3. Since the S-wave hard-sphere phase 
shift 60>—0.6° at E,=1 Mev, it is of interest to note 
the sensitivity of the capture cross section to small 
changes in the phase shift. It is possible that a slightly 
better fit to the data could be obtained by making 4 
positive. Since 59 would only have to be of the order of 
0.5°, this certainly cannot be ruled out from the results 
of the phase-shift analysis. As in the previous case the 
contribution due to the M1 radiation was negligible. 

Since the branching ratio is not well known for this 
reaction, it was assumed that 63,, was the same for 
both bound states. The resulting fit to the data gave 
634.4°~0.17. 

Again a rough calculation for the Li®(p,y) Be’ reaction 
was made. It was found that it was possible to set an 
upper limit on 6:,<? for the two states of 0.006. This 
value was obtained after calculating both the E1 and 
M1 cross sections. 6:46? had to be small enough that the 
F1 radiation could not be observed, but large enough 
that it was possible to fit the data by assuming a reason- 
able value of the 6;.:, ;~; phase shift. The value of 
0.006 requires only that 6),3;,2~15° and that 59 was 
described by a hard-sphere interaction. It is to be 
emphasized that even though this is only an approxi- 
mate treatment and neglects the possibility of an E2 
transition, it represents an extreme upper limit on the 
value of 64¢?. 
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Fic. 3. Capture y-radiation curve 
for the He®+a-—> Be?+y reaction. 
The experimental points are those of 
Holmgren and Johnson.’ Two curves 
of F1 radiation, discussed in the text, 
were calculated employing S-wave 
phase shifts with (@) a hard-sphere 
radius 2.8X 10~-" cm, and (0) no inter- 
action in the initial states, i.e., 
6(£)=0. The calculated branching 
ratio of ground to first excited state 
radiation was 2.5. The reduced width 
63, was determined to be 0.23 for 
curve (a) and 0.17 for curve (0). 
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CONCLUSIONS 


The calculations described have given the consistent 
result that 03,4? 206,,.? for the ground states and first 
excited states of Li’? and Be’. This result is, of course, 
exactly what would be expected from the cluster model 
picture of these nuclei. The results are summarized in 
Table I. 

The values of the tabulated reduced widths @ refer 
to both the ground states and the first excited states of 
the nuclei. The mass-3+a reduced width 63,,?(Li’, 
ground state) has been shown to be approximately equal 
to the @3,,°(Li’, first excited state) by a consideration 


TABLE I. Reduced widths for the ground states and 
first excited states of Li’ and Be’. 





Nucleus 634.7 
Li? 0.06-0.12 < 0.003 
Be? 0.17-0.23 - 0.006 


of the observed branching ratio. Because of the experi- 
mental uncertainty in the branching ratio, a comparison 
of 03,47 for the states of Be’ was impossible; by analogy 
with Li’ the two 63,2 for Be’ were thus taken to be 
equal. Nevertheless, the branching ratio is known well 
enough for Be’ to show that 63,,.7(Be’, ground state) 
must be of the same order of magnitude as 63;4°(Be’, 
first excited state). The reduced widths 6,,,? for the 
configurations nucleon+ Li® are small in all cases. 

In addition to this confirmation of the cluster struc- 
ture of the bound states of these nuclei, these results 
also show the applicability of such calculations and 
capture experiments to the detailed study of nuclear 
structure. 
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The decay properties of 49-min Cd™8 and its daughter 5.1-sec In"® are established. The Cd"® has a low 
8-decay energy and seems to be an allowed transition. The In''* has (4.2+0.4)-Mev 8-decay energy, with 
about 15% of the decays going to the 1.22-Mev excited state of Sn"'*, both 8 transitions being allowed. It is 
proposed that a previously identified 4.5-min In species is a high-spin isomer In"'*” not formed in the 8 decay 


of Cd"8 or formed directly in uranium fission. 


INTRODUCTION 


| iptv attaches to the neutron-rich isotopes of 
cadmium and indium because of the patterns of 
isomerism for odd-A Cd, odd-A In, and even-A In, 
and because of the position of these nuclides in the 
fission-product spectrum. Earlier studies! gave evidence 
for Cd" in equilibrium with the hard-6 emitter In"* and 
mixed with 50-min Cd!"’, and 3.0-hr Cd!” and their In 
daughters. A half-life of about 30 min was reported for 
Cd"S, and an upper limit of 1 min for In"*. In addition, 
Duffield and Knight? reported 4.5-min In"* produced 
by the reaction Sn" (y,p), and Wilhelmi and co-workers* 
reported the same species in the fast neutron bombard- 
ment of tin. 

In the present study the neutron-rich isotopes of Cd 
with mass numbers above 114 were made by the 
bombardment of uranium with 14-Mev deuterons at the 
M.I.T. cyclotron. Decay removes the 3-min and 11-min 
Cd'” isomers and the 18-min and 2-min In" isomers' 
and heavier isotopes of Cd and In. Corrections were 
made for the contributions':® of 50-min Cd"? and 3.0-hr 
Cd", using activities produced by neutron irradiation 
of 94% Cd"*, In general, Cd isotopes were separated 
from the targets, and In daughters were extracted from 
solutions of the Cd precursors. 


CHEMICAL PROCEDURES 


Deuteron fission of natural uranium (U**) gives sub- 
stantial yield of the fission products in the symmetric 
fission region. Bombardments of about 15 min were 
carried out with 0.3-g U foils. The chemical procedure is 
based on complexing most interfering elements with 


+ This work was supported in part by the U. S. Atomic Energy 
Commission. 

* Present address: Tracerlab, Richmond, California. 
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tartrate and extracting Cd into CHC1; as the dithizone 
complex from a strongly basic solution. 

Immediately after irradiation the U foils were dis- 
solved in a mixture of 2 ml of conc. HCl and 0.2 ml of 
conc. HNOs. The resulting solution was neutralized with 
KOH and diluted with 10 ml of 2M KOH containing 
1 g of NH.OH-HC! and 0.5 g of Rochelle salt, 
KNaC,4H,Og- 2H,0. After the addition of 0.5 mg of Cd** 
and 0.1 mg of In**, Ag*, and Pd** carriers, the complex 
CdDthe was extracted with 20 ml of CHCl; containing 
2 mg of diphenyl dithiocarbazone (dithizone) HDth. 
The Cd was back-extracted from CHCl; solution with 
0.5M HCl. When solid Cd sources were required, 
precipitation from the final HCl! solution was made with 
5 ml of 4M NaCl containing 2 mg of tetraphenylarso- 
nium chloride, giving (¢4As)eCdCly. The entire pro- 
cedure required 2 min. 

The separation of In from its parent Cd was effected 
through a series of extractions. First, the tracer In and 
the Cd in the CHC];-HDth mixture were extracted with 
HBr. The resultant aqueous phase, made 8M in HBr, 
was then extracted with bis(2-chloroethyl) ether, bring- 
ing HInBr, into the ether layer and leaving CdBr, in 
the HBr-water layer. Finally, the In was back-extracted 
from the ether with dilute HCl. Solid In samples were 
prepared by precipitating In(OH)s, carrier free, from 
the HCI solution by the addition of KOH.’ 


EXPERIMENTAL RESULTS 


The 8 decay of freshly separated fission Cd was 
followed on a 20-channel analyzer using a 1}-in.X1-in. 
anthracene crystal as the 6 detector. The lower solid line 
in Fig. 1 shows the count rate in those channels corre- 
sponding to 2.4-2.8 Mev, while the upper solid line cor- 
responds to the 0.9-1.1 Mev region with the lengthening 
decay curve corresponding to the mixture: 3.0-hr Cd", 
50-min Cd™’, 1.9-hr In", 1-hr In"’, In™8, and Cd!8, 
The calculated decay rate for a species with a 49-min 
half-life is shown by the broken line. Since Cd", 
produced by the bombardment of Cd"'* with neutrons, 
shows no appreciable high-energy 8 activity,'** the 
energetic 8 rays are ascribed to Cd""’ or a short-lived 


7K. L. Lawson and M. Kahn, J. Inorg. & Nuclear Chem. 5, 
87-92 (1957). 
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Fic. 1. Differential 8 analysis of Cd separated from deuteron 
fission products of U™%. 0, energy channels 0.9-1.1 Mev; ZA 
energy channels 2.4-2.8 Mev (Cd!!8 alone). 


In"* daughter. An average of nine samples, each 
followed for more than seven half-lives, yields a half-life 
of 49.0+1.5 min for Cd"®, 

An Al absorption curve analyzed both by Feather 
analysis and the mth-power method? yields a maximum 
8 energy of 4.2+0.4 Mev for the highest energy 8 con- 
stituent in the fresh samples. The large error in this 
determination is caused by the difficulty of separating 
the lower energy portion of the Cd"* spectrum from the 
complex mixture of 6 rays from other Cd and In 
nuclides. 

A 256-channel pulse-height analyzer was coupled with 
a 3-in. X 3-in. NaI(T1) crystal for y-ray analysis. Fission 
Cd displayed a 1.22+0.02 Mev y ray with a half-life 
of approximately 50 min. This y ray is not in the 
spectrum of either of the Cd"® or the Cd" sets of 
isomers. As can be seen in Fig. 2, the composite photo- 
peak of the 1.28-Mev y ray of 3-hr Cd" and this 
1.22-Mev y ray can be resolved on the basis of the differ- 
ent decay rates. 

On the basis of nuclear energetics,’ it is expected that 
the Q* for the transition Cd''* to In"® will be about 
1 Mev whereas the transition of In"* to Sn" will be 
about 4 Mev. It is expected, therefore, that the 1.22- 
Mev y ray and 4.2-Mev 6 ray are associated not with 


8 L. Katz and A. S. Penfold, Revs. Modern Phys. 24, 28 (1952). 
°C. D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1953), Vol. 2, 


p. 305; 


lecture notes, Massachusetts Institute of Technology, 1956 


(unpublished). 
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Cd"8, but with its In"* daughter. Assuming the 6 decay 
of In"'8 to be an allowed transition, the half-life of In''* 
was predicted to be approximately 7 sec. 

To observe the radiations associated with In", free 
of Cds HInBry, extracted with 
bis(2-chloroethyl)ether from an aqueous HBr solution 
(~8M) of fresh fission Cd. Immediate counting of the 
organic phase revealed that both the energetic 8 rays 
and the 1.22-Mev vy rays emanated from the In fraction. 
The average of 13 experiments in which the 8-decay 
rate was observed by a plastic scintillator coupled to 
a count-rate meter with a graphical readout gave a half- 
life of 5.10.5 sec for the short-lived In. 

The parent-daughter relationship between the 49-min 
Cd"8 and the 5.1-sec In was confirmed by a series of 
experiments in which In was extracted from fission Cd 
over a period of several hours. By means of an auto- 
matic timing device approximately 5 sec after each 
extraction, the organic phase was counted for 4.27 sec; 
46.9 sec later another count of 4.27 sec duration was 
made. Subtracting each second reading from the first 
eliminates the activity due to long-lived species and 
permits the measurement of the decrease in initial 
5.1-sec In activity. The accumulated number of short- 
lived In 6 counts in the first 4.27 sec fell exponentially 
with the time after separation of Cd, the slope corre- 
sponding to a half-life of 48-4 min. This confirms the 
genetic relation, as expected from Fig. 1, for the 
precursor of the hard 8 emitter. 

The fraction of 8 decays of 5.1-sec In"'* 
the 1.22-Mev y ray was determined by 8-y coincidence 
in the mixture of Cd isotopes obtained from fission 


the species was 


giving rise to 
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40 
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Fic. 2. Part of the y spectrum of Cd from fission with In daughters, 
with Na” calibration (1.276 Mev). 





DECAY OF 49-MIN 
products. An Al absorber of 962 mg/cm? was used to 
eliminate 8 rays from extraneous species; this corre- 
sponds to the fraction 0.65 of the estimated range of the 
3.0-Mev @ in coincidence with the 1.22-Mev y and to 
the fraction 0.45 of the range, 2120 mg/cm’, of the 
4.2-Mev 8. Using an estimated absorption curve for 
allowed transitions,’ the ratio of 6-counting efficiencies 
was calculated to be 0.5, and the counting efficiency for 
the 1.22-Mev vy was taken as the same as for Na”, 
namely 0.062. The observed coincidence rate, corrected 
for chance coincidence, was 4.3 10- of the observed 
8-counting rate and decayed with approximately the 
49-min period. It is thus calculated that the 8 branching 
to the 1.22-Mev level in Sn"® is 0.15. This number may 
be high by 0.05 or low by 0.1 because of the rather large 
uncertainty in the ratio of counting efficiency of the 
two 8 branches. 

A search for the In"® of 4.5-min half-life?’* among the 
In isotopes formed in the decay of fission Cd or found 
in the In fraction in fission yielded negative results. 
However, In species of 18-min and 2-min periods were 
observed. These are believed to be associated with the 
119 chain.‘ 


DISCUSSION OF RESULTS 


An even mass assignment is taken for the chain 
49-min Cd — 5.1-sec in — stable Sn on the basis of the 
low total energy of Cd decay, the high energy of the In 
decay, and the alternation in half-life. The next even 
Cd isotope, Cd, is expected® to have substantially 
higher decay energy and thus shorter life. The identi- 
fication of the 1.22-Mev y ray of the 5.1-sec In with that 
observed”:" in Coulomb excitation of Sn"* is in accord 
with the assignment of A = 118. The decay data for this 
chain are given in Fig. 3. 

It was impossible to determine the 6-decay energy of 
Cd"’ in the mixture of Cd activities found in fission 
(especially 50-min Cd"’). The B-decay energy is 
estimated as 0.8 Mev from § systematics.’ This corre- 
sponds to log ft=4.6 corresponding to an allowed transi- 
tion to 5.1-sec In"’, Since Cd" certainly has the ground 
state 0+, the 5.1-sec In" is either 0* or 1+. The 8 decay 
of In"® shows it to be 1*. 

The failure to find the 4.5-min In" in fission suggests 
that this spécies is a high-spin isomer not formed in the 
8 decay of zero-spin 49-min Cd", The species In" is not 
expected to be formed in appreciable yield as a primary 
fission product." The decay was characterized’ as 
proceeding by ~1.5-Mev £ rays (absorption analysis) 
plus y radiation. The 8 radiation is probably a composite 
of transitions to the 5+ and 4* levels of Sn"® identified 
by McGinnis," at 2.25 and 2.50 Mev above ground 
state. The log ft for the pair of 6 transitions is ~4.7, 

10D). J. Alkhazov, D. S. Andreev, K. I. Erokhina, and I. Kh. 
Lemberg, Zhur. Eksp. i Teoret. Fiz. 33, 1346 (1957). 

1 P. H. Stelson and F. McGowan, Bull. Am. Phys. Soc. 2, 69 

pet 
OT M. Alexander and C. D. Coryell, Phys. Rev. 108, 1274 
(1957). 
ae C L. McGinnis, Phys. Rev. 109, 888 (1958). 
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;. 3. Decay schemes for 49-min Cd"'8, 5.1-sec In™8, 
and 4.5-min In", 


which would imply that the 4.5-min In"® is 4+ or 5+. 
A spin of 5+ for 4.5-min In"® is in"accord with®the 
available data,“ and in agreement with information for 
other odd-odd nuclei in this region.'® For In™ and In"™® 
the 5* level lies above the 1* level,'* the latter also being 
the ground state for In". In Fig. 3 the 5* level is placed 
above the 1* level, implying that the energy of the 5+ 
level is probably more than 4.2 Mev above the ground 
state of Sn", 

The main decay mode of 5.1-sec In"™® (4.2+0.4 Mev) 
goes to ground state Sn"'* with log /t=4.8. The branch 
to the 1.22-Mev level has log fi=4.9. These two values 
require the In" level to be 1*. The 1.22-Mev level in 
Sn'§ is reported" to have a lifetime of 0.55 psec 
[1 picosecond (psec)= 10-" sec ]. 
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Elastic Scattering of Alpha Particles by N'*} 
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Absolute differential cross sections for the elastic scattering of alpha particles by N'* have been measured 
in a differentially-pumped gas scattering chamber. The measurements were made at center-of-mass angles 
of 169.1, 149.5, 140.8, 125.3, 90.0, and 70.0 degrees for alpha-particle energies from 1.75 to 5.50 Mev, corre 
sponding to 5.37- to 8.33-Mev excitation of the compound nucleus F"’. The experimental widths of the levels 
observed below approximately 3.5-Mev bombarding energy are generally narrow, in most cases less than 
10 kev. Above 3.5 Mev a marked increase in the level width was observed. As a result of an analysis based on 


the Wigner-Eisenbud reaction theory, values of J, 7, E,, and +)? were assigned to 16 levels in F™ 


I. INTRODUCTION 


ECENTLY, the energies, spins, and parities of the 

low-lying levels of F'’ have been derived from 
calculations based on the shell model'™ and the rota- 
tional model.®:* Full confirmation of these calculations 
has been limited to the levels below approximately 1.5 
Mev for which experimental spin and parity information 
is available. The success of these theoretical calcula- 
tions, coupled with the general lack of spin and parity 
data, has stimulated interest in experiments which would 
contribute further information on the higher states. At 
the time of the present experiment, level positions were 
quite well known up to 5-Mev excitation, and spin and 
parity assignments had been made to the levels below 
approximately 1.5 Mev.*~” The region from 5 to 8 Mev 
had been explored and the positions of a few levels were 
known, but there was virtually no information on the 
spins and parities of the levels. A study of the elastic 
scattering of alpha particles by N'® was made in the 
present experiment in order to locate and determine the 
properties of T= 4 levels of F"* in this energy region. For 
bombarding energies up to 5.031 Mev, elastic scattering 
and capture are the only energetically possible processes. 
Furthermore, since the spin of N™ is } and the spin of 
the alpha particle is zero, the results can be readily 
analyzed in terms of Wigner-Eisenbud reaction theory 
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Commission. 
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to obtain the level spins, parities, and reduced widths. 
Such assignments may also be useful in the study of 
lower lying levels of F"’ through the capture reaction 
N¥(a,y)F. 

Il. APPARATUS 


The small-volume scattering chamber used in meas- 
uring the absolute differential cross sections for the 
elastic scattering of alpha particles by N® is shown in 
Fig. 1. The scattering chamber was separated from the 
Van de Graaff accelerator by a three-stage differential 
pumping column (only the first stage is shown in 
Fig. 1). This differential pumping column served as a 
thin entrance window to the scattering volume and as a 
collimator for the singly charged alpha-particle beam 
from the Van de Graaff accelerator. The angular spread 
of the beam defined by the entrance and exit apertures 
of the pumping column was +0.15 degree. The scat- 
tering chamber and associated gas handling equipment 
required approximately 100 atom-cc of gas to obtain 
target pressures of the order of 0.3 cm Hg. 

An analyzing magnet calibrated with the Li’(p,2) Be? 
reaction was used to determine the energy of the incident 
beam to approximately +0.1% EF. The energy resolu- 
tion, as estimated from the magnet entrace and exit slit 
dimensions," and from the widths of narrow resonances, 
was also about 0.1% of the beam energy. 

The alpha-particle beam, after traversing the differ- 
ential pumping column and the scattering volume, 
passed through a thin (25X10~® inch) nickel window 
into an evacuated collector cup. The collector cup had 
electric and magnetic fields applied to it in order to 
suppress secondary electrons. A sensitive current inte- 
grator was used to determine the amount of charge 
collected. The line source of scattered alpha particles 
was defined by a set of rectangular slits with a half-angle 
aperture of approximately 2 degrees. The scattered 
alpha particles were detected by a thin (2-3 mils thick) 
CsI(Tl) crystal mounted on a Dumont 6291 photo- 
multiplier tube. The detector and defining slits were 
mounted as a unit in the rotating head of the scattering 


13H. Smotrich, Ph.D. dissertation, Columbia University, 1959 
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Fic. 1. Cross-section view of the small-volume gas scattering chamber. 


chamber at an angle of 14.8 degrees with the horizontal. 
It was possible to rotate the scattering chamber head 
continuously through 360 degrees, permitting measure- 
ments to be made at laboratory scattering angles from 
14.8 to 165.2 degrees. These angles were set to the 
nearest 0.1 degree by means of an angle vernier. The 
accuracy of the scattering angle setting was estimated 
from a measurement of the O'*(p,p)O"* cross section at 
@ign=40° and E,=0.95 Mev. At this angle and energy, 
the angular dependence of the cross section is well 
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represented by csc*(@/2). The maximum uncertainty in 
scattering angle was estimated to be +0.2° from this 
data. By allowing for rotation of the counter assembly 
about the detector axis, it was possibie to orient the long 
dimension of the rectangular counter slits perpendicular 
to the scattering plane defined by the beam direction 
and the counter axis. This procedure resulted in a uni- 
form scattering geometry at all scattering angles and 
accordingly a great simplification in the analysis of the 
scattering data. 
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Fic, 2. Schematic diagram of gas recirculating system, 
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Fic. 3. Experimental and theoretical differential cross sections from 1.7 Mev to 2.6 Mey. 





ELASTIC SCATTERING 

In order to reduce the amount of N" gas lost from the 
system, the gas pumped out of the first two stages of the 
differential pumping column was recirculated. The 
target gas recirculation system and vacuum system used 
in the experiment are shown in Fig. 2. 

The N" target gas was produced by a chemical ex- 
change process developed by Spindel and Taylor.'® This 
process can give isotopic concentrations of N' in excess 
of 99 atom percent. The isotopic abundance of N'® was 
monitored throughout the course of the experiment by 
mass-spectrometric analyses, and indicated an average 
N® concentration of 95 atom percent. The major 
contaminants were O'® and N"™. Periodic checks for C™ 
and H, contamination indicated the presence of these 
elements in trace quantities. The possibility that some 
of the levels observed in the present experiment were 
due to scattering from N“ or O'* can be eliminated (with 
exception for N' in the uninvestigated region from 
Ea=4.7 Mev to Eg=5.5 Mev) by comparison with the 
results of N'(a,a)N™“ experiments'®!7 and O'*(a,a)O'® 
experiments.'*:'® In most cases the energies of the reso- 
nances found in N'®(a,a)N' did not agree with those 
found for alpha-particle scattering from N™ and O'*, In 
cases where there was close agreement in energy, com- 
parison of cross sections, shapes, and level widths 
established that the resonance was due to N'®. Contami- 
nation of the target gas caused a maximum uncertainty 
of +5% in the absolute cross section. 

The error in current integration introduced by small- 
angle Coulomb scattering”® of the alpha-particle beam 
by the target gas and collector cup entrance foil has been 
estimated and found to be less than 0.5%. 


III. EXPERIMENTAL PROCEDURE AND RESULTS 


Excitation curves were run at six angles in energy 
steps from 2 to 5 kev and covered the energy range from 
1.75 to 5.50 Mev. The target thicknesses were varied in 
the range from 2 to 4 kev depending on the cross section. 
The selection of the scattering angles was governed by 
the dependence of the coherent scattering amplitude 
[see Eq. (1b) ] on the orbital angular momentum /. This 
procedure was followed since it is possible to obtain an 
indication of the / value responsible for a particular reso- 
nance by the disappearance of an anomaly in the excita- 
tion curve at the scattering angle corresponding to a 
zero of the Legendre polynomial. In the present experi- 
ment the center-of-mass angles and the corresponding 
Legendre polynomial zeroes are: 149.5° and 70.0°, 
P,=0; 140.8°, P;=0; 125.3°, P2=0; and 90.0°, all odd 


18 W. Spindel and T. I. Taylor, J. Chem. Phys. 24, 626 (1956). 

16 [). F. Herring, Ren Chiba, B. R. Gasten, and H. T. Richards, 
Phys. Rev. 112, 1210 (1958). 

17 E, Kashy, P. D. Miller, and J. R. Risser, Phys. Rev. 112, 547 
(1958). 

18 J. R. Cameron, Phys. Rev. 90, 839 (1953). 

LL. C. McDermott, K. W. Jones, H. Smotrich, and R. E. 
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Legendre polynomials vanish. Measurements were also 
taken at 169.1° where all Legendre polynomials are 
nonvanishing. 

The computation of the absolute cross sections and 
bombarding energies from the experimental data was 
performed with an IBM 650 digital computer. The final 
cross-section curves are shown in Figs. 3-6. The curves 
drawn through the data points are the curves calculated 
from the application of Wigner-Eisenbud reaction 
theory. 

The average over-all rms error on the measured cross 
sections is estimated at about 6.2%. A summary of the 
various sources of error is given in Table I. 

Uncertainties in the alpha-particle energy scale arise 
from +0.1% uncertainty in the energy calibration 
constant for the analyzing magnet and from the diffi- 
culty of accurately measuring the amount of energy lost 
in the differential pumping column. For typical experi- 
mental conditions, the uncertainty in the energy scale is 
slightly greater than +0.1%. 


IV. ANALYSIS 
A. Technique 


In the analysis of the differential cross sections it has 
been assumed that the capture cross section is negligible 
compared to the elastic scattering cross section. The 
differential cross section for the scattering of spin-zero 
particles by spin-} nuclei is given by the expression”! 

da/dw= (1/k*)[| A |?+ | B|*], (la) 


where 


A =—4ncsc?(6/2) exp[in In csc?(6/2) ] 


rN > [ (/+1) sind ;+ exp(i5;*) 
1=0 


+1 sind; exp(i5;-) |P1(cos6) exp(ia1), (1b) 


B=sin6l >> [siné;* exp(i;*) 
l=] 


—sind;- exp(i5;-) |P1'(cos@) exp(ia:)]. (1c) 


In these expressions @ is the scattering angle in the 


TABLE I. Summary of errors for absolute cross- 
section measurements. 


+0.28% 


0, 





Geometry 

Average counting statistics 

Average uncertainty in background 

Maximum angular uncertainty 

Current integration 

Average gas pressure uncertainty 

Maximum uncertainty in absolute cross 
section from target gas impurities 

Rms error 


+1.3% 
+0.7% 
+0.5% 
+5.0% 


ac, t 
(1949). 


Critchfield and D. C. Dodder, Phys. Rev. 76, 602 
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Fic. 4. Experimental and theoretical differential cross sections from 2.4 Mev to 3.8 Mev. 


center-of-mass system, 6;+ is the non-Coulomb phase 
shift of the partial wave of orbital angular momentum 
/h and total angular momentum j= (/+3)h. The quanti- 
ties k=1/X and 7 are related to the reduced mass u and 
the relative velocity v of the scattering pair by the 
expressions 

k=1/K}=p0/h, (2a) 
n=ZZ'e/hv. (2b) 


The quantity a, which is the phase shift due to pure 


Coulomb scattering, is given by the expression 


l stin l 
exp(ia:)= TT ”)=expl2i & tan*(0/s)} (3) 


s=1 sS= in s=] 


for />1. For /=0, exp(iao)=1. Finally P;(cos@) is the 
Legendre polynomial of order / and P;'(cos@) is the 
derivative of the Legendre polynomial with respect 
to cosé. 

The term A in Eq. (1a) arises from the coherent addi- 
tion of the Coulomb and nuclear scattering amplitudes; 
term B in Eq. (1a) arises from scattering processes in 
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Fic. 5. Experimental cross sections from 3.8 Mev to 4.8 Mev. 











which the N' spin flips during the course of scattering. the same J value and parity, the formula is 
The latter scattering is incoherent with respect to 


Coulomb scattering. k/A? 
The connection between the phase shifts and the 54 tan — Ee “Er oa —_——-) 
parameters describing the compound nucleus is given by Ani/ynP+D2En Yn 12?/(Exa— EVD 
the R matrix of Wigner and Eisenbud.” For the case of F 
p i , sible avels "1 
one energetically possible channel and many levels of tan*( ) . 4 
r=d¢ 


2 FE. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). G; 
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For the case of a single level, (4) reduces to the usual 
form: 


k 1; 
6,*+= tan ( = ———— 
Ay: metre, (E,—E) ] . 


F, 
—tan ( ) . (5) 
G, r=ad¢e 


Expressions (4) and (5) are commonly written in the 


form 


6:=B8i— di, (6) 
where §; is the resonant phase shift and ¢, the ‘“‘po- 
tential’ or “hard-sphere” phase shift. Z, is the eigen- 
energy of the compound nucleus, and y,/ is the reduced 
width. The reduced width is related to the experi- 
mentally measured level width I',; by the expression 


- 


Py, 7 2| ky Va 


Af |r=ac. (7) 
The quantities y,? and £), which characterize the 
resonant levels of the compound system, are dependent 
on the interaction radius and on a non-energy-dependent 
boundary condition. The level shift parameter A, in 
Eqs. (4) and (5) is a measure of the amount that the 
resonant energy, defined as Er=£,+A,y, is shifted 
from the characteristic energy £, of the compound 
system. Ay; is given by the expression 


) (8) 
p=kae 


Ayi=- 


ky.P fp dA; 
( 41 
p A; dp 


The quantities F; and G; in the above expressions are the 
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Fic. 6. Experimental cross sections from 4.7 Mev to 5.5 Mev. 
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regular and irregular Coulomb wave functions” and the 
combination A?=F?+G/ is the reciprocal of the 
Coulomb penetrability. The interaction radius is given 
to sufficient accuracy by the expression™ 


(9) 


In the present experiment 7» was chosen equal to 
1.40 10—" cm, which leads to an interaction radius of 
5.67X 10-" cm. 

The general shape of the cross-section curve in the off- 
resonant region can be explained by the smoothly 
varying contributions from Rutherford scattering, po- 
tential scattering, and resonant scattering from nearby 
broad resonances. 

While in most cases only the contributions from broad 
resonances have to be considered in fitting the experi- 
mental data in the off-resonant region, a situation can 
arise where the contribution of a seemingly far-off 
narrow resonance must also be considered. This unusual 
behavior of a narrow level occurs if the resonance falls in 
an energy region in which the Coulomb penetrability is 
a rapidly increasing function of energy. More specifi- 
cally, since the numerator of Eq. (5) can increase at a 
sufficient rate to compensate for the increase in value of 
the denominator, the contribution to the resonant phase 
shift can rerhain relatively constant or even increase far 
from the resonance energy of the narrow level. To ac- 
count for this type of behavior, contributions from all 
observed levels of the same J value and parity in the 
energy region analyzed were considered in obtaining the 
final phase shift used at a particular energy. To facilitate 
calculations, the approximate formula, 


Ry xn? Ar F, 
stan —- I 


Fyn tAni—E G; 


(10) 


was used. The sum is over all levels of the same J value. 
This formula which is applicable at energies whose 
distance from the resonant energies of the levels included 
is large compared to the widths of these levels is an 
approximation to the correct multilevel formula, 
Eq. (4). 

The broad levels were not sufficiently isolated in 
general to make possible estimates of the resonant 
energies and widths from the cross-section data. It was 
therefore not practicable to generate directly a series of 
phase shifts using Eq. (5) which would lead to a fit of the 
experimental data. The procedure followed was to ex- 
tract phase shifts from the data through a point by 
point application of the cross-section relation Eq. (1) 
and then require that this series of phase shifts be as- 
sociated with a particular £, and y,/. This latter pro- 
cedure can be simplified by rewriting the expression for 


1. Bloch et al., Revs. Modern Phys. 23, 147 (1951); W. T. 
Sharp, H. E. Gove, and E. B. Paul, Chalk River Report AECL-269 
(unpublished). 

*4 A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 257 
(1958). 
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Excitation energy 
of F% 4 
Jt 
3/2* 
6.056 §/2* 
6.073 5/2- 
6.229 1/2* 
6.269 5/2* 
6.317 7/2* 
641 1/2- 
6.514 1/2* 
6.541 5/2* 
6.776 3/2- 
6.825 5/2* (3/2) 
6.872 5/2- 
6.917 9/2-(7/27) 
6.97 1/2- 
92 7.08 {2 
3.94 7.10 3/2* 


the resonant phase shift [see Eq. (5) ] in the form: 


E=E)+F(E)ya?, (11a) 
where 
Ay. k/A2 
F(£)=——-—-——-. (11b) 
yr tang, 


Equation (11a) defines F(£) as a linear function of 
energy, /. Equation (11b) relates F(£) directly to the 
data through tan@;. The procedure for obtaining £, and 
var now reduces to a simple straight-line fit of a plot of 
F(E) vs E. The slope of the line gives the value of y,7, 
and £) is the energy for which F(£)=0. An illustration 
of this procedure, as applied to the S resonance at 3.07 
Mey, is shown in Fig. 7. 

In analyzing the narrow resonances, the following 
simplified expression was used for the phase shift ; 


r/2 PF, 
6,*+= an( )-tan( ) . (12) 
E\—-E Gi] r=a. 


This single-level expression is applicable to narrow reso- 
nances where A? and the level shift A,; are approxi- 
mately constant over the width of the resonance. The 
procedure followed was to estimate the resonant energy 
and level width from the data and then to generate a 
series of phase shifts with the above expression. The 
detailed fitting of the cross-section curves was then 
carried out using the vector method described by 
Laubenstein and Laubenstein.**6 


B. Fit to Experimental Data 
The region of excitation from approximately 1.75- 
3.51 Mev is characterized by a broad S resonance at 3.07 
Mev and a series of narrow resonances. The broad 
25R. A. Laubenstein and M. J. Laubenstein, Phys. Rev. 84, 18 


(1951). 
26. J. Koester, Phys. Rev. 85, 643 (1952). 


* Excitation energies were computed from the mass values given by A. H. Wapstra, Physica 21, 367 (1955). 
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TABLE II. Summary of results for levels for which spin and parity assignments have bee. made. 


YA 


30? /2ya 
(%) 


ane 
TA 
(Mev-cm X 10'%) 
0.713 20.4 
0.327 
0.210 
0.106 
0.332 
0.280 
1.27 
0.0282 
0.0929 
0.0219 
0.0181 
6.866 0.217 
x 6.908 0.292 
64 6.94 0.175 
~40 ‘ 0.596 
~10 7. 0.0253 
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resonance was analyzed using the technique described in 
Sec. A. The resulting parameters are given in Table II. 
In analyzing all the narrow levels with the exception of 
the P;—F; doublet at 3.194 and 3.229 Mev, it was pos- 
sible to use the vector method with the contributions 
from all other resonances considered constant over the 
resonance being analyzed. In the case of the Py—Fy 
doublet, however, the resonance energies fall very near 
to the resonance energy of the broad S resonance at 3.07 
Mev; it was necessary, therefore, to consider the S 
contribution as a variable over the width of the doublet. 

The fit to the region from approximately 3.50 to 3.95 
Mev is determined by the assignments mace for the 
three broad levels at 3.648, 3.78, and 3.92 Mev. The 
analysis of this region is complicated since these three 
broad levels lie within an energy region of approxi- 
mately 300 kev. This situation results in considerable 
distortion to the true shapes of the resonances. 

The spin assignment of the level at 3.648 Mev was 





E,(CM)=*2.15 Mev (AE) 15 5 
a! cm '15 (6 ' 
Y AFIE) 19 (slope) 


= 1.27x107'5 Mev-cm 





= 


25 











30 
Eq (MEV), ap 


‘1G. 7. Straight-line fit of F(Z) vs E curve for the 3.07-Mev 
resonance to illustrate the determination of y,* and £). 
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TABLE III. Summary of positions of levels observed for which no 
spin and parity assignments have been made. 


Trav > 
(kev) 


Excitation energy of F®* *® 
(Mev) 


8 
80 
90 


30 

8 

260 

(8)* 

(5)° 
8 


4.93 

(5.005)¢ 
(5.018)¢ 
116 

203 8 
232 6 
25 3.1 65 
284 . 10 
5.481 8.32 10 


an 
COO CONST sss 


Aan 


® The mass values used to compute the excitation energy in F™ are taken 
from A. H. Wapstra, Physica 21, 367 (1955). 

b The level widths are estimated from the data. They have not been 
corrected for beam energy spread and target thickness. 

© Uncertain level. 


made essentially on the basis of the 90-degree data. At 
all angles, with the exception of 90 degrees, it was pos- 
sible to obtain a fit with either a D; or a Dy assignment, 
but at 90 degrees only a Ds assignment would give 
sufficient peak height to fit the data. The width and 
resonance energy of this level were determined pri- 
marily by the behavior at 125.3, 140.8, and 149.5 
degrees. Since the 125.3-degree data are due to inco- 
herent scattering [see Eq. (1c) ], the resonance is repre- 
sented by a nearly symmetric peak centered at the 
resonant energy. It is possible, therefore, to obtain a 
good estimate of the width and resonance energy for the 
resonance at this angle. The 140.8- and 149.5-degree 
data are important because the Legendre polynomial for 
l=2 is relatively large and therefore the fit at these 
angles is sensitive to the amount of D-wave phase shift. 
The reported values of width, 35 kev, and resonance 
energy, 3.648 Mev, are a compromise estimate based on 
a good fit for all angles. 

The most definite evidence for the presence of an S 
resonance at 3.78 Mev is the rapid falloff of the reso- 
nance curve at 90 degrees for energies greater than 3.7 
Mev. The possibility that this anomaly may be due to 
an /=2 resonance is eliminated on the basis of shape and 
magnitude of the cross section. The possibility that the 
effect is attributable to /= 4 is eliminated by considering 
the Wigner limit on the reduced width for an /=4 reso- 
nance, (y,2< 3h?/ya.).27 The width of an /=4 resonance 
would have to be of the order of 60 kev to fit the de- 
crease in cross section. This width, however, would ex- 
ceed the Wigner limit by more than 100%, and is thus 
unlikely. In fitting this resonance the effect of the S 
resonance at 3.07 Mev was considered. 

The anomaly which appears as a single resonance at 
approximately 3.92 Mev is actually a closely spaced F 


27 T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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and P doublet. It was possible to establish the spin of 
the P resonance as 3 from the data at 140.8 degrees 
where the coherent scattering contribution for /=3 
vanishes. The spin assignment of Fz. for the /= 3 reso- 
nance was chosen since only the combination of F7,. and 
P; gives sufficient peak height at 169.1 degrees. Ap- 
proximate values of 3.92 Mev and 40 kev for the reso- 
nance energy and width were picked for this level so as 
to produce a fit in the 3.6 to 3.8 Mev region at angles 
which are sensitive to the F contribution. 

The D, level at 3.525 Mev was the only narrow level 
between 3.5 Mev and 3.8 Mev for which a definite spin 
assignment could be made. This level was sufficiently 
removed from the three broad levels mentioned above 
to be relatively unaffected by variations in the parame- 
ters assumed for the broad levels. In the case of the F 
resonance at 3.587 Mev and the G resonance at 3.705 
Mev, while definite /-value J assignments could be made 
on the basis of shape, it was felt that definite assign- 
ments could not be given since the fits of these levels 
were very dependent on the rather complicated system 
of broad levels mentioned above. It is possible, however, 
to assign J values to these levels which will lead to a 
good fit of the narrow levels and still preserve the fit to 
the broad levels. An Fy; assignment gave the best fit in 
the off-resonance region at 169.1 degrees and also led to 
a better fit at 125.3 degrees. The only contribution of 
the G resonance to the cross section at 149.5 degrees is 
from incoherent scattering. An indication of the correct 
assignment is obtained by combining the two possible 
incoherent G contributions with the incoherent contri- 
bution of the neighboring Dy, resonance. If this is done, 
a significantly better fit is obtained with a Gye as- 
signment. 

The resonances above 4.0-Mev bombarding energy 
have not as yet been assigned spins and parities. Ap- 
proximate values for the resonant energies and widths of 
these levels have been estimated from the data and are 
shown in Table IIT. 


V. RESULTS AND CONCLUSIONS 


Thirty resonances corresponding to virtual levels in 
F® have been observed in a study of the elastic scat- 
tering of alpha particles by N™ from 1.75- to 5.50- 
Mev bombarding energy. The energy levels found in 
N!5(a,a)N'5, as well as levels in the same energy range 
found through other experiments, are shown in Fig. 8. 

A phase-shift analysis of the cross-section curve from 
1.85 Mev to 4.00 Mev yielded the values for the reso- 
nant energies, spins and parities and reduced widths of 
the levels in this energy range. The results of the 
analysis are given in Table II. In cases where it was not 
possible to make a definite choice of spin, the less likely 
assignments have been indicated by enclosure in paren- 
theses. Values for the excitation energy and the charac- 
teristic energy Ey are given with respect to the F" 
ground state. 
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Fic. 8. Energy levels of f°. Levels found in the present experi- 
ment are shown in the energy level diagram on the left. The energy 
level diagram on the right shows the information available from 
other experiments. 


An assignment of $+ was strongly suggested for the 
5.476-Mev level found by Price® through the experiment 
N'(a,y)F". This assignment is fully confirmed by the 
present experiment. An additional level reported by 
Price at 5.455-Mev excitation, having a width less than 
1 kev, was too narrow to be resolved. Harlow et al.,'° 
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who studied the reaction O'%(d,n)F", using the “counter 
ratio method,” reported a level at 6.18 Mev. This level 
was tentatively assigned a spin of either 3 or }. It is 
probable that this level corresponds to our 3+ level at 
6.23 Mev. The level at 6.07 Mev was observed by 
Hossain and Kama!” in the inelastic scattering of pro- 
tons from F". These workers also made a doubtful 
identification of a level at 6.50 Mev. Both the level at 
6.07 Mev and the level at 6.50 Mev, which is actually a 
closely spaced doublet, were observed in the present 
experiment. More recently, Butler ef al." have studied 
the excited states of F'* by observing y-ray thresholds in 
the O'8(d,ny)F" reaction. This work has lead to the 
identification of levels at 6.05, 6.21, 6.26, 7.40, 7.67, and 
8.11 Mev. With the exception of the 7.40-Mev level, 
these levels are in close agreement with levels found in 
the present experiment. As is pointed out by Butler 
et al., the absence of the 7.40-Mev level may be ex- 
plained if it has an isotopic spin of 3. 
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In order to establish how e, the 2°—<A?® relative parity, can be measured from actual bubble chamber 
experiments featuring polarized =° production and decay, followed by A® decay and y-pair production or 
Dalitz pair in the 2° decay, we constructed a correlation function depending on ¢, another unknown pa 
rameter to be measured in the same experiment, and the energy and momenta of the different particles 
involved. Our study is Lorentz covariant, but the link with the usual “nonrelativistic” formalism is ex 
hibited. In an Appendix it is shown that the polarization of =° produced in +~+p* reactions is expected 


to be large. 





INTRODUCTION 


INCE the 2° decay is not due to weak coupling, 

it very likely conserves parity and it can be a tool 
to measure the 2°—A° relative parity. This has been 
proposed by several authors'* who have shown the 
existence of two different relations between the three 
particle polarizations depending on the sign of ¢, the 
>°—A° relative parity. 

The aim of this work is to show how e can effectively 
be measured from an actual bubble-chamber experi- 
ment. For this we shall construct a correlation function 
whose variables are: ¢, another unknown parameter 
denoted by an (such that —1<an<1) which is to be 
determined by the same experiment, and the energy 
and momenta of the different involved particles. 

Our study will be entirely Lorentz covariant. Indeed 
this is certainly the simplest way to compute the 
necessary corrections from a nonrelativistic treatment. 
However, since such a “nonrelativistic” treatment of 
polarization seems still to occur more frequently in the 
published literature, at every step of our computation 
we shall explicitly exhibit the link between the two 
formalisms. 


1. Type of Required Experiment 


In the experiment, the 2° must be polarized. Since it 
is produced by couplings assumed to preserve P and T 
invariance, the production reaction (on an unpolarized 
target at rest) must contain at least two linearly 
independent particle momenta. This excludes, for 
instance, 2° production by A~ mesons stopped in 
hydrogen, but admits the collision 


K-+ pt — 2°+-2°, (1) 


Other examples of possible reactions for the production 
of polarized 2° are: 


a+ pt— D+ K®, (2) 


* On leave of absence from the University of Teheran, Teheran, 
Iran. 

1G. Feldman and T. Fulton, Nuclear Phys. 8, 106 (1958). 

2 We recently learned of two papers, one by J. Sucher and G. 
A. Snow [Nuovo cimento (to be published) ]; the other by N. 
Byers and H. Burkhardt [Phys. Rev. (to be published) ] on the 
same subject, mainly based on the study of the Dalitz pair 
decay of the 2°. 

3 See also R. Gatto, Phys. Rev. 109, 610 (1958). 


stopped A-: 
K~-+d+ — 2°+ pt+r 
or 
K-+d*+ > >°+-n+ 7° 


(difficult to analyze). 

Due to the large asymmetry in 2+ — p++-r° decay,! 
it is known that the 2+ produced in reactions similar to 
that of Eq. (3) are unpolarized,® but those produced in 
the reaction r++ pt — =++AK*, which corresponds to 
Eq. (2) by charge independence, with a one-Gev 
m*-beam, have a degree of polarization‘ | y,| >0.7+0.3. 
We shall show in the Appendix that the present 
experimental data on cross sections for 2+: pro- 
duction® in reactions similar to that of Eq. (2) imply 
a similar high degree of polarization for the 2° produced 
in the reaction of Eq. (2) with a one-Gev 2 beam. 
This favors the choice of reaction (2) for the proposed 
experiment. On the other hand, we shall see in Sec. 9 
that a measure of a lower bound of |n!, the degree of 
polarization of 2°, will be a necessary by-product of 
the measurement of e. 

In the decay of a polarized Y° into A°+-¥ both final 
particles are polarized, but only the correlation between 
the photon transverse polarization and the A®° polar- 
ization depends on ¢. The only possible way to measure 
such a correlation by present day experimental tech- 
niques is to observe in the same decay, the products of 
the A° disintegration and an electron pair produced by 
the photon. A schematic diagram of the corresponding 
bubble-chamber picture is drawn in Fig. 1(a) (for the 
case of reaction 2). The electron pair can be produced 
directly by =°— A°+ ++ e-. It is then called a Dalitz 
pair; the virtual photon producing it is quasi-real. 
Although the branching ratio 


D9 A+ ette, 
relative to 
> = A°+-74, 


is not large (it has been computed! and found to be 


‘PD. Glaser, Ninth Annual International Conference on High 
Energy Physics, Kiev, 1959. 

5 L. Alvarez, Ninth Annual International Conference on High- 
Energy Physics, Kiev, 1959. 

°F. S. Crawford, Jr., R. L. 
Kalbfleisch, M. L. Stevenson, and H. K 
Letters 3, 394 (1959). 

7G. Feinberg, Phys. Rev. 109, 1019 (1958) 


Douglass, M. L. Good, G. R. 
Ticho, Phys. Rev. 
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1/182 for e=1 and 1/161 for e=—1), the Dalitz pairs 
are somewhat more convenient for the measurement of 
the polarization correlation. So we establish the corre- 
lation function for both cases: ordinary electron pairs 
and Dalitz pairs. In the latter case the schematic 
diagram of the corresponding bubble-chamber picture 
is drawn in Fig. 1(b). 


2. Method of Theoretical Analysis 


(See Bernstein and Michel* for a somewhat similar 
analysis.) 

The polarization state of the Y° is represented by a 
2 by 2 density matrix py. The S matrix for the decay 
is computed up to a factor. Then R= SpzS' is the 4 by 
4 density matrix which describes the polarization of 
the y—A® system. The A®° decay as a A°-polarization 
analyzer, and pair production as analyzer for plane 
polarization of the photon, are represented by 2 by 2 
Hermitian matrices, denoted, respectively, by Aa and 
B,. Then F(e)=TrR(B,@Aa4) is the correlation func- 
tion we want to compute, where @ means the direct 
product of the two matrices. 

More than eight particles are involved in the schemes 
of Fig. 1(a) or 1(b). In order to avoid for each physical 
quantity the use of an index indicating to which 
particle it belongs, we have to use many different 
letters. Table I is a complete summary of our notation. 


3. Covariant Description of Spin } 
Particle Polarization 


For a given energy momentum ) we can choose two 
orthogonal states of polarization represented by the 
normed kets +) and —) denoted by A) with (A,u)=4,,. 
An arbitrary pure polarization state is represented by 
the normalized ket £)=& A), where (£| &)= | &|2+|&!? 
= Tré)(¢=1. One can also represent it by the projector 
into &), ie., —&{€=3(1+¢.4), where 7 are the three 
Pauli matrices, {.* is a shorthand for >>; {ir and 
(=(&et)=TreéXé is the mean value of ¢ for the state 
£). The normalization yields }>;¢?=1. The projector 
£)(é is called the density matrix of the state. 

If we do not consider pure states only but include 
partially polarized states, the density matrix for the 
polarization of the particle is still 


p=3(1+¢.), 
but then 
O<¢ |g] = (2s t7)'<1, (5) 


for |%| is the degree of polarization. The set of three ¢;, 
i.e., €=Trpt is called the “Stokes vector.” For a 
particle at rest, « represents the spin operator (actually 
it is twice the infinitesimal rotation operator) and {, 
its mean value, is a genuine pseudovector in the 
three-dimensional space. 


For a spin } particle of energy-momentum }, it is 


8 J. Bernstein and L. Michel, Phys. Rev. 118, 871 (1960). 


PARITY 


FROM 2° DECAY 








(b) 


Fic. 1. (a) Schematic diagram of bubble chamber picture of 
» A°-+-y decay. The notation for energy-momenta is indicated. 
(b) Schematic diagram of bubble chamber picture of 2°— A® 


+e+e. 


vo 


known*™ that the polarization can be described by a 
pseudo four-vector 8 such that 


p-8=0 and (—#*)!=|8|=degree of polarization. (6) 


The relation between 8 and ¢@ is the following. A 
right-handed orthonormal basis in space-time is a set 
of 4 vectors n™ such that 


1 - 119) = gab, (7) 


(here we choose + — — — for the space-time metric), 
and 
1 


— duro (@y Oy Yn, —— ew 75 (8) 
! 


where ¢“”? is the completely antisymmetrical tensor 


®L. Michel and A. S. Wightman, Phys. Rev. 98, 1190 (1955). 
1 C, Bouchiat and L. Michel, Nuclear Phys. 5, 416 (1958). 
1 L. Michel, Suppl. Nuovo cimento 14, 95 (1959). 
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TABLE I. Complete summary of notations. 


Particle Beam 


Dalitz 
pair 


Decay product 
of A° 


¥ pt a € ¢ 


Ordinary 
pair 





Mass 

Momentum 

Energy-momentum four-vectors 
Covariant polarization 
Polarization Stokes vector 


0 m mn Me 


q oh + P- P+’ 
q=mn q’=nW , ; y.’ 


k 
e 
x 





Units time-like vectors used: 
= (1,0), u’, u, w, w’ defined above. 
Units space-like vectors used: 
n®, n®, n®, n’@ [defined in Sec. 5, mainly Eq. (33)]; 
bd, ¢, a= Kw” [see Eq. (43) ]; 
b defined in (50). 
In lab, }= (0,5) with = (p»X p’)/(| psX p’|). 
Numerical constants introduced: 
K,= (M+ M?)/(M"— M?*) = 15.326; 
K2=2MM'/(M"— M?) =15.294; 
K?Y—K?=1. 
K3=2MyulA(M,m,y) }+=1.397; 
K y= (M?— m+?) /2Mu=1.230; 
where 
A(M,m,p) = (M+m+p) (M+m—p)(M—m+p)(M—m—yp). 
Parameters 7, a, 8 satisfy —i<n, a, 81; e=-+1. 
Orthogonality relation between four-vectors: 
n® 72 =n). 7@ = 1-79 =n). 7’O=n®- 7’@ =O; 
n®-p’=n®-p=n)-f=n®-p’=n®-p=n®-f=0; 
e-f=0=6-f, d-t=d-p=d-u’=0 


a-u=0. 





with e°!?%=1, The completeness relation yields 
Lapny'n, © = gyy. (9) 


For the particle with energy momentum p and mass m, 
let u=p/m, and n with i=1, 2, 3, be such a right- 
handed orthonormal base that we shall call shortly a 
“tetrad.” Then the ¢; are the components of 8 in this 


tetrad: 
6=>>- 60, (10) 


hence, from Eq. (7) 


f=—8-n, (11) 
Using the square dot .« notation for >°;, { for the set 
of ¢;, and n for the set of n, Eqs. (10) and (11) can 
be written: 

8=Tn and (=—8-n. (12)—(13) 
We obtain for the square of the degree of polarization, 
the equivalent expressions: 


|$|*= -—#=—8-8=D i f?=Cf=C=|¢|* (14) 


With these notations, the covariant expression for the 


Relation between vectors: 
Definition: 
n@=Kyu’—Kou; n®=—K,u+Kon’; 


a= K3w”" = K;(w’— Kyu). 


Conservation of energy and momentum 
In 2° —> A®°+7: 


M'w’'=Mu+t 1-u’=K,/Ko; 


implies 


in Ao — pt+r-: 


Mu=mw+pw’ implies w'-u=K,; 
in 2° A®+et+e-: 


Mu=Mu-+r 


, 


with r=p,’+p_’. 
Furthermore, for that decay 
n’@=Ky’u’—Ke'u; n®=—K;,’ 
with 
K,’=(M"+ M?—2+°)[A(M’,M,x) }; 
K2'=2MM'(A(M’',M,x))-#; A(M'M,a 
u-u’=K,'/Ke’; K,"*—K,"=1; 
b-u’=b-u=b-p,’=b-p_’=0. 


) defined above; 


by 2 density matrix written in Eq. (4), is 


p=3(1—8- noe) = 3 (1-8-0 7), (15) 


This is the expression we shall use for the density 
matrix of the A°-particle (we assume that both 2 and 
A hyperons have spin 3). As we already pointed out, 
from P and T invariance for the production reaction, 
only the direction of the 2 polarization is known, but 
its sign and its degree are not. In the “nonrelativistic” 
notation, the direction of the 2° polarization is given 
by the unit vector 6= p,X p’/p,| Xp’| (see Table I for 
notations) and the polarization Stokes vector is =n, 
where —1< <1, 9 standing for the unknown polar- 
ization degree and sign. The corresponding vector 
covariant to 6 is the unit space-like vector orthogonal 
to p beam, ) target, ps=p’ [and right-handed with 
them; i.e., the unit vector obtained by normalizing 
e“”? (4), (Pz)P’, |. In the laboratory system, the target 
is at rest, the 2° polarization is transverse, and }= (0,5) 
as written in Table I. So the density matrix for the 
polarization of the £° is 


ps=3(1+75.2)=43(1—nd-n’ .t)=4(1—8'- 2), (16) 


if we denote by u’, n’ a tetrad associated with the D°. 
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4. Covariant Description of Photon 
Polarization 


Since a photon of given momentum has two linearly 
independent states of polarization, its 2 by 2 density 
matrix for polarization is similar to that of spin 34 
particles. Let us choose for basic states A), with A=+, 
the right and left circular polarization. An arbitrary 
pure state of polarization is )=& A) and the density 
matrix is £X=p,=4(1+ 7.) with y=(éeé) and y=1. 
Since r3 is diagonal, ys=-+1 corresponds to pure right 
circular polarization, ys=—1 to pure left circular 
polarization, and y;=0 to plane polarization. 

For partial polarization, the density matrix has the 
same form: 

py=3 (1+ 7-2), (17) 
where 


O< | y| = (7°)!=degree of polarization¢ 1. (18) 
Although the three numbers 7; can never be the 
components of a vector, their set y is often called the 
“Stokes vector” since (three linear combinations of) 
the y; were introduced by Stokes” in 1852. The use 
of 7; is well spread nowadays."*-"4 

We recall here how the Stokes vector is related to 
the covariant formalism," since the situation is now 
radically different from that of spin 4 particles. 

One shows that y;3 is a pseudoscalar and y,=(y? 
+7’)! is a scalar for the Lorentz group, so instead, to 
use the vocabulary of elliptical polarization we shall 
call y-=|y3| and y, the degrees of circular and plane 
polarization. 

Since f=0 there are only two other linearly inde- 
pendent four-vectors orthogonal to f; we denote them 
by n™ and n®; they satisfy 


s=1, 2: 
P=f-n=0, —n-n=6,, k-nXn®>0. (19) 


Note that the n are defined up to an arbitrary 
component along f. The photon polarization vector 


e= & n+ Eon, (20) 


which describes pure states of polarization, is a genuine 
vector orthogonal to f and defined up to a component 
along f [in the choice e= (0,e), e is proportional to the 
photon electric vector] but its length is defined in an 
Hermitian metric: 


(e,e)=1= | £:|2+ | &2]?. (21) 


In a real base, such as (19), we can define the complex 
conjugated vector: e*=£,*n+é£,*n®, and we have 
the following identity for vectors orthogonal to fF: 


(a,b) = —a*-b. 


12 G. G. Stokes, Proc. Cambridge Phil. Soc. 9, 399 (1852). 

8 U. Fano, J. Opt. Soc. Am. 39, 859 (1949) and Revs. Modern 
Phys. 29, 74 (1957). 

J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Publishing Company, Inc., Reading, 
Massachusetts, 1955), p. 42. 


(22) 
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The circular polarization vector, 


1 
e4=—(n+in), 
v2 


(23) 
satisfies 


(€y,€,) = 5.,= —ea*-e, and e¢*=e. (24) 


Then, the polarization vector can be expanded: 


e= &ey, (25) 


where 


1 
& = (€n,€) =—(E1— tAE2) = —€*-€. 
v2 


(26) 


The & are also the component of the representative 
ket introduced in the beginning of this section. Using 
this isomorphism between £) and ¢, we can construct 
the density matrix in terms of a tensor orthogonal to 
f. For a pure state, 


p= —e@e*= —$ (1+ yot)r,,C.@e,*. (27) 


The right-hand side represents also partial polarization 
when 0<¢ |y| <1. 

Indeed, in this isomorphism the unit matrix represents 
the tensor 


[= yo by pe,_@e,*= —Yij 6 NO@n™, (28) 


and the Pauli matrices represent the tensors 


Pr=— Da (t™) ayer @e,* 
(29) 
Pil = — Lis(rig NO On, 


depending on which basis (¢, or m®) is chosen for 
polarization vectors. We leave it to the reader to 
prove that 

= Py, P,= Py’, P;=P,’, (30) 
and that a photon density matrix can always be 
written covariantly as 


p= 31 (1—y)—2ye@e*], (31) 


where y is the degree of polarization and e a unit 
complex vector (i.e., —¢-e*=1) orthogonal to Ff (it is 
defined up to a component along f). 


5. The (up to a Factor) S Matrix 
for &° Decay 


To express § explicitly in a chosen basis, we have 
first to choose the tetrads associated with 2° and A®. 
Let us consider the 2°—>A°+y decay with given 
energy-momenta which satisfy 


p’=M'u’=p+f=Mut+t. (32) 


We shall choose n’ =n and n’®=n® in the 2-plane 
(i.e., the two-dimensional plane) orthogonal to u’, u, f 
and such that they satisfy (19). Then m3’ and nz are 
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completely determined ; indeed, 
—Kw+Ka', (33) 


where K, and K» are constants defined in Table I. 
We denote by @), A), ¥ \=y=+1) the kets 
representing the states of 2°, A°, y with energy-momen- 
tum and polarization: p’, on’ for =°; p, An® for A°; 
f, circular polarization ¢, for y. 

These form a complete base for the polarization 
states of the considered decay. Furthermore they are 
proper states of all the transformations of the one- 
parameter group R,’ defined as the set of all transfor- 
mations of the connected Lorentz group which leave 
invariant every four-vector of the 2-plane which 
contains p’, p, and f. The group R,’ is isomorphic to 
the rotation group R». Invariance 


n;'=Ky’—K.u and ns; 


(with o 


two-dimensional 0 
under this group implies conservation of one component 
of angular momentum and it requires for the S-matrix 
elements defined by 
V)@A)=Syr,09), (34) 


, 


that all be equal to 0 except S,_,=¢ and S_,-=¢". 
A mirroring which leaves invariant the 2-plane p’, p, Ff, 
exchanges these two S-matrix elements and parity 
conservation requires 
; = 
yg’ = — eg. 
Therefore, up to a factor, S is of the form 


0} 
0 | 


U —«€ | 
0 0 | 


6. The Density Matrix R for the Polarization 
of the ~— A° System 
The density matrix for the polarization of the y—A° 
system is 


R SpySt, (36) 


where px is written in (16). Explicitly 
(0 0 0 
1+76; — en(5;— id.) 


— en(6;+ 162) 1—Ané; 
0 0 


R(€)=}4[1@1—173@734+6;(7381—1@r3) 
— en{ 61(718 114+ 728 72) — §2(719 72—72@71)} J. (38) 


The symbol @ indicates the tensor (or Kronecker) 
product. If p; and o; are the usual Dirac matrices (see 


for instance Dirac’s book), then p;=7;@1, ¢j;=1@r;, 
and therefore pio ;= 7;®7;. 
The unknown quantities in R are ¢ and 7, the sign 


and degree of 2° polarization. 
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7. The A° Decay as A°-Polarization Analyzer 


An observable is described by an Hermitian operator. 
For a polarization analyzer the part of the Hermitian 
operator corresponding to the polarization of a spin 4 
matrix with well-defined momentum is a 2 by 2 Her- 
mitian matrix which can be written 


A= x(1+a.*), (39) 


and the probability of “counting” the particle whose 
polarization matrix is p [ written in (4) ] is 


TrAp=x(1+a. 8). (40) 


This shows that x is the probability (or counting rate 
or cross section, etc.) for the observation of unpolarized 
particles and that 0< eo < 
of the polarization analyzer and the direction of a 
corresponds to the “‘setting” of this apparatus. In the 
following we shall use a unit “Stokes vector” % for the 
description of the setting of the apparatus; then 


1; indeed | a! is the efficiency 


@=ar with da?=1. (41) 


This is more adapted to the physical situation, because 
the sign of a is not known in A® decay. The covariant 
corresponding to 2 is the unit four-vector defined 
[compare to Eq. (12) } by 


a=Acl; (42) 


so the covariant form of the matrix A defined in 
Eq. (39) is 


A=(1—aa-net), (43) 


and, with p given in (15 
(44) 
Mu 


and polarization 8 decaying into a proton and a 
with mio and q’=plv’. 
Spin 4 for the A° implies that the transition probability 
is linear in 8 and nonconservation of parity implies that 
it is the sum of a scalar and of a pseudoscalar; its most 
general form is therefore (1—aK3\v’-8). The choice of 
vy’ and not of Ww is in agreement with general use.* Only 
w’’=1p’— (u-tw’)u, the component of 1’ orthogonal to 
u, is significant. The constant K; is such that K;iv”’ is 
a unit vector and so —1<a<1. The value of Kz; is 
given in Table I. 

The comparison of the A° decay rate with (44) shows 
that the matrix A, representing A°-decay as A°-polariza- 
tion analyzer is proportional to 


TrAp= (1—aa-8). 


Let us consider a A® with energy momentum p 


meson energy-momenta q 


A=1—aK,Ww"-n.et=1—aK gv’: tet. (45) 


Let na be the transverse polarization of the A-hyperon 
particle produced in a given reaction (n,>0 if the 
polarization ¢ is along the direction +p, pa, and 
na<O if @ is along the direction — p,X pa). 
asymmetry measurements for A® decay have yielded 


anx=0.73+0.14; this value is a lower limit on |a| 


Some 
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(and most physicists believe that |a|=1). As we shall 
see, we do not need the sign of a, but the product ay 
(we recall that y is the sign and degree of 2° polariza- 
tion) will have to be measured in the same experiment. 


8. Pair Production as y-Plane 
Polarization Analyzer 
As Stokes pointed out more than a century ago, a 
light polarization analyzer is to be described by a 2 by 
2 Hermitian matrix. We can write it as in (39): B 
=x(1+6.*) and then, with (17), we find for the 
“counting” rate: 


TrBp,=x(1+ Bey); 
or we can write B as in Eq. (31), namely: 


B= {J (1—8)—286@b*], 


(46) 


(47) 
where 8 is the efficiency of the process as polarization 
analyzer and the unit vector b is the “setting.” The 
transition rate is then 
TrBp,=x(1—By+2By|b-e*!*). 


If 6b and/or e are real (as it is in the case of plane 
polarization) this can be written: 


(48) 


TrBp,= (1+ 87 cos2¢), (49) 


where cos#= —e¢-b. 

In the proposed experiment we are not interested in 
the photon circular polarization since in (38) the 
coefficients of 73 matrices, which correspond to y-circular 
polarization, do not contain «. Note, however, that if 
this circular polarization measurement can be per- 
formed, it would give the value of both @ and 7 sepa- 
rately (including their sign). This would be a very 
important result. However, this experiment cannot be 
performed, with present experimental techniques, in a 
bubble chamber. For instance, pair production is a 
poor analyzer of the circular polarization of high-energy 
photons (efficiency 8 of the order of m,/E,). On the 
other hand, Dalitz pairs do not analyze circular 
polarization. 

The most efficient phenomenon for analyzing high- 
energy photon plane polarization seems to be electron 
pair production. (Compton scattering has a too low 8, 
nuclear photoeffects a too low x.) The corresponding 8 
and 6 are complicated functions of f, p*+, p~. We shall 
not give them explicitly. However, the angles between 
k, p,, p— are difficult to measure (they are small and 
there is multiple scattering). If the only measured 
angle is @,, the azimuth around k of the normal (p,X p_) 
of the plane of the pair, then b= (0,b), with b the unit 
vector of 


(k- p,) (kX p_)— (k- p_) (kX p,), (50) 


and the corresponding 8 has been computed by Karl- 
son.!® Figure 2 gives 8 for 66-Mev photons, as a function 


16 EF, Karlson, Arkiv Fysik 13, 1 (1957). 
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te 








Fic. 2. The efficiency 8(y) as plane polarization analyzer for 


ordinary electron pair; from Karlson, reference 15. 


of (E,—E_)/(E,+£_), the repartition of energy in 
the pair.'® 


9. Correlation Functions for &° — A°+y Decay 

We have to define a notation for “partial traces.” 
Consider a 4 by 4 matrix Z=)>°; c,T';@A;, where I; and 
A; are 2 by 2 matrices. We define 


TrrZ=Dj¢(TI YA, TrZ=Di¢(TrAT,. (51) 


We verify that 

TrZ=Trp(TraZ) = Tra(TrrZ) => ¢¢;(Trl';) (TrA,). (52) 
The matrix R, Eq. (37) or (38), contains all possible 

information concerning the particle polarizations. For 

instance, if we observe the A® by the analyzer repre- 

sented by Aq, the photon is in the state TraR(1@Aa4). 
Conversely, let us suppose that we do not observe 

the y-polarization (B,=1). Then the A® polarization 


is described by 


Tr,R=3(1—nd3r3)=3(1+nd-0’ 73) 
=$(1—Ky.d-u:r3), (53) 


and the correlation function yielded by A® decay only 
(nonobservation of the y) is then 


H=TrR(1@Axa)=Tr(Aa Tr,R), 
H=1+anK.K3d- uv’ -n, 
H=1+oanK 2K 30-u(K.w’-u’—K,K,). 


(54) 


This correlation function shows how an can be 
measured. While a is a universal constant characterizing 
A°® decay, » is expected to be a function of the beam 
energy and the angle of production of > or,‘in terms of 
four-vectors, a function of », and wu’. (See also the 
Appendix.) 


16 The sign of 8 has been the subject of some controversy ; see, 
e.g., T. H. Berlin and L. Madansky, Phys. Rev. 78, 623 (1950), 
G. C. Wick, Phys. Rev. 81, 467 (1951), and reference 17. It is 
true, indeed, that the sign of 8 is opposite for ordinary pairs 
(8<0) and for Dalitz pairs (@>0) as we shall see in Sec. 10. 
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Instead, to compute directly the final correlation 
function F(e), let us proceed by steps. If the A° decay 
is observed, what is the polarization state of the y? 
py= TraR(1@Aa)= k{ 1—and363+ (nd3—aA,)T3 

— can (5:d1—5:d2) 71+ (52+ H.'Q)75]}. (55) 
The terms (né3;—aA3)73 are for partial circular polar- 
ization. In this section we are interested only in the 
plane polarization and we shall drop these 73 terms. 

Then Eq. (55) can be written, with J defined in 
Eq. (28) and H in Eq. (54): 


py=2LH+ can(—d-J-0+d@a) J, 


(56) 
where 


d-J-a=d-a+(d-n™)(a-n’@ 

= K,[d-w’—K2d-u(Kyw’-u’—K2K,) }. 
The use of Eq. (47) for B gives us the correlation 
function F as 
6B 


1+ 
P()=1- Kean] KiG-+« —(d-w’+K,G) 
) 


+90-bo-w'| (57) 


F"(e)=1—anK [KGte 


where G is given in (58). 

We can also write F(e) in a form similar to (49), 
which shows better its structure and also its relation 
with noncovariant formalism: 


F (e)= 1—an[.cos8; cos#.+ €8 sin®; sind, cos2¢ |, 


where 


26= 26.—$1— $2, (65) 


and the quantities 0;, 02, da, ¢:, and @» are defined as 


follows: 
—d-n® = §;=cosh,, 

—d-n” = 6;=sind; cos, 
—d-n®=sind, sing, 

_ K3w'-n 3} =)3= cosbo, 

— Kv’ -n™ =), =sinb, cosds, 

— KW’ -n® =sind, sings, 
—b-n™ = cosd,, 


(06) 


—b-n®=sing,. 


Except for an arbitrary and immaterial parameter 
(origin of the azimuth around k) for n™, the vectors 
n®, n®, n®, and n’ have been defined in paragraph 5. 

The usual “nonrelativistic” treatment proceeds as 
follows: Let us suppose the photon with a plane polar- 
ization @ corresponding to the azimuth ¢ around k, 


AND H. 
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where 


G=0-1(K,K4y—Kow’-w), (58) 


and b is defined in (50) and 6 drawn in Fig. 2. 

For the sake of completeness we also give F as a 
function of p, and p_ although it has no practical value 
for the discussed experiment. In the literature, the 
cross section for electron pair production by a totally 
plane polarized photon is given by (see May,!’ also 
reference 14, p. 374) (up to a factor) 


D—(r-e)?+(r’-¢)? (59) 


where t= (1,0), 
|kX(p.+p_)!* 
(f-p,.)(f-p_) 


1 
r’=|k—p,—p ( p 
E-p 


The corresponding 2 by 2 matrix is 


) 


ie 


f-p 


B’,=DI+r@r—-1'@r’. 
The cross section for unpolarized photons is 
2 TrB’,=3(2D+—r"), 


and the corresponding correlation function F’ is 


(0-1y’+K,G)(D+r?—r)— (0-41) (w’- rt) + (d-r’) (w’-r’) 


’ 


2D+1v?—r? 
i.e. [see (26) ] 


e= (n™ coso+n™ sind) 


where y= +1. 
The S matrix between 2° and A’ polarization states 
is then [see (34) ] S’ such that 


\)=S"1.0), 
with 


or 


Q —ec 
vas'= ( 
e'? - J 


=T) Cosp+Te sing 


. 7 
= -il, cos( o+ )+r sin( 6 +) 
) 


when e=1. 


when e«=—1 


(70) 


17M. M. May, Phys. Rev. 84, 265 (1951). 
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This can be written, up to a factor, 
—1, (71) 


(72) 


S’=(-e’), when e= e’=e 


when e¢=1, 


e’=kXe/|k!. 


Generally, physicists postulate directly these forms 
of S’ on parity conservation and “rotational invariance” 
grounds. It is very clear how this has to be interpreted. 

Using pz in (16), we can compute 


pr=S'pyS't=4S! (1+-nb02)S't=4(14+Ce), (73) 


where 
(= —n[_b—2e’(e’ 5) ]. (74) 


In plain words, the A°-polarization is obtained from 
>°-polarization by a rotation of x around e’. We obtain 
easily F(e) as in (64) if we take Tr,R1/2(1+y.t)@Aa 
with yi;=£ cos2@q, y2=8 sin2¢a, y3=0. We have also 
explicitly displayed the relativistic meaning of the three- 
component Stokes vectors used in the so-called 
relativistic” formalism. 


**non- 


10. Correlation Functions for 2° — A®°+et+e 
Decay 


Although they are rare, decays with a Dalitz pair 
are much more interesting from the experimental point 
of view. Indeed the angle between p’, and p_’ is larger, 
on the average, than that for ordinary pairs, so the 
direction of the normal to the plane of the pair can be 
determined for Dalitz pairs while multiple scattering 
make this barely possible for ordinary pairs in a 
hydrogen bubble chamber. Also, as we shall see, the 
efficiency 8 of the Dalitz pair as a plane polarization 
analyzer is greater. 

A refined theoretical treatment of the =°— A°+e* 
+e«- decay'* would require the determination of the 
two independent form factors (for each value of e) of 
the >°—A° current. However, as is seen from Kroll and 
Wada’s® study of the general problem of Dalitz pairs, 
the azimuthal distribution of the plane of the pair is 
not sensitive to the detailed structure of the form 
factors. 

In this section we shall give the value of 6 as a 
function of p,’ and p_’. For this, we define (asin reference 
19) 

rm.=p+'+p', (75) 


so that 2?=y7? is the square of the 
mass (in electron mass units) 


y= (E/—E,’)/|p,'+p_'|, 


[in practice y is the energy partition (E_’—E,’)/ 
(E_'+E,’) of the pair ]. 
Except for a slight modification of the constants K, 


18 This is being done by one of us (H.R.). This paper is part 
of a work submitted as his thesis to the University of Paris. 
19 N. Kroll and W. Wada, Phys. Rev. 98, 1355 (1955). 


“virtual photon” 


(76) 
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and Kz in Eq. (33) which defines n, and n;’ (see Table 
I): 

= (M"+ M?—2x*)[A(M’,M,|r|) TF! 


77 
K,!=2MM'[A(M',M,x)}. 4 


(This modification can be forgotten in the experi- 
mental analysis since (*?)<<M?.) Equations (57), (58), 
(64), (65), and (66) are valid for Dalitz pairs. In these 
equations, 6 is the unit vector (its sign is irrelevant) 
orthogonal to the decay plane. 


b-u’=b-u=b-p,’=b-p_’= (78) 


We define: 

N=(M'—M)/(M'+M)=0.03, 

X= (M'—M)/m,.= 147, 

Y= (1—4/22)}. 
Then if we do again the computations in reference 19, 
without integration over ¢, the azimuth of the normal 


to the plane of the pair, the transition probability, up 
to a factor, for the 2° — A°+ «++ e~ decay is 


Xx Y 
Ce f dx f dyl1— (x/X)2(1+N2)+N2(x/X)*} 
2 Y 


<[1—2N2(1+.N) 


4 4 
x | Ral ( -+1 t#)- ( worl +s) cos | 
x “ 


+2R1i(1— y?) (1 +N)? (a/. 


'(x/X)? |x 


X)*L1+N(«/XP}*t, (79) 


where Rr and R, are defined in Eq. (7) of reference 19. 
While the computation of these quantities'® is in 
progress, their dependence on x? does not greatly affect 
the value of 8 and the contribution of Rz is negligible 
compared to that of Rr. We shall neglect NV compared 
to 1 (V<1/30) and the dependence of Rr on e. Then 
(79) reads [in analogy with Eq. (49) ] 


x Y 
ce f ax f C(x,y)(1+8 cos2¢), 
9 = 
where ‘ 


C(x,y)=[1— (x/X)* [4 +-2°(1+5")], 


(80) 


(81) 


(82) 


~ X(1+y) +4 


This is the value of 8 to be used in Eq. (57), (58), or (64), 
(65) and (66). 
Integration over y yields 


x 
Ca f dx[1— (x%/X)? }*(1—4/2*) ta 


X[1+ (2/2*)—}(1—4/a*) cos2g]. (83) 
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If we define 


X Y 
o)= f f dxdy C(x,y)8%(x,9) / 
¢ ¥.yY 
S a¥ 
ff aaycees), (84) 
2 ¥-y 


then we find (8)=0.44 which is much better than that 
for an ordinary pair (see Fig. 1; the corresponding (8) is 
about —0.1). If each event is weighted according to its 
efficiency, the weighted average of 6 is then (8*)/(6?) 
=().8 which is indeed a very promising value. 


CONCLUSION 


The ° is the only hyperon which does not decay 
via weak couplings. Theoretically, its decay can yield 
important information of several kinds. For instance, 
only the assumption of angular momentum conservation 
implies that the =° polarization m and the asymmetry 
parameter @ in the subsequent A° decay could be in 
principle determined. But only the product am can be 
easily measured. However, this is an important item of 
information. Let us call a,, a,’, a, a the asymmetry 
in the decays 2+ — pt+7°, 2+ n+nt, S- a+r, 
A— pt+a-, and n,, m0, 7, na the hyperon polarization, 
at a given energy, in the reaction r+ NV — Y+K, where 
Y is, respectively, 2+, 2°, 2-, A°. The present experi- 
mental data*~® for the a’s and n’s are ayn, =0.7+0.3, 
ayn, ~0, an_~0, ana~0.7340.17. The measurement 
of amo will yield the ratio mo/na and also a lower limit 
of |mo|, which, with that of |y,| and the values of the 
cross sections 04, oo, o_, for r+ p— 2+K, will provide 
a test for charge independence. If, as is likely, isobaric 
spin is a good quantum number in 2, K associated 
production, then the same data will predict a rather 
limited domain of values for n_ which can be used to 
prove that the observed absence of asymmetry in = 
decay is genuine and not due to a lack of polarization. 

This conclusion seems already pointed out by the 
present experimental data. Indeed we show in the 
Appendix that 7,~~7_ for a one-Gev m~ beam; this 
will also yield, with the measurement of am, the 
relative sign of a,/a. Furthermore, some experiments 
are in progress‘ to measure the sign of a (through the 
measurement of the polarization of protons from A° 
decays). The measurement of am, and the relation 
(A.13), will determine the sign of the n’s and of a,. 
Assuming, moreover, parity conservation in 2° decay, 
we then showed the feasibility of the measurement of 
e, the =°—A® relative parity. Should parity be not 
conserved, then the parameter ¢ in our paper will 
satisfy —1<e<1 and be a measure of parity non- 
conservation. 
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APPENDIX 


Polarization of the =° Produced in the Reaction 
~ +p — >°+ K° 


If the proton is unpolarized, one can conclude from 
P and T invariance that the = polarizetion is orthogonal 
to the plane of the reaction. We have represented the 
polarization by the pseudovector nd, where d=(0, 6 
= (p,X pz)/|p.X pz!) and —1<<1. The parameter 
n represents the sign and the degree of the polarization. 
Both are unknown. We shall first study in this Appendix 
what can be deduced for the value of n from the present 
experimental data on the reactions: 


at-+ pt — 2++ Kt 
ie ile Pe Ge 
+e 92 +H", 


(A.1) 
(A.2) 
(A.3) 
and from the hypothesis of charge independence. 

Our argument will be based on the following lemma 
about triangular relations. Let a, 6, and ¢ be three 
positive numbers. The following relations are equiva- 
lent: 

I. a<b+e, b< are, 


II. (a—b—c)(a—b+c)( 


cX<at+s, 
a+6b+< <0, 
or 
i. A(a,b,c)= (a+b +-¢)(a—b+< 
X (a—b—c)(a+b—c)< 
Il. —2ab<S @+0—?< 2ab. 
Note that these relations also imply: 


la—b| <e, a—C <b, b—c <a. 


These relations are called triangular relations. We 
note that A(a,b,c) <0 when a, 6, and ¢ verify a triangular 
relation. 

Lemma 1. lf A(a;,b;,c;) < 
positive numbers, then A((>_; a; 
<0. 

For the proof, let us write relation III for each i and 
add them up; we obtain 


— 2204 aib;< > (a?+b2—c?) < 200i a,b;. 


b;, c:, of 
1 (>0;.¢?)') 


0 for n sets aj, 
a (>; b2 


A.4) 


On the other hand, the following relations are equivalent 
and always satisfied : 


O< & (a6;—a,b,)" 


i<) *~) ix) 


or >. a,b,a;b;< > a2b?, 


— — 


> i; ab,a;b;<>- 


ae a; 


> 5 adi < (>; a?)'()0; 67) , 


2b 7. 





*—-A* RELATIVE 


By transitivity, (A.4) and (A.5) 


= 2(>°; a?) 


yield 


(>; b? isd; a; 24> 5b; 
“Sets 20, ee\M (> ; 673, (A.6) 


which proves the lemma. 
Lemma 2. If 


A(aj,bi,c;) £0 and (¥°;¢?)'= 


= (25 4;) + (2; b? 


then 
and 


ayt+b; 


a; a;=b; bj;=c C3. 
Proof: By squaring (A.7) we obtain the first equality 
in (A.6) and from (A.4), (A.5), and (A.6) we obtain 
—2(>°; a?)'(>; b7)'=—23°; a,b; 
=) (a?+b2—c?). 
The first equality of (A.8) is equivalent to 
a; b: a,t+d; 


or —=—=- 
a; 6; a;+6; 


(A.8) 


2 (a,b;—a,b;)?=0 (A.9) 


The second equality of (A.8) is equivalent to >); ¢? 

= >* (a; +,)? which, combined with relation I for each 
value of i, yields c;=a;+6;. This with (A.9) proves the 
lemma. 

If one assumes charge independence, the amplitude 
for the three reactions (A.1), (A.2), (A.3) for given 
states of energy-momenta and polarizations satisfy the 
linear relation® V2 fo= f, — f_; hence a triangular relation 
A((2a0)', (c4.)3,(o_)*), where og with a=+, 0, —, are 
the corresponding cross sections. 

Lemma 1 shows that this relation is also valid for 
cross sections after summation over the proton polar- 
ization and/or the = polarization. Let o, be the cross 
sections for unpolarized particles. They are only func- 
tions of the energy of the incoming beam (the target 
is at rest) and of the angle of production (angle between 
p, and ps); for each value of these variables, they 
satisfy 

A((2a0)!, (¢+)', (o_)') <0. (A.10) 

The = polarizations ,, m0, n— are functions of the 
same variables. The quantities oa(1l-+-na) (wherea=+, 
0, —) are the cross sections for production of totally 
polarized 2* (with polarization +)D); they satisfy 


A([2o0(1n0) }!, [o4(1-en,) J}, [o-(1n_) }) 


<0. (A.11) 


The quantities already measured (for a beam energy 
around 1.1 Bev) are o;, oo, a— and a lower limit for 
Ins!, ie., |n,| 20.7+0.3 (see references 4, 5, 6). In 
these experimental data the relation 

(2a0)'< (o4)!+ (e_)! (A.12) 


is barely satisfied and a simplifying hypothesis, sug- 
gested in reference 6, is that for all angles (or at least 
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for a large range of @, the angle of production in the 
center-of-mass system), the cross sections satisfy the 


equality in (A.12). Then Lemma 2 tells us that 
(A.13) 


We will now outline the principle of the easiest 
method for obtaining some information on ||. Indeed 
the A® meson produced in Eq. (A.2) is expected to be 
visible in only one third of the bubble-chamber pictures 
(one cannot see 6:° or 6,°-+ 27°). Hence in most 
pictures one can measure only the energy-momentum 
p, of the beam, that of the target : mt= (m,0), and that 
of the A°: Mu. We define a unit time vector wu” and a 
“mass” M” by 


_= no=Nn 


pot+mt=M"'w"’ (A.14) 

Energy-momentum conservation in Eq. (A. 
Mu" = M'u'+uxttk, 

where ux is the K® meson mass. We 


uw’ -u’= (M'?+ M"?—yux’)/2M'M"= (1+ K*)!, (A.16) 


where K= (M"—M'+yux)(M"—M'—yux)/2M'M”. 
Let w”’, [, I’, (” be a tetrad defined by 


2) gives 
(A.15) 


deduce 


=(01) with 
’= (01) 


j= (pp Xu) ‘pp X<ul, 
(px) |p» | ; 


(A.17) 


with I’= (A.18) 


and let @ be the angle of production in the rest-system 
of 2, and ¢ the azimuth of p’ around p,; i.e., 


= (1+ K*)in”’+K siné cos¢l 
+K siné singl’+K cosél’”’ 
and 
d= —I[sing+l’ cos¢. 


When the 2° is not observed, @ and ¢ are unknown, 
but they must satisfy the following relation: 


u-w’ = K,/K.=u-w’ (1+ K*)!+ Ku-l sind cose 


+Ku-{” cosé, (A.19) 


due to the energy-momentum conservation in 2°— A°® 
+y¥ decay. Note that @ is an even function of ¢. When 


the 2° is observed, the A° polarization is given by 
Eq. (53): 


= —K,(d-u)n® = —n(0)Ko(d-u)(—K y+ Kew’) 


=8(¢). (A.20) 


If the 2° is not observed, the A° polarization is then: 


(A.21) 


1 2r 
8=(8(¢))= ~ f 8(y)d¢. 


k 2r 


We leave to the reader to compute: 


or 


(8)=—-I/KK2u- — f n(@) sin? gd ¢. 
0 


2a 
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From argument of invariance under P, T we could 
predict that (8) is transverse and orthogonal to the 
3-plane t, Pp», pa as if the A° were produced directly by 
a +pt—A°+K°. [The proof of 2° production is 


given by 


(Mn —Mu)y?= M'?+m?—2MM"u-w" Aux’). (A.23) 
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vo 


The asymmetry in A° decay even when the 2° is not 


observed is therefore a measure of the function, 


1 2r 
n(@) sin? gd ¢, 
) 
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of the polarization 7 of the >°. 
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«= Scattering from Complex Nuclei* 


R. M. Epetstem,t W. F. BAKer,} AND J. RAINWATER 
Columbia University, New York, New York 
(Received November 29, 1960) 


Differential cross sections were measured for x~-carbon scattering at 69.5 and 87.5 Mev and x~-oxygen 


scattering at 87.5 Mev from 20° to 125° extending the technique of Baker, Rainwater, and Williams 


The 


energy resolution was sufficient to measure pure elastic as well as 5- and 10-Mev inelastic cross sections 
The modified Kisslinger optical-model equation was used to fit the elastic-cross-section data. A x? analysis 
for the 69.5-Mev carbon data gave a nuclear radius parameter r9>= 1.05+-0.02 fermis and a fall-off parameter 
t=1.16+0.07 fermis. These parameters give good fits to the other data as well. An energy dependence in 
the strength parameters for carbon is observed in qualitative agreement with prediction 


I. INTRODUCTION 


EASUREMENTS have been made, using scintil- 

lation counters, of the angular distributions of 
m~ mesons scattered from carbon at 69.5 and 87.5 Mev 
and from oxygen at 87.5 Mev. The experimental work 
is an extension of that of Baker, Rainwater, and 
Williams! (BRW), in which the scattering of 80-Mev x 
mesons from Li, C, Al, and Cu was measured. In their 
experiment, scattered pion energy was determined 
from the range of pions stopped in a counter. This 
technique afforded considerable improvement in energy 
resolution over that obtained previously with coun- 
ters? and cloud chambers.*~? The present experiment 
employed four such counters in succession, the ‘“‘multi- 
counter,” to increase the data-taking rate. The energy 
resolution in either experiment was sufficient to separate 
out pure elastic scattering from all inelastic scattering 
for carbon and oxygen. In the case of lithium, BRW 
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employ the electron scattering data* to argue that the 
contribution of scattering from the first excited state to 
the measured elastic scattering is small. No other levels 
contribute. 

Recent experiments have been performed by Kane,° 
m* scattering from carbon at 31.5 Mev; and Fujii,” 
150-Mev z~ scattering from C, Al, Cu, and Pb. Kane 
measured total pion energy by means of pulse height 
in a scintillation counter with an (absolute) energy 
resolution comparable to our own. Fujii measured 
quasi-elastic scattering into a 15-Mev interval by means 
of total energy determination in a Cerenkov counter 
but could not separate out pure elastic scattering. 

Baker, Byfield, and Rainwater" (BBR) have fitted 
optical model calculations to the data of BRW. The 
optical potential used was a modification of the one of 
Kisslinger.” It removes a nonphysical divergence in the 
unmodified form. The potential includes a term in the 
gradient of the nuclear density which arises from the 
important p-wave contribution to the elemental z- 
nucleon scattering in the nucleus. Hence, the predic- 
tions are particularly sensitive to the nuclear edge 
thickness. The model gives good fits to the data at all 
angles and for nuclear radii consistent with the results 
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- SCATTERING 


of electron scattering.’® The IBM-650 program of BBR 
has been used to fit the data of this experiment. 


II. EXPERIMENTAL PROCEDURE 
A. Detection Apparatus 


The x~-meson beam used in this experiment was 
produced by the 380-Mev Nevis synchrocyclotron. The 
mesons were focused and deflected into the detection 
apparatus by means of a series of a dipole and three 
quadrupole magnets. 

The detection apparatus was laid out as shown in 
ig. 1. All counters were plastic scintillators and each 
was viewed by two RCA-1P21 photomultiplier tubes 
whose outputs were added. Counters 1, 2, and 3 were 
the incoming beam telescope. Counter 3, which was 
# in.X3 in., determined the target size. The carbon 
target thickness, 0.500 in., is equivalent to a 5-Mev loss 
of energy by an 80-Mev pion. The oxygen target was a 
container of water of thickness 0.750 in., the distance 
for a 5-Mev loss in water. The container was a light 
aluminum frame with 0.003-in. aluminum windows. 
3-in. thick slabs of Styrofoam were glued to the windows 
to maintain uniform target thickness. Thus, the total 
thickness of holder material in the beam was 5% by 
weight of the target thickness. The hydrogen contamin- 
ation in the elastic scattering was small. The remaining 
counters and absorbers formed the scattered-beam 
telescope. Counters 4 and 5 detected pions of all 
energies scattered through angle 0, counter 5 defining 
the solid angle and the linear angle subtended by the 
scattered-beam telescope. The distance Ds; was varied 
from 40 in. at small values of @ to 12 in. at large angles 
all other distances in the scattered-beam telescope 
remained fixed—to obtain maximum counting rate 
consistent with good angular resolution. The copper 
absorber slowed the pions so that most stopped in the 
“multicounter,”’ counters 6 to 10, where pion energy 
was measured. The shield prevented all pions scattered 
in counter 3 from reaching the multicounter, except for 
48< 30° where it could be only partially effective. 
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Fic. 1. Detection apparatus. Scattered beam telescope 
rotates in a vertical plane. 
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. 2. Multicounter output circuit. Anticoincidences 
67, 78, 89, 910 are made at the counters. 


The remotely controlled scattering stand used was 
the one described in BRW. The scattered-beam tele- 
scope was mounted on an arm which rotated in a vertical 
plane. The target was always kept in a transmission- 
type geometry and rotated as the arm did to maintain 
¢= 30. By this means, all 7’s scattered through @ 
traversed the same distance in the target, thus main- 
taining energy resolution. This geometry prevents 
measurements for @> 125°. 

The multicounter was used to measure simultaneously 
four points on the differential range curve of the scat- 
tered pion beam by counting stoppings in counters 6, 7, 
8, and 9. The technique is essentially the one described 
in BRW where, however, only one stopping counter was 
used. The scattered beam consists of a beam of elastic- 
ally scattered pions and several inelastic beams, each 
corresponding to a particular excited final state of the 
nucleus. In the analysis, the justification for which is 
described in BRW, these several beams are replaced by 
an elastic and three inelastic beams whose mean 
energies are 5, 10, and 15 Mev less than the mean 
energy of the elastic beam. A beam is “centered” on 
a counter if the counting rate in that counter due to 
that beam is maximized. The shims were adjusted so 
that if the elastic beam was centered on counter 9, the 
other three beams were centered on 8, 7, and 6, 
respectively. 

Stopped pions were identified by the technique em- 
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Fic. 3. Differential range curve for the 69.5-Mev beam (counter 
No. 9). Curve also represents efficiency of counter for beams of 
varying mean energy. 


ployed in BRW. They give large light pulses both 
because of the stars produced upon stopping and the 
high rate of ionization at the end of the range. In addi- 
tion to requiring a large pulse from a given counter for 
coincidence, anticoincidence with the 
succeeding counter. Figure 2 shows the layout of the 
anticoincidence circuits (simple subtraction circuits) 
used to make 67, 78, 89, and 910. Because of the non- 
zero energy resolution width, a beam which is centered 
on one counter gives counts in each of the others. Figure 
3 shows the response of counter 9 to beams of varying 
mean energy. Similar curves were obtained simul- 
taneously in the calibration runs for the other counters 
as well. These calibrations were made varying the 
absorber thickness, which is close to equivalent to 
varying beam energy. It is seen that the energy spread 
measured is +4 Mev. This same spread was obtained 
for both the 69.5- and the 87.5-Mev beam. The multi- 
counter was calibrated every 24 hours and the drift 
was not sufficient to change the calculated cross sections 
by a statistically significant amount. 

In view of the general usefulness of detectors for 
stopping m~ mesons, we may note that BRW originally 
tried using single detectors operated with sufficiently 
low voltages on the photomultipliers so that only very 
large energy release in the scintillator would be detected. 
The use of an anticoincidence member was found to give 
equally good energy resolution with greatly improved 
detection efficiency and improved operating stability. 
The photomultiplier tubes were still operated at reduced 
voltage but closer to the usual operating region. 


was made 
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The contributions to the over-all energy spread from 
the measuring process include the energy spread in the 
incoming beam, range straggling, stars produced in 
flight, scattering in the multicounter, and the energy 
interval corresponding to each counter thickness. The 
tight geometry after counter 5 and the graduated sizes 
of counters 6 to 10 tended to minimize beam losses due 
to multiple scattering in the Cu following counter 5. 
The other effects were necessarily present. In any event, 
the calibration of the multicounter, which measured 
the over-all effective spread, is all that is required in 
order to reduce the raw data. The individual contribu- 
tions to the final spread need not be known since these 
were present both in the calibration and in the data- 
taking runs. Most important, the over-all spread is 
small enough to make feasible the separation of the 
elastic from the inelastic scattering for carbon and 
oxygen. 

The equivalent copper thickness of the target was 
measured for each of the three differential cross-section 
curves during the initial calibration of the multicounter. 
The thickness of the copper absorber was altered for 
each value of @ so that the beam of elastically scattered 
m7 mesons was centered on an counter, which 
for most runs was counter 9. 

The energy of the elastically scattered w leaving the 
target is a function of @ for two reasons: nuclear recoil 
and the change in ionization loss of the w due to the 
increased slant distance traversed in the target by the 
m with increasing 6. The two effects are of comparable 
magnitude for the target thicknesses used. Plotted in 
Fig. 4 is [E,(0°)—E,(@) | vs 6 for the cases of interest 
including the hydrogen in the water. The proper copper 
thickness was calculated, accounting for the change of 
relative ionization with energy, and copper plates were 
specially ground to give an over-all error in absorber 
thickness of <0.005 in. of copper or <0.2 Mev. 
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Fic. 4. Total loss of energy in target by an elastically scattered 
m vs @. Loss is due to ionization and nuclear recoil. The O and H 
curves are for these elements in water. 
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B. Electronics 


The block diagram of the electronics layout is shown 
in Fig. 5. The coincidence circuits were all of Garwin 
type. It was necessary only to clip the counter pulses of 
high rate, counters 1, 2, and 3. The 1-2-3 coincidence 
then had a resolving time of 6 musec. Its accidental 
rate at the maximum coincidence rate of 11 000 counts/ 
sec was 1%. The resolving time for the other 5 fast 
coincidences was 15 musec. The accidental rate in the 
multicounter coincidences was nil for @> 35°. However, 
it was found that the singles and coincidence rates in the 
scattered beam telescope were increased at small @ 
because these counters then intercepted part of the raw 
beam. The beam intensity was reduced at these angles 
so as to make the accidentals rate negligible. 

The pulses from these 6 coincidence circuits were sent 
to the laboratory building to the EFP60 discriminator 
and pulse shaping circuits. The shaped pulse width was 
80 musec; the dead time was 100 musec. These times, 
as well as the pulse height, remained essentially the 
same up to rates of 2X 10° pulses/sec. The only signifi- 
cant dead time in the system was introduced in the 
1-2-3 coincidence. The dead time correction was found 
to be 6% at a 1-2-3 rate of 10000 counts/sec and to 
vary linearly with rate. A suitable correction is made 
to the cross sections. 


C. Beams 


The angular spread vertically after counter 3 of the 
beam defined by C1, C2, C3, was 4.5° full width at 3 
maximum. Helium-filled polyethylene bags were used 
to cut down air scattering. Their over-all effect cannot 


be stated, but a 25% increase in beam intensity was 
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observed when the 18-ft long bag, external to the shield- 
ing wall, was put in place. 

The lower energy beam was obtained by changing the 
radial and azimuthal positions of the cyclotron target 
from the positions for the 87.5-Mev beam. This lowered 
by 10 Mev the mean energy of the beam which 
emerged from the shielding wall. The remaining 8-Mev 
decrease to 69.5 Mev was obtained by placing lithium 
and polyethylene absorber in front of counter 1. Quoted 
beam energies are at the center of the target when 0=0°. 
The 1-2-3 counting rates for the 2 beams during data 
taking were 9000/sec at 87.5 Mev and 3000/sec at 
69.5 Mev. The reduction in rate for the lower energy 
beam was essentially due to multiple scattering in the 
additional absorber. These rates include the yw and e 
contaminations which total 10-15%. It is not necessary 
to know this contamination precisely since these parti- 
cles were not counted in the multicounter in the calibra- 
tion runs because of their range, and they were not 
present in the scattered beams. 


III. DATA PROCESSING 


Differential cross sections for elastic and 5-, 10-, and 
15-Mev inelastic scattering were unfolded from the 
stopping rates measured in counters 6, 7, 8, and 9. The 
method used is described in BRW. Calculations were 
carried out using the IBM-650 computer. The result of 
the unfolding process is a well-determined elastic cross 
section and inelastic cross sections which give a good 
indication of the cross sections for scattering from the 
low-lying excited levels of the nucleus. Both carbon and 
oxygen are well suited to this method as a large separa- 
tion in energy exists between the ground state and the 
first excited state. 
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The first several levels for carbon are 4.43, 7.66, and 
9.63 Mev with 8 levels between 10 and 15 Mev; while 
for oxygen they are 6.06, 6.14, 6.92, 7.12, 8.88, 9.58, and 
9.84 Mev, with 17 levels between 10 and 15 Mev." 

At the small angles, it was possible to combine the 
counts of counters 9 and 8 to measure elastic cross 
sections without unfolding,.since at angles 0<55° the 
inelastic scattering was negligible. By this means, errors 
on the small-angle data were reduced. This is justified 
by the extended runs taken at 40° which showed in- 
elastic cross sections that were effectively zero, and by 
the general trend in inelastic scattering observed at 
larger 6. Furthermore, the two methods gave the same 
result at small angles. 

There are several small corrections to these cross 
sections which must be considered: 


1. x decay in flight. The system was always calibrated 
with (Ds)min=10 in. Runs were taken with various 
values of D; from 40 in. to 12 in. Therefore, there were 
varying amounts of decay in flight. Detailed consider- 
ations show that the decay muons give negligible con- 
tribution so the decayed 7 must be considered “‘lost.” 
An appropriate small correction is made for this effect. 

2. Angular spread. The angular spread of the beam 
incident on the target was measured to be 4.5° full 
width at half maximum for both beams. The angular 
spreads listed with the data also include the effects of 
multiple scattering in the target and of the angle sub- 
tended by the defining counter (C5) at the target posi- 
tion. Rather than alter the data, the angular spread was 
folded into theoretical cross-section curves which were 


TABLE I. Differential cross sections (in mb/sr) 
of carbon for 69.5-Mev z~ mesons. 


5-Mev 
inelastic 


10-Mev 


6 Elastic inelastic 


20+3.1 147 +16 
25+3.1 93 +49 
30+3.1 79.1 + € 
3543.1 50.5 4 
40+3.1° 41.5 + 3 
45+4.0 26.9 + 2. 

1 

1 


mn 


50+4.0 14.9 
55+4.0 
60+4.0 5 0.! 
65+4.0 
70+4.7 
75+4.7 
80+4.7 
85+4.7 
90+4.7 
95+4.7 
100+4.7 
105+4.7 
110+4.7° 
115+4.7 
120+4.7 
125+4.7° 


nN 


0.58+0.56 0.31+0.48 
‘ 0.12+0.29 
. 0.44+0.25 
‘ 0.41+0.25 
0.66+0.68 S 
0.76+0.45 
A 


NSOWMNMWUI 
—— Uw 


1.04+0.32 
1.81+0.65 
1.58+0.58 
2.35+0.65 
2.68+0.60 
3.39+0.61 
3.70+0.64 


1.39+0.52 
1.44+0.58 
1.61+0.56 
1.54+0.57 
3.18+0.63 


*® Unfolds to negative cross sect 
4 F. Ajzenberg-Selove and T. 


Lauritsen, Nuclear Phys. 11, 1 
(1959). 
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Taste IT. Differential cross sections 
of carbon for 87.5-Mev x 


in mb/sr) 


mesons 


5-Mev 


inelastic 


10-Mev 


Elastic inelastic 


109.2 +10.6 
86.0 + 6.1 
68.4 + 4.9 
398 
29.0 


0.24+0.38 
0.08+0.27 
0.39+0.27 
0.32+0.2 
0.24+0.: 
0.36+0.38 
0.65+0. 
1.07+0.. 
31 t0.3 1.72+0.3 
26 7+0.33 1.77+0.3 
1.16+ 0.23 2.08+0.: 
0.80+ 0.29 2.07+0.5 
0.90+ 0.28 2.66+0.5 
0.61+ 0.26 2.25+0.47 


fitted to the data. A Gaussian distribution in angle was 
assumed. 
3. Change of calibration 


with 6. The energy of the 
scattered beam decreases with @. The copper absorber 


was decreased correspondingly so that the elastic beam 
was always centered on counter 9. However, each 
counter thickness corresponded to a slightly larger en- 
ergy interval since the specific ionization was increased. 
Effectivejy, the efficiency of the whole multicounter 
increases with @. The increase is ~ 3.59% at @=120° for 
C and O. 

4. Hydrogen contamination. The x~ scattering from 
hydrogen in the water must be accounted for only at 
the smallest angles in the oxygen scattering. From 
Fig. 4 it is seen that the energy loss of a r scattered from 
a proton increases much faster with increasing @ than 
for a w scattered from oxygen. A correction <2% is 
made to the measured elastic count for 20°<@<30°. 
For 6>35°, hydrogen scattering groups with the in- 
elastic scattering from O. 


IV. EXPERIMENTAL RESULTS 


Differential cross sections for the three sets of data 
are listed in Tables I, II, and III. Included in each 
table are elastic and 5- and 10-Mev inelastic 
sections with their statistical errors. The small-angle 
elastic cross sections, 0<55° are the nonunfolded ones. 
Therefore, no inelastic cross sections are listed for this 
region. These results are shown graphically in Figs. 6, 7, 
and 8. The theoretical fits to the elastic scattering data 
shown on these graphs are discussed below. 

The ratio of the inelastic to the elastic cross section 
increases steadily with increasing angle, energy, and 
nuclear size. Thus, at the largest angles, they are of 
comparable importance for the 69-Mev C data, and the 


cross 
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TABLE III. Differential cross sections (in mb/sr) 
of oxygen for 87.5-Mev x~ mesons. 





10-Mev 
inelastic 


5-Mev 
inelastic 


6 Elastic 
20+2.8° 230 +11 
25+2.8° 9 
30+2.8° 8 
35+2.8° " 4. 
40+2.8° - 4 
45+3.8° 2. 
50+3.8° ‘ ( 
55+3.8° t ( 
60+3.8° 5. 1.1 
65+3.8° 0.71 0.56+0.62 
70+3.8° 0.60 0.37+0.57 
75+4.5° 0.62 a 
80+4.5 0.88 0.05+0.81 1.48+0.58 
85+4.5° 0.55 0.78+0.45 2.05+0.41 
90+4.5° 0.42 1.58+0.47 a 
95+4.5 0.46 0.20+0.44 2.61+0.44 
100+4.5 0.33 2.10+0.48 1.44+0.72 
105+4.5° 2.14+0.35 2.41+0.30 
110+4.5 0.29+ 0.32 2.79+0.47 2.56+0.76 
115+4.5° a 2.69+0.38 2.62+0.34 
120+4.5 0.254 0.32 2.54+0.46 1.44+0.87 
130+4.5° 0.09+ 0.45 3.93+0.82 2.55+0.86 


). 
). 


0.97+0.99 1.10+0.86 


1.00+0.51 
0.35+0.90 
1.10+0.33 


* Unfolds to negative cross sections. 


inelastic predominates for 87.5-Mev scattering from C 
and O to the extent that one can say only that the 
elastic cross section is <1 mb/steradian. A qualitative 
comparison of the carbon curves, and the one of BRW, 
shows a similarity in the behavior of the 5- and 10-Mev 
inelastic scattering. 
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Fic. 6. 69.5-Mev x--carbon scattering. Solid line is best-fitting 
modified Kisslinger model calculation with experimental angular 
resolution folded in. Nuclear parameters for best fit are ro= 1.05 
+0.02 fermis, £=1.16+0.07 fermis, C; = (— 1.40+0.04) +i(—0.06 
+0.01), Co= (0.451+0.003) +i7(—0.15+0.02). 
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l'iG. 7. 87.5-Mev x~-carbon scattering. Solid line is best-fitting 
modified Kisslinger model calculation with experimental angular 
resolution folded in. Nuclear parameters for best fit are ro= 1.08 f, 
t=1.2 f, Cpx= —1.1-—0.15%, Co= +0.35—0.15%. 


V. OPTICAL MODEL: CALCULATIONS 
AND DISCUSSION 


Optical-model calculations were carried out to fit the 
three sets of elastic scattering data. For the most part, 
they were made using the modified Kisslinger optical- 
model equation discussed in BBR. 

In the calculations of BBR a Fermi-type nuclear 
density distribution function was used, 


1 7—KR\T* 
p=po =o -+exp(—) 2 (1) 
a 


where R=roA!. A good fit was obtained using rop= 1.08 
fermis and a=0.25 fermis for the 80-Mev 2 scattering 
from C and Li. Following the example of Cronin et al.,!® 
we investigated the possibility of using the simpler 
“cubic” density function, 


r<(R—3d) 
r—R\$ 
‘ —), lr—R| <4d (2) 
d 
r>(R+3d). 


F and its first derivative are everywhere continuous for 
this form and the edge region is defined by 
(R—3d)<r<(R+}d). 


18 J. W. Cronin, R. Cool, and A. Abashian, Phys. Rev. 107, 1121 
(1957). 
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Fic. 8. 87.5-Mev ~-oxygen scattering. Solid line is best-fitting 
modified Kisslinger model calculation with experimental angular 
resolution folded in. Nuclear parameters for best fit are ro= 1.08 f, 
t=1.2 f, Cyhx= —1.05—0.107, Co = +0.40—0.15i. 


This form also has the feature of a short-tail region. 
Keeping all other parameters the same in the modified 
Kisslinger optical model, it was found that the com- 
puted curves for a=0.25 fermis in form (1) and d=2.0 
fermis in form (2) were almost identical. The two den- 
sity functions are compared in Fig. 9 for these choices 
of a and d. It is seen that (1) is steeper near r= R, but 
approaches F=0 and F=1 less abruptly, giving com- 
parable effective edge smearing. Equation (2) has been 
used for all the calculations reported here. 
The Kisslinger theory uses the wave equation, 


Vet kip=Up=CokiFY—CV-(FVY)+UH, (3) 


where we include the Coulomb interaction term, U,. 
The simply predicted constants, Cp and Cj, are given by 


—Anpy TZ N 

C,.=——_ Re.m.Jpt—ke.mjfa}, 4=0,1. (4) 
koke.m?2LA A l 

They arise from the s- and p-wave coherent scattering 
amplitudes for scattering from a unit volume of nuclear 
matter. po is the nuclear density at r=0; hk is the 
incident pion momentum in the laboratory system; 
and wk... is the pion momentum in the center-of-mass 
system of the w and a single nucleon which is initially 
at rest in the laboratory system; f, and f/, are single- 
nucleon scattering amplitudes. The effect of nuclear 
binding is implied in the definition of C; inasmuch as 


one considers elastic scattering with respect to the 


nucleus as a whole. It is also assumed that the elemental 
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pion-nucleon scattering amplitudes are proportional to 
k* for /=1 and constant for /=0, where hk is the effec- 
tive momentum inside the nucleus. This assumption is 
reasonably valid for /=0 but is poor for /=1 if the 
effective momentum inside the nucleus is appreciably 
larger than that corresponding to ~ 100-Mev kinetic 
energy. Figure 10 shows the predicted dependence of 
Co and C, on the meson laboratory kinetic energy using 
the equations of Chew and Low" for the momentum 
dependence of the 63; phase shift and the linear forms 
for 6, and 63. (See for example Orear.'’) The absolute 
value of Re(C,) decreases rapidly and its sign changes 
in passing through the ($,}) resonance at 193 Mev. 
One may regard — Re(V*f/y)= ere as a measure of the 
local value of k? inside the nucleus. If a value of C, 
corresponding to a meson kinetic energy of 70-100 Mev 
is used in (3) independent of &,¢?’, the quantity 
(—C,FV*) on the right side can be combined with the 
V’°y on the left to give 


(Cot ker P¥—Civk - vy . 
Vo tkip=U'Y , (5) 
(1 -C FP) 


neglecting for the moment the Coulomb term. 

For Re(C,;)~—1.8, the denominator ‘“feedback’”’ 
effect causes an increase in the right side of (5) as F 
increases from zero. For F>0.6, the sign of the real part 
of U’ is actually reversed, thus corresponding to a 
repulsive potential. This range of variation of Reg’, how- 
ever, is inconsistent with the choice of C,; (from Fig. 
10) and +? should instead “saturate” due to the rapid 
change in Re(C,) as the effective meson energy ap- 
proaches 160-180 Mev. In principle, for each incident 
k and F, one might choose a self-consistent value of C; 
which, using Fig. 10, leads to a kep?= —Re(V*/y) 
which predicts this C;. This method has not been used 
so far because of its complexity. As indicated in BBR, 
(1+C,F)" has been replaced by (1—C,F) in the 
modified Kisslinger equation. 








r(fermis) 


Fic. 9. Fermi and ‘‘cubic”’ nuclear density distributions which 
give the same prediction for 80-Mev x scattering. 
a=0.25 f, d2=2.0 f, and R=2.41 f (r9=1.05 f) 


carbon 


16 G. F. Chew and F. E. Low, Proceedings of the Fifth Annual 
Rochester Conference on High-Energy Nuclear Physics Interscience 
Publishers, Inc., New York, 1955). 

7 J. Orear, Phys. Rev. 100, 288 (1955) 
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It is relevant to consider the implications of this 
reasoning for the dependence of the best-fit Re(C,) on 
ke. The “saturation” of ker? at <160 Mev suggests 
that C; be chosen for a k? between &,? and the resonance. 
This implies that |Re(C,)! be smaller than for &,?. 
Furthermore, as k,? is decreased, the k? used to find 
Re(C,) can be decreased leading to an increase in 

Re(C;) |. In the best-fit matches shown in Figs. 6 and 7, 
this expectation is borne out since Cy= (—1.1—0.15i) 
gives best fit at 87.5 Mev while C;=(—1.4—0.067) 
gives best fit at 69.5 Mev. For reasons discussed in 
BBR, the best-fitting value for Im(C)) is not expected 
to agree with the simple predictions of Fig. 10. 

Kroll'’ has reexamined the “simplified” derivation of 
the Kisslinger equation, given in BBR, with emphasis 
on the difference between the effective field acting at a 
nucleon and the average field in analogy to the deriva- 
tion of the classical Lorentz-Lorenz formula for an 
electromagnetic wave in a dielectric material.!® Inclusion 
of this effect leads to the modified radial equation for 
given angular momentum, /, 


i(l+1) 
or"+| ket - fo 


r. 
= ( LHC] e| [C.:+Co(1-4C,F)] 


Q2E—-V eV .(1—§CiF) 


‘(he Ro)? 


where primes indicate differentiation with respect to r. 
Since the factor (1+C,F)~ of Eq. (15) of BBR has 
been replaced by (1+3C,F)"(1—43C,F), the tendency 
of this factor to become singular and change sign has 
been reduced. It was thought that it might be possible 
to fit the experimental results with Eq. (6) without 
introduction of additional heuristic modifications. As 
has been previously reported,” this formula has been 
used in an attempt to fit the 80-Mev C data. Close to 
good agreement was obtained, but not as good as with 
the modified Kisslinger equation. Several attempts were 
made to fit the present data although a systematic 
study has not been made. The fits have not been as good 
as those obtained using the modified Kisslinger formula. 
Equation (6) has a form somewhat intermediate 
between the original and modified Kisslinger <a 
although the surface term is given less weight in Eq. (6 


is N. M. Kroll ( (private communication). 

'*Max Born and Emil Wolf, Principles of Optics 
Press, New York, 1959), chap. 2. 

%” J. Rainwater, Proceedings of the International Conference on 
the Nuclear Optical Model, Florida State University Studies, No. 
32, edited by A. E. S. Green, C. E. Porter, and D. S. Saxton (The 
Florida State University, Tallahassee, 1959). 
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Fic. 10. Predicted energy dependence of Cy and Ci 
for carbon with ro= 1.05 f. 


The arguments given for modifying the Kisslinger 
equation can also be applied to the Kroll equation, so 
the modified Kisslinger formula can also be regarded as 
a modified Kroll formula. 

In fitting the calculated curves to the elastic scat- 
tering data, C; and Cy (which are complex) and the 
nuclear size parameters, ro and d are varied to produce 


TABLE IV. Nuclear parameters for best fit to data. The nuclear 
density function of Eq. (2) was used and t=0.61d is the 10% 
density spacing. 





69.5-Mev x~ mesons on carbon 
ro=1.05+0.02 fermis 
t=1.16+0.07 fermis 
C, = (—1.40+0.04) +i(—0.06+0.01) 
Co= (0.451+0.003) +7(—0.15+0.02) 


80-Mev z~ mesons on carbon (from BRW) 
ro=1.08 f 
t= 1,2 f 
C= —1.1-0.1i 
Co= +0.35—0.15% 


mesons on carbon 


mil 1—0.157 
+0.35—0.157 


875 


a Sag m7” mesons on oxygen 
ro 

t 

Ci 105-0 107 


Cy= +0.40—0. 15i 
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good fits. In making the fits, the experimental angular 
resolution was folded into the theoretical curve before 
comparing. This made only a small difference but 
tended slightly to fill in the first minimum near 70° and 
shift it to a larger angle. 

To provide a more quantitative check of the goodness 
of fit to the 69.5-Mev C data, a x? analysis was per- 
formed to determine the values of the parameters giving 
the best fit and the amount by which they could be 
varied. Assuming the most general quadratic depend- 
ence of x? on these six independent parameters, in- 
cluding cross terms, requires the determination of 28 
coefficients, and therefore the determination of x? for 
this many sets of parameters in the region of the 
minimum. 

The best fitting values and the uncertainties found 
for each parameter are shown in Table IV along with 
values obtained for the other curves and for the 80-Mev 
a-carbon data of BRW. Note that /=0.61d is the 
fall-off parameter usually used; i.e., the distance from 
0.9 to 0.1 times central density. The minimum x? was 
16.9 which compares well with the expected 16+6 for 
22 points and 6 parameters. 


VI. FURTHER DISCUSSION AND CONCLUSIONS 


There are several regularities to be noticed in the 
elastic cross sections of this experiment and those of 
BRW. They are by and large the ones to be expected 


in diffraction scattering. Due to the improved technique, 
the diffraction patterns and the regularities in them are 
more clearly apparent than in previous experiments. 


Born-approximation type calculations have had 
moderate success predicting m-nucleus scattering.?~* In 
particular, one can obtain back-angle cross sections 
which hold up. The qualitative features of the approxi- 
mation are in agreement with the general trends ob- 
served in these experiments. The scattering amplitude 
in this approximation is of the form 


$(q)=1,A f(q), (7) 


where q is the momentum transfer (| q| = 2k sin3@), ak 
is incident pion momentum, /, is the scattering ampli- 
tude from the “average” nucleon, and f(q) is the 
nuclear form factor. In the quantitative application of 
this form, the scattering amplitude must be evaluated 
at the kinetic energy appropriate to the interior of the 
nucleus and account taken of the nucleon Fermi 
momentum, and of the fact that the scattering is elastic 
with respect to the nucleus as a whole. (See reference 3.) 
In this qualitative discussion, these refinements are 
neglected. 

For scattering at energies well below the (3, 3) 
resonance, we have 


la Bot Bike cosd, (8) 


where By and B, (which take the place of Cy and C;) 
are nearly constant with pion momentum, ko. Bo gives 
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Fic. 11. Best-fitting modified Kisslinger calculations of x 
carbon scattering at 69.5, 80, and 87.5 Mev. Experimental angular 
resolution is not included. 


the s-wave, and B,k,? cosé, the p-wave contribution to 
the scattering. (Spin-flip terms are omitted from f, as 
not contributing to the coherent scattering.) For most 
of the small-angle region except close to the first mini- 
mum, $(q) increases as k does, since at these energies 
the p-wave term dominates and /, increases with k 
faster than f(q) decreases. At small angles, the depend- 
ence of f(q) on atomic number A is slow compared to 
the explicit term A, so ¢ increases with A. The diffrac- 
tion pattern is determined for the most part by f(q). 
Since f depends approximately on gR, or gA}, an in- 
crease in either k or A shifts the pattern (in particular, 
the minima) to smaller angles. 

Due to the signs of Re(Bo) and Re(B;), |f,| has a 
minimum in the region of 70°-80° and then rises to 
values at large angles which exceed the forward angle 
values. This tendency to increase holds up the large- 
angle scattering against the general tendency of f(q) to 
decrease in this region. 

Figure 11 shows the modified-Kisslinger-model best 
fits to the three sets of carbon data superimposed for 
ease of comparison. In the small-angle region, there is 
a small but significant increase in cross section between 
the 69.5- and the 87.5-Mev data. The 80-Mev data 
cannot be distinguished from the 87.5-Mev data in this 
region but the predicted difference will be small in any 
case. There is no clear-cut shift in position of the first 
dip at ~ 70° with energy in either the experiment or the 
best-fit calculations. The second dip shows the expected 
regularity in the best-fit curves. The data do not fully 
show the second dip but can be said to be consistent 
with the predicted shift in this dip. 

In the sequence Li, C, O, Al, Cu, the cross sections 
at small angles show a consistent increase with A. Also, 
the first and second diffraction dips occur at successively 
smaller angles. For Li, the second dip is not seen but it 
is obvious that it must appear at a larger angle than for 
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C if it occurs at all at this energy. As with C, the second 
dip in O is not fully seen, but the data are consistent 
with an appearance at the proper place. It must be 
noted, also, that the Al and Cu data included an un- 
known amount of inelastic scattering. This contribution 
is probably small for angles below the first dip. 

Attempts of BBR to fit the 80-Mev 2--carbon data 
using an ordinary optical model potential V+iW 
proportional to the nuclear density (corresponding to 
setting C,;=0) were unsuccessful. To fit the region 
below ~ 60° required the larger nuclear radius param- 
eter ro>~1.4 fermis. This may be understood qualita- 
tively in that this model essentially uses an isotropic 
scattering for /,. The dropoff of ¢(q) as 6— 60° must 
then come entirely from the nuclear form factor f(q) 
without help from the shape of ¢,. This requires a larger 
nuclear size. 

The parameter rp is in good agreement with the 
electron scattering result, and the magnitudes and 
energy dependence of Cp and C, are in reasonable agree- 
ment with expectation. The fact that the favored value 
of the nuclear edge thickness is only half that required 
to fit electron scattering data and other experiments 
possibly indicates a shortcoming of this theory which 
might not appear in a more elaborate self-consistent 
theory. The imaginary parts of Cp and C, for best fit 
are not expected to agree well with the values calculated 
on the basis of pion scattering by free nucleons as 
discussed in BBR. Brueckner (reference 15 of BBR) 
has suggested that the absorption terms due to /=1 
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type nucleon scattering (C,) should be proportional to 
the nuclear density and thus be included in the imag- 
inary part of Co. We see, in fact, that best fits are ob- 
tained having the absorption terms mainly associated 
with Co rather than C\. 

It would be of interest to see if agreement with experi- 
ment could be obtained using the Kroll equation, 
allowing Re(C,) to vary with r in such a way as to give 
a self-consistent ks? at each r; i.e., such that the value 
of C, chosen gives rise to a kes which is consistent with 
this choice. 

In conclusion, we note that the modified Kisslinger 
formula gives good fits to the experimentally observed 
angular distribution for w~-meson elastic scattering 
from Li, C, and O at the energies measured by BRW 
and in the present study. Furthermore, the energy 
dependence of the parameters Cp and C, for scattering 
from C at 69.5, 80, and 87.5 Mev is as expected. The 
nuclear radius required is in excellent agreement with 
that determined by electron scattering. Only the best- 
fitting choice of nuclear edge thickness differs from 
what is expected from other evidence. 
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Total cross sections for negative pions on protons were measured at laboratory energies of 230, 290, 370, 
427, and 460 Mev. The measurements were made in the same pion beams as and at energies identical with 
those of our x~-p differential scattering experiments. Comparisons of the total and differential scattering 
can be made with the dispersion theory at a given energy without introducing the systematic errors that 
would normally enter due to uncertainties in the parameters of more than one pion beam. The measured 
total cross sections are found to agree within statistics with other measured values, and with the sums of 
elastic, inelastic, and charge-exchange cross sections measured at this laboratory. The results are 


E (Mev) 


230+6 
290+7 
370+9 


7 totai(mb) 


58+9 
3342 
2742 


I. INTRODUCTION 


ANY measurements of the x~-p total cross section 
have been made in the energy region from 230 
to 460 Mev.'* The purpose of this experiment was to 
measure these cross sections in the same pion beams 
and at pion energies identical with those used in other 
n~-p differential-scattering experiments at this labo- 
ratory.*~* These total cross sections then can be checked 
against the sum of the integrated differential cross 
sections. They also can be used with the differential 
data at 0 deg to check the predictions of dispersion 
theory. The advantage of measuring total cross sections 
in this manner is that we avoid those systematic errors 
that arise from determining pion-beam parameters 
separately for the total and differential scattering data. 
The total-cross-section data were taken by measuring 
the total attenuation of pions in a long liquid-hydrogen 
target. A*calculated Coulomb-scattering correction was 
subtracted. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

+ Present address: Experimental Station, Polychemicals De- 
partment, E. I. DuPont de Nemours Company, Wilmington, 
Delaware. 

t Present address: Aeronutronic, 
California. 

§ Present address: Physics Department, Hebrew University, 
Jerusalem, Israel. 

| Present address: Lawrence Radiation Laboratory, University 
of California, Livermore, California. 

'H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, Illinois, 1955), Vol. IT. 

? Bruno Pontecorvo, in Proceedings of the Ninth International 
Conference on High-Energy Physics, Kiev, USSR, 1959 
(unpublished). 

3 J. C. Brisson, J. Detoef, P. Falk-Vairant, L. van Rossum, 
G. Valliadas, and L. C. L. Yuan, Phys. Rev. Letters 3, 561 (1959). 

‘Lester K. Goodwin, thesis, Lawrence Radiation Laboratory 
Report UCRL-9119, April 7, 1960 (unpublished). 

*J. C. Caris, R. W. Kenney, E. A. Knapp, V. Perez-Mendez, 
and W. A. Perkins, III, Phys. Rev. 121, 893 (1961). 

®W. A. Perkins, III, J. C. Caris, R. W. Kenney, and V. Perez- 
Mendez, Phys. Rev. 118, 1364 (1960). 


Ford Road, Newport Beach, 


E(Mev) 


Ftotai(mb 


427+10 2742 
460+ 20 28+2 


II. EXPERIMENTAL METHOD 


The experimental arrangement is shown in Fig. 1. 
The negative pion beam was produced by the internal 
proton beam of the Berkeley 184-in. synchrocyclotron 
striking a Be target. The pion-beam energies and muon 
contaminations, listed in Table I, were determined by 
range measurements in copper. The electron contami- 
nations of the beams were measured at the two lower 
energies with a gas Cherenkov counter, and were 
calculated at the three higher energies. 

The liquid-hydrogen target was 4 ft long, and the 
counters were plastic scintillators. A schematic diagram 
of the electronics circuit is shown in Fig. 2. Details of 
the apparatus aré discussed elsewhere.‘ 


Ill. RESULTS 


A. Beam Attenuation 


In order to obtain a value for the true total-attenu- 
ation cross section, the total attenuation of the pion 
beam was measured at a number of small forward solid 


Pb collimator 


* Liquid-hydrogen target 


3 


Pion beam 


Rascal 
Scole(ft) 


Fic. 1. The experimental arrangement. 


7 J. H. Atkinson and V. Perez-Mendez, Rev. Sci. Instr. 30, 865 
(1959). 
8D. D. Newhart, V. Perez-Mendez, and W. L 
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Radiation Laboratory UCRL-8857, August 18, 1959 


(unpublished). 
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TOTAL 


angles at each energy and these values were extra- 
polated to 2=0. The fraction of the beam particles 
transmitted through the target was determined by 
recording triple coincidences (123) and double co- 
incidences (12) for each incident pion energy and at 
each of several distances between counter 3 and the 


TABLE I, Negative-pion-beam energies and contaminations. 





Pion beam Muon Electron 
energy, lab contamination contamination 
(Mev) (%) (%) 


5+1 
1+1 
i+1 
1+1 
1+1 


230+6 
290+7 
37049 
427+10 
460+ 20 


15+1 
8+1 
4+i 
4+1 
4+1 


target (see Fig. 1). With due consideration for the 
electron and muon contamination present in the beam, 
the pion-attenuation cross section, o’(Q), was then 
calculated as a function of 2, the mean solid angle 
subtended by counter 3 at each distance d (obtained 
by a suitable average over the length of the target). 


B. Total Cross Sections 


The “apparent” total cross section is given by the 
difference between the measured pion total attenuation 


TABLE II. Forward cross sections at various solid angles. 


Beam 
energy Q 
(Mev) (sr) 


230 0.021 
0.015 
0.010 
0.007 
0.021 
0.015 
0.010 
0.007 
0.080 
0.062 
0.044 
0.028 
0.019 
0.080. 
0.062 
0.044 
0.028 
0.080 
0.062 
0.044 


Te o 
(mb) (mb) 

52.1+7.9 
53.8+8.0 
55.1+8.1 
59.2+9.0 
30.1+1.3 
30.7+1.3 
33.641. 
31.9+1. 
24.6+1. 
25.0+1. 
24.9+1. 
26.1+1. 
27.341. 
25.8+1.2 
25.8+1.2 
26.2+1.2 
27.141.2 
26.2+1.2 
26.9+1.1 
27.341.2 


o’ 
(mb) 
52.747.9 
54.6+8.0 
56.2+8.1 
60.8+9.0 
30.5+1.3 
31.2+1.3 
34.341.3 
33.041.3 
24.7+1.1 
25.141.2 
25.0+1.2 
26.341.2 
27.6+1.2 
25.94+1.2 
25.9+1.2 
26.341.2 
27.241.2 
26.341.2 
27.0+1.1 
27.4+1.2 
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and the calculated Coulomb-scattering cross sections 
for each value of Q. The calculated average Coulomb 
cross section at each point, o,(Q) is listed in Table II, 
with the measured and corrected cross sections, where 
o is assumed to be purely nuclear. Interference between 
nuclear and Coulomb scattering can be neglected. 


CROSS SECTIONS 


FOR NEGATIVE PIONS 
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Coincidence 
tO %sec 


Coincidence 
t*10 %sec 





Prescoler 
Scoler 


Fic. 2. Schematic diagram of the electronics. 


Prescaler 


The corrected cross sections were extrapolated to 
zero solid angle at each energy by fitting the following 
form to the data points: 


o(2)=A+B(Q). 


This parabolic extrapolation function was chosen 
because it is simple and has the desired property of 
zero slope at 2=0. The curves obtained are shown in 
Fig. 3, and the total cross sections obtained from the 
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Fic. 3. Extrapolation curves for the total cross sections o+. 
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TABLE III. Total x~-p cross sections. 








Total cross 
section ¢; 
(mb) 
58+9 
3342 
2724:2 
2742 
28+2 


z,* total 
cross section 
(mb) 


Total charge-exchange Total charged inelastic 
cross section cross section 
(mb) (mb) 


30.4+1.3° 0.3+0.34 
18.2+0.8° 2.4+0.8> 
13.6+0.6° 3.1+0.8> 
10.342.3* 3.7+1.0" 


Total elastic 
cross section 
(mb) 





20.8-++0.4> 
13.8+0.3> 
10.9+0.2> 
13.0+0.4° 


51.541.4 
34.4+1.2 
27.6+1.0 








* Calculated. 
> Goodwin (reference 4). 

* Caris e¢ al. (reference 5). 

4 Perkins et al. (reference 6). 


extrapolation o; are listed in Table III for each pion 
energy. 


C. Errors 


Errors in this experiment are due to the statistics of 
counting and the uncertainties in muon and electron 
contaminations in the pion beam. The latter error 
occurs particularly in the 230-Mev beam; at higher 
energies the contaminations are much smaller and less 
important. The uncertainties due to electron con- 
tamination enter not only as errors in measuring their 
total numbers but also in the way that they scatter in 
the target, either missing or traversing counter 3 
(depending strongly upon their energy). 

The energy spectrum of the electron contamination 
was not measured. The contamination is composed of 
electrons having momentum equal to the pion-beam 
momentum, as well as a low-energy tail. Low-mo- 
mentum electrons are Coulomb-scattered enough so 
that almost 100% of them miss counter 3. Electrons 
in the high-momentum peak are scattered so little that 
almost none of them miss counter 3. Without an energy 
distribution of the electron contamination, the elec- 
tron scattering cannot be evaluated accurately. The 
Cherenkov counter used to measure only the total flux 
of electrons had an electron-energy threshold of about 
10 Mev. Consequently, the electron-contamination 
correction was treated by assuming, first that all 
electrons scattered so that they missed counter 3, and 
second, that none of them missed counter 3. The cross 
sections obtained from these two limits were averaged, 
and the error assigned to them taken as half their 
difference. These errors on o’ are given in Table II. 

Errors arising from counting statistics and from 
Coulomb scattering of pions and muons were calculated 
and are included in the errors assigned to the final total 


cross section o; The uncertainties in the target 
parameters are also included in the final cross sections. 


IV. CONCLUSIONS 


The total #~-p cross sections found are in statistical 
agreement with previously measured values.?* They 
can also be compared with cross sections calculated 
from 2~-p elastic, charge-exchange, and inelastic cross 
sections at energies where these values are known. 
Measured values of the elastic r~-p total cross sections 
are avail¢ble at the four lowest energies.‘ Comparable 
data on "the measured charge-exchange total cross 
sections are available at the three lowest energies.® The 
inelastic cross section for the interaction s+) — a* 
+2-+n has been measured previously,’ and infor- 
mation is available for the total charged inelastic cross 
sections at 290, 370, and 427 Mev.‘ These data are given 
in Table III. The sum of these cross sections, where 
known, is also given in Table III, and the values ob- 
tained agree within statistical limits with the total 
cross sections measured in this experiment. At 427 Mev, 
the available data were used to calculate a value for 
the charge-exchange cross section. In these calculations, 
the contribution from the interaction m+p— 7° 
+7°+n is not included. From agreement obtained in 
these compilations it can be assumed that this cross 
section cannot be more than a few millibarns. These 
results are compared by Goodwin‘ with values of do/dQ 
(0 deg) in a discussion of dispersion theory. 
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One-pronged stars produced by #~ capture in a hydrogen bubble chamber containing dissolved helium 
have been investigated. The distribution of prong lengths in the interval 0.029 to 0.64 g/cm? is presented. 
About one-third of the prongs in this interval are found to have a unique range corresponding to tritons from 
the reaction x~-+-He*t — H*+-n. Some prongs lying beyond the triton peak are identified as protons from the 
reaction -+Het — H’+-3n. The fraction of pions producing stars is found to be approximately equal to the 


helium concentration. 





N a study of negative mesons stopping in the Chicago 

hydrogen bubble chamber we have observed over 
one hundred one-pronged stars of which about one- 
third have a unique range. Mass spectrometric analysis 
of the hydrogen showed a small contamination of 
helium. In later parts of the experiment helium. was 
deliberately added. 

From the observations which follow, we conclude 
that the reactions involved are 


a +He' — t+, 
x +Het — p+3n, 


(1) 
(2) 


(3) 


where #, p, and d are tritons, protons, and deuterons. 
The number of stars observed in each of four samples 
of hydrogen is shown in Table I. The figures for the 


and possibly 
a +Het — d+2n, 


Proton Energy in Mev 
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Fic. 1. Range distribution of prongs. The upper scale shows the 
energy the prongs would have if they were protons. 
* This work was supported in part by the U. S. Atomic Energy 
Commission and in part by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
+ Present address: 7 bis Rue Alexandre Parodi, Paris 10, France. 


fourth sample were obtained by Derrick, Pewitt, and 
Yodh' in an experiment to check the results of the 
Chicago work. The distribution of prong lengths for 
the first three samples is shown in Fig. 1. The scanners 
recorded all prongs of projected length greater than 
2 mm which originated and ended in the chamber. In 
Table I and Fig. 1 we list only events of true length 
greater than 5 mm. The upper limit to the track lengths 
is set by the dimensions of the illuminated portion of 
the bubble chamber (Chicago Chamber—145 mm 
deep 230 mm diam; Carnegie Tech. Chamber—76 
mm deep X152 mm diam). Most of the pions stop near 
the center of the chamber. 


Taste I. Number of stars and « stops observed in four 
samples of hydrogen. All stars are single-pronged. Only prongs 
longer than 5 mm are recorded. 








Total Stars 

num- with 

ber 27-30 

Helium of 
concentration* 


Hydrogen 
sample 


mm . 
stars prongs stops 
Purified 9x 10-5 0 15300 
Normal* > 2.110 5 27 72000 
Contaminated4 >1.8107 9 12000 
Carnegie Tech® (1.0+0.3)107 11 1875 
Totals for all 47 
samples 


tration 





~1 
<5 

X13 
~1.2 





*® Helium atoms per hydrogen atom from mass spectrometric analysis, 

> The “purified” sample, obtained from the U. S. Bureau of Standards, 
contained about two-thirds of the normal concentration of deuterium. 
Special precautions were taken to clean and flush the chamber and charcoal 
traps before filling. 

¢ The “normal” sample was commercial hydrogen. Analysis of gas from 
the same source showed 210 parts per million of helium. Additional helium 
may have entered the chamber while introducing the gas. 

4 The “contaminated’’ sample contained 800 parts per million of deu- 
terium and 1600 parts per million of helium in addition to that in the 
“normal” sample. 

© See reference 1. 


1K. Derrick, E. G. Pewitt, and G. B. Yodh (private communi- 
cation). 
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When the prong lengths in the peak between 27 and 
30 mm are averaged using appropriate values for the 
liquid hydrogen density for each run, we find a range 
of 0.162+-0.003 g/cm? corresponding to energies of 18.4, 
25.3, 30.5, and 73.3 Mev for protons, deuterons, tritons, 
and alpha particles. The small curvature of the prongs 
in the 25 000-gauss field of the chamber shows that 
they are certainly heavier than protons and probably 
heavier than deuterons. If we assume that the peak is 
due to a two-body process we may analyze the possible 
combinations of prongs and recoils. Since the prong is 
heavier than a proton, the recoil, if charged, must be at 
least as heavy as Li® in order to leave no visible track. 
If the recoil is neutral it cannot be a photon or neutrino 
since a massless recoil would need an energy much 
greater than the rest energy of a pion in order to 
balance momentum with prongs of the observed range. 
Of the remaining prong-recoil combinations, (d-mn), 
(t-n), (a-n), the only one involving a plausible initial 
system is the one corresponding to reaction (1). Further 
evidence against the combination a-m or any other 
combination involving a nucleus of Z>1 is the complete 
absence of multiple-pronged stars. 

If the prong is a triton its energy as determined from 
the range is 30.5+0.5 Mev. The recoiling neutron would 
have an energy of 91.2+1.5 Mev to balance momentum. 
The total kinetic energy of the product particles would 
be 121.7+2.0 Mev. This is to be compared with the 
energy calculated from the masses of the assumed 
particles : 


{M,—[(M:+M,.)—M,e]}}2=119.1 Mev. 


We note that the two figures for the total kinetic energy 
are in good agreement. 

No complete analysis was possible for the stars lying 
outside the peak. However, range vs curvature meas- 
urements were made of eight prongs longer than 30 mm. 
Six were identified as protons by comparison with 
tracks which were known to be stopping protons. Two 
appeared to be deuterons though they were not posi- 
tively identified. 

From the data presented we conclude: 


(a) Reactions (1) and (2) occur when negative pions 
are captured by He‘. No conclusive test was made for 
reaction (3). 

(b) Reaction (1) occurs in about 3 of all the events 
with prong ranges between 5 and 110 mm (i.e., 0.029 
and 0.64 g/cm?). These limits correspond to 7.2- to 
38-Mev protons or 9.9- to 53-Mev deuterons. 

(c) The total number of 5- to 110-mm stars per 
stopping pion is approximately equal to the fraction of 


HILDEBRAND, 


AND GIESE 


helium atoms in the solution. (See last column of 


Table I.) 
1 


Our conclusion that reaction (1) occurs in about } of 
the pion captures contradicts the results of work by 
Ammiraju and Lederman’? who captured negative pions 
in a diffusion cloud chamber. They found that tritons 
were produced on the order of or less than one time in 
60 captures. Somewhat over half of their events lay 
outside the range covered by our experiment. The 
difference in prong ranges included in the two experi- 
ments reduces but does not remove the difference in 
the conclusions concerning triton production. We do 
not understand the discrepancy. As indicated in Table 
I, the measurements of the Carnegie Institute group 
are in good agreement with the Chicago-Argonne 
experiment. 

Our result is in rough agreement with the theoretical 
work of Petschek? who finds that 22% of x~ from the 
K shell in helium should lead to triton emission. In an 
earlier work Clark and Ruddlesden‘ predicted a ratio 
of 3%. The important difference between these calcu- 
lations was that Petschek used a helium wave function 
which favored higher energy components. 

The emphasis in this work has been to establish the 
existence and approximate frequency of triton emission. 
A detailed study of the proton and deuteron spectrum 
would be required for a further test of the helium wave 
function or other features of the theoretical work. The 
appearance of the tritons provides a convenient test for 
helium in the bubble chamber. 
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Elastic single scatterings of K~ mesons by nuclei of a dilute G5 photographic emulsion have been experi- 
mentally measured for energies between 30 and 80 Mev. Accurate numerical calculations of the differential 
scattering cross sections have been carried out by solving a Klein-Gordon wave equation for an optical-model 
potential of the Woods-Saxon form. Experimental and theoretical results are in good agreement both on an 
absolute and on a relative-variation basis if the real part of the K~-nuclear potential is attractive. The 
connection with low-energy K~-nucleon scattering is discussed. 





1. INTRODUCTION 


HE scattering of K~ mesons by the nuclei in 
a photographic emulsion, and the light that it 
throws on the fundamental K~-nucleon interaction, has 
been the subject of considerable activity in recent 
years. The problem may be considered to consist of 
two parts: (a) a determination of the sign of V, the real 
part of the optical potential for K~ mesons in nuclear 
matter; and (b) the relating of this quantity to f, the 
observed K--nucleon scattering amplitude. Such a 
description presupposes the validity of a simple optical- 
model analysis of the scattering by nuclei, of course.! 
Melkanoff et al.? have summarized the development 
of problem (a). The inelastic scattering experiments of 
Ceccarelli e¢ al. at energies around 50 Mev, when 
analyzed assuming classical K-meson trajectories, 
strongly favor an attractive nuclear potential. The 
elastic scattering results, however, whose implications 
for K-nucleon scattering are much better understood 
theoretically, were inconclusive.‘ The recent results on 
elastic scattering by Jones®® and Melkanoff ef al.? at 
higher energies (around 125 Mev) indicate that the 
optical potential at these energies is attractive. In this 
paper we present experimental and theoretical results 
on elastic scattering in an energy range around 50 Mev. 
We also conclude that the optical potential is attractive. 
In problem (b), one wishes to relate the optical 
potential to the K~-nucleon scattering amplitude. For 
the coherent elastic scattering process the multiple- 
scattering theory of Watson,’ or equivalent formula- 
tions, allow this to be done in some approximation. Of 


* This research was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

! A discussion of nonlocality and other complicating features of 
the multiple-scattering process, as applied to K~ mesons, is given 
by P. B. Jones, Proc. Roy. Soc. (London) A255, 253 (1960). 
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° P. B. Jones, Phys. Rev. Letters 4, 35 (1960). 

6 P. B. Jones, Proc. Roy. Soc. (London) A257, 109 (1960). 

’ See for example K. M. Watson, Revs. Modern Phys. 30, 565 
(1958). 


particular interest is the K~-nucleon scattering at very 
low energies (~30 Mev) where a relatively unambigu- 
ous zero-range analysis may safely be made.* In the 
choice of the most likely set of zero-range parameters, 
the information obtained about V may thus be of 
possible use as supplementary evidence. Energy con- 
siderations are the dominating limitation in problem 
(b): The Watson theory provides an approximation 
useful at high energies, in the sense that the relationship 
between V and Re f which we wish to use, Eq. (7), 
neglects corrections whose order of magnitude is the 
ratio of the nucleon Fermi energy to Tx, the kinetic 
energy of the K meson. On the other hand, the linking 
up with the Dalitz-Tuan zero-range solutions requires 
that 7x be small enough that the zero-range hypothesis, 
with neglect of higher partial waves, is still valid. 
Karplus e/ al.® have given intuitive arguments for the 
added importance of this last point. Since the (a—) and 
(b—) solutions probably correspond to an attractive 
interaction strong enough to form a bound state, it is to 
be expected that the actual scattering amplitudes to 
which these are the zero-energy asymptotes will at some 
quite low value of Tx (~90 Mev, corresponding to 
60 Mev in the K-nucleon center-of-mass system) suffer 
a reversal in sign of the real part, and acquire a character 
similar to that of the (a+) and (6+) solutions. While 
the optical-potential results of Jones®:* and Melkanoff 
et al.,? at energies greater than 100 Mev, are almost 
certainly amenable to the Watson analysis, and there- 
fore provide useful information on K~-nucleon scatter- 
ing at this energy, they are thus of doubtful use to the 
K~--nucleon zero-range analysis. The present results, 
with T7x~50 Mev, pass muster on this last point, but it 
may be argued that the corrections to Eq. (7), the zero- 
order approximation of Watson, can be rather large. 
We have no information to present on this point, 
although preliminary calculations indicate that the 
correction terms are not large enough to change the sign 
of the relationship. 

The experimental work which is reported on in 
the present paper was commenced several years ago 
when only the low-energy K~-meson beam of 300 Mev/c 

8 R. H. Dalitz and S. F. Tuan, Ann. Phys. 10, 307 (1960). 


®R. Karplus, L. Kerth, and T. Kycia, Phys. Rev. Letters 2, 510 
(1959). 
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(Tx=85 Mev) was available. The presentation of these 
results has been delayed pending a numerical optical- 
model analysis for the particular constants of the diluted 
photographic emulsion used. It has been commonly 
expected” that, because of the strong nuclear absorption 
of K~ mesons at such low energies, the influence of the 
real part of the nuclear potential on the elastic scattering 
would not be apparent. It turns out, however, that the 
theoretical predictions for attractive and for repulsive 
potentials are different enough that the present experi- 
ments allow a reliable choice to be made between them. 
Indeed, because the lower energy allows detection of 
scatterings for g, the recoil momentum, small enough 
that the nuclear potential has little effect on the 
differential cross section, we find that this point can be 
settled more definitely at the energies used here than at 
higher energies. 

Details of the experiment and observations are given 
in Sec. 2, and a discussion of the data processing in 
Sec. 3. An important check on the reliability of the 
results is the agreement with the Rutherford scattering 
at small g values. It is for this reason we have included 
in Sec. 3 a rather full description of the corrections 
applied to the data, which are essential in obtaining this 
agreement. It is on this account, also, that we have been 
unable to utilize other published data in this energy 
region, because of the lack of complete specification of 
the individual events. The theoretical optical-model 
analysis is described briefly in Sec. 4, and a discussion 
of the results obtained is given in Sec. 5. 


2. EXPERIMENTAL DETAILS 


Two stacks of water-soaked G5 emulsions were 
exposed at the University of California to the Barkas 
beam of (300-10) Mev/c K~ mesons. The preparation 
and processing of these emulsions has already been 
described." Whereas normal G5 emulsion contains the 
following composition of atoms: Ag:Br:C:0:N:H 
= 1.01: 1.01:1.39:0.94:0.32:3.25 (unit, 10 atoms/cm‘); 
water soaked emulsion contained the following modified 
composition : 


Ag: Br:C:0:N:H=0.32:0.32:0.45: 2.57:0.10:5.55. 


The emulsions were scanned for K~ mesons near the 
entering edge of the pellicles. Tracks lying within the 
angular spread of the beam and having grain densities 
within the required statistical spread were followed to 
where definite identification was made on the basis of 
having all of the following: (1) the correct range of a 
300-Mev/c K- meson, (2) the characteristic interaction 
of a K~ meson, (3) the appropriate multiple scattering 
of an ending K~ meson. 


For example, D. H. Stork, Proceedings of the International 
Conference on the Nuclear Optical Model, 1958, edited by A. E. S. 


Green, C. E. Porter, and D. S. Saxon (Florida State University, 
Tallahassee, Florida, 1959), p. 225. 

1G. Ascoli, R. D. Hill, and T. S. Yoon, Nuovo cimento 7, 565 
(1958) ; 9, 813 (1958). 
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Fic. 1. Histogram of total K~-meson track lengths followed in 
dilute emulsion, versus kinetic energy 


Approximately 1500 tracks, identified in the above 
way, were followed from their endings back along the 
tracks to their entering points. The tracks were carefully 
searched for single scatters. A histogram of the total 
track lengths followed in the various energy intervals 
is shown in Fig. 1. 

For energies between 30 and 80 Mev, sharp single 
scattering events having projected angles of 3° or larger 
were recorded. Those scatterings in which there was any 
evidence of a grain density change of abnormally shorter 
range were rejected as not being elastic. The energy of 
the meson at the point of scattering was obtained from 
a measurement of its residual range at this point. Dip 
angles of the tracks before and after scattering were 
measured, and space angles at the point of scattering 
were then computed. A histogram of the number of 
scatterings as a function of space scattering angle is 
shown in Fig. 2. 


3. PROCESSING OF EXPERIMENTAL RESULTS 


The recorded events must be corrected for two ob- 
servational biases. The first bias is the missing of 
scatterings having projected angles less than 3° but 
having, because of significant scattering in dip, space 
scattering angles greater than 3°. 

It can be shown, following the discussion of Lim and 
Bosgra,” that the ratio of the probability of making an 
observation when the projected angle of cutoff is 5, to 
the probability of not making an observation, is 
(x/2¢)—1, where siné=coté tanéd cosa; @ being the 
space scattering angle and a being the dip angle of the 
incoming meson before scattering. Each observation 
was multiplied by a weighting factor equal to 
1/(1—2¢/2). In order that the correction factor would 
not be excessive, analyzable events were limited to those 
which had space angles of 3.5° or more. For zero dip 
angle and a space angle of 3.0°, the correction factor 
would be, of course, infinite. 


2 T. G. Lim and S. J. Bosgra, Nuovo cimento 8, 340 (1958). 
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Fic. 2. Histogram of number of 
K--meson single scattering events 
versus space scattering angle. The 
angles for six other such events, 
outside the range of the plotted 
histogram, were: 52.1°, 30.8° 
40.9°, 34.1°, 63.3°, and 63.9°. 
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The second bias arises because the scatterings are 
taken, unavoidably, over a wide range of energies. This 
effect will now be discussed in relation to the way in 
which the results of the present experiments are to be 
presented. 

One way of presenting scattering results is to plot the 
elastic differential scattering cross section versus scatter- 
ing angle and compare with theory at one average 
energy. The theoretical differential scattering cross 
section, however, is strongly dependent on energy and 
the effect of averaging over energy is to obscure the 
details of the differential cross section. 

In the present experiments, the elastic differential 
scattering cross section was plotted as a function of 
momentum transfer to the nucleus. The advantage of 
this method of comparison with theory, as shown by 
Igo et al.,"* is that the differential scattering cross section 
is only very slightly dependent on energy. However, the 
observational bias lies in the fact that not all of the 
momentum transfer bins may have the same proba- 
bilities for collecting scattering events over the intervals 
of the energy. The evaluation of these probabilities will 
now be discussed. 

The number of scatters, V(q), in the momentum 
transfer interval g to g+Ag and having a mean value @ is 


N (q)= nl (do/dq)¢Aq, (1) 


where » is the number of scattering centers per unit 
volume, / is the track length in a particular interval of 
kinetic energy E, and (do/dq); is the differential scatter- 
ing cross section per momentum transfer interval. It is 
to be pointed out that V(@) has been assumed to be a 
function only of g and has no dependence on £. There 
may in fact be a weak dependence on E but, because 
experimentally it is necessary to accept events over a 
wide range of E and because the theoretical dependence, 
for constant V and W, is much less than the statistical 
variation of the experimental points, this dependence 
has been ignored. 
From the equation for g, 


g?= 2(E*+2meE) (1—cos8), (2) 


where m is the rest mass of the K~ meson and @ is the 
18G. Igo, D. G. Ravenhall, J. J. Tiemann, W. W. Chupp, G. 


Goldhaber, S. Goldhaber, J. E. Lannutti, and R. M. Thaler, 
Phys. Rev. 109, 2133 (1958). 
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scattering angle, Eq. (1) becomes 
N(Q@)=nl (do/dQ)2aqgAq/(E?+2mcE), (3) 


where do/dQ is the elastic differential scattering cross 
section in barns/sr. Thus 


(4) 


(<) (E+ 2meE)N (q) 
», 2rq(nlAq) 


dQ 
Mean values of the energy, £, and of momentum trans- 
fer, 9, were obtained by averaging the actual values of 
the experimentally observed scatters. In the low 
momentum-transfer bins, values of E and @ did not 
differ very much from the median values of the intervals. 
However, in some of the high # and g bins, where only a 
few scatters were observed, H and @ were somewhat 
different from the median values. 

The factor (wlAg) in Eq. (4) must be carefully 
evaluated in order not to produce a bias in the differ- 
ential scattering cross section. The product of » and / is 
the number of atoms per unit area and can be directly 
obtained for each kinetic energy interval, AE, from the 
histogram of Fig. 1. The width, Ag, of some of the 
momentum transfer bins, however, may be restricted by 
dynamics of the scattering, even though the nominal 
widths of the bins might be the same. This point can be 
explained easily by reference to Fig. 3. Curves of energy, 
E, are here plotted versus the angle of scattering, 0, for 
different walues of g. It is clear that for high g values, 
scattering events for all incident energies between 30 
and 80 Mev can be observed; but for the two lowest 
g bins, 10-15 Mev/c and 15-20 Mev/c, a correction 
must be applied for scattering events which are lost 
because of the 3.5° space angle cutoff. If the factor 
(nlAg) is written (nlAgAE)/AE, it is seen that the 
correction can be obtained, relative to those bins for 
which no correction is required, by comparing areas 
bounded by the limiting values of Z, q and @ in the 
particular bins. 

Data were assembled for the five 10-Mev energy 
intervals between 30 and 80 Mev and for ten variable- 
width momentum transfer intervals between 10 Mev/c 
and 185 Mev/c. These data are shown plotted in Fig. 4. 
The curve drawn in Fig. 4 is a 1/¢‘ line, normalized so as 
to pass through the two points at lowest g value. This 
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Fic. 3. Correction factor applied for different observational 
efficiencies of momentum transfer bins. The hatched areas give the 
relative efficiencies for the bins 10-15 Mev/c and 15-20 Mev/c. In 
these cases, the bins are restricted by the choice of the arbitrary 
cutoff angle of 3.5°. 


plot shows how small the departures are from a pure 
Rutherford scattering law. 


4. THEORETICAL ANALYSIS 


Differential cross sections were calculated from the 
Klein-Gordon equation for an optical-model potential. 
An exact numerical phase-shift calculation was pro- 
grammed for the ILLIAC digital computer. 

The Klein-Gordon equation is 


WEVY+ (Evor— V)’w— (me+ V,)y=0, (5) 


where V, is the Coulomb potential for a finite size charge 
distribution and JV, is a scalar optical model potential. 
The charge density p(r) for the nucleus and the optical 
model potential were assumed to have identical distribu- 
tions of the Woods-Saxon" form: 


p(r)=po{1+exp[ (r—R)/a]}", 
V(r) = (V+iW){1+exp[(r—R)/a]}-, (6) 


where R= 1A}. 

In Figs. 5 and 6, the quantity g‘do/dQ, denoted by k, 
is plotted against g. The curves were calculated for the 
two radii, ro=1.07 and ro>=1.33, and for several dif- 
ferent values of V, with W adjusted so that the total 
reaction cross section was 640 mb. They were calculated 
for an emulsion consisting of two kinds of nuclei: Z=8, 
A=16 and Z=41, A=9%4 in the nuclear proportions: 
0.817:0.183, and for an incident energy of 52.5 Mev. 


“R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
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The parameter a in Eq. (6) was taken to be 
0.57 10-" cm. 

A preliminary calculation, based on a three-compo- 
nent emulsion, Z=8, A=16; Z=35, A=80; Z=47, 
A= 108, in the proportions 0.817:0.0915:0.0915, was 
made for two different incident energies, 65 Mev and 
40 Mev. The difference between the results of these two 
calculations was no larger than 20% of the standard 
error at any of the experimental points shown in Figs. 5 
and 6. All further calculations were therefore made at 
the one mean energy of 52.5 Mev. The three-component 
emulsion calculations were then compared with those 
of the two-component emulsion, and these results 
differed from one another by less than 3% in the region 
of the interference effects. All subsequent calculations 
were based on a two-component emulsion for an energy 
of 52.5 Mev. 

Calculations of reaction cross sections for a large 
number of values from 500 to 800 mb showed that 
meaningful values of W could be obtained by equating 
the calculated reaction cross section to its experimental 
value. These values of VV 
shown in Figs. 5 and 6. 


are attached to the curves 


As an accurate experimental value of the reaction 
cross section for the dilute emulsion was not readily 
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Fic. 4. Variation of observed differential scattering cross section, 
do /dQ, with mean momentum transfer, 9. Each point represents a 
value for a 10-Mev energy bin and a particular g bin. Five equal 
energy bins from 30 to 80 Mev were used. The variable-width 
q bins chosen were: 10-15, 15~20, 20-25, 25-30, 30-40, 40-65, 
65-90, 90-125, 125-185 Mev/c. Points are plotted for the mean 
values of g of the observed momentum transfers g within a partic- 
ular bin. The curve is a 1/¢* line normalized so as to pass through 
the weighted mean of the first two observations at lowest g value. 
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Fic. 5. Plot of k=[¢*(do/dQ)](Mev/c)*(cm?/sr) versus 
q(Mev/c). The theoretical curves were calculated for an ro of 1.07 f, 
and the optical model potentials V (Mev)+7W (Mev) indicated on 
the individual curves. The experimental points are for energies 
between 30 and 80 Mev and for 10 variable width g bins, already 
noted in the legend to Fig. 4. 


available, a well-determined value’ for normal G5 was 
used to derive a cross section for dilute G5. It was 
assumed that the cross sections for the individual 
components were proportional to A!. This assumption 
leads to a reaction cross section of 640 mb in the dilute 
emulsion. Calculations of the reaction cross sections for 
the larger radius, ro>=1.33 f, showed that the cross 
sections closely obeyed an A? law. In the case of the 
smaller radius ro>= 1.07 f, there was a small departure 
from the A! law; but the effect on the reaction cross 
section was only 4% of the 640 mb over the range of 
values of V and W used. This is approximately the 
same as the error in the experimental value of the 
reaction cross section. 

At this point we justify the rather limited range of 
parameters tried in the optical potential, bearing in 
mind the rather imprecise nature of the experimental 
data, compared with the corresponding nuclear- physics 
results. The decision as to the sign of V is made largely 
on the comparison in the region of the interference 
minimum, i.e., g values between 20 and 40 Mev/c in 
Fig. 5. On the basis partly of our own calculations, 
partly of other published optical-model work,'® and 
mainly on physical reasoning about the scattering 
process, we find that this region of the differential cross 
section is insensitive to the detailed shape of optical 
potential ; to the extent that there is a dependence on the 
shape which cannot be compensated by changing V, the 
radius seems to be the most important factor, and 


15 Y, Eisenberg, W. Koch, E. Lohrmann, M. Nikolic, M. 
Schneeberger, and W. Winzeler, Nuovo cimento 9, 745 (1958); G. 
B. Chadwick, S. A. Durrani, P. B. Jones, J. W. G. Wignall, and 
D. H. Wilkinson, Phil. Mag. 3, 1193 (1958). 

16 For example, J. S. Nodvik, reference 10, p. 21. 
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consequently it is for a radius variation only that 
results are presented in this paper. The additional 
effects of changing the surface thickness, a, or even of 
altering the analytic form of the surface, show up at 
larger qg values, where “diffraction structure” is seen, 
and can become very important there.” It is thus 
fortunate that in the present experiment the “inter- 
ference region,” in which the effects of Coulomb and 
nuclear interaction are comparable, occurs at distinctly 
smaller g values. 


5. COMPARISON BETWEEN THEORY 
AND EXPERIMENT 

In order to bring out the departures from Rutherford 
scattering it was clear that the points plotted in Fig. 4 
should be combined into wider energy groups than 10 
Mev in order to improve statistical accuracy. The 
experimental values of the differential cross sections 
shown in Fig. 4 do not appear to show any clear 
correlation with energy. 

The variation of do/dQ with g, as shown in Fig. 4, 
follows closely a 1/g* law. The values of do/dQ were 
therefore weighted according to g‘, within a particular 
q bin, in order to obtain an average over the whole 
energy range from 30 to 80 Mev. The weighted mean 
values, ((do//dQ);) were then multiplied by @', where @ is 
the mean momentum transfer for all points within a 
particular g bin. This product, denoted by &, which is 
valuable in showing departures from purely Rutherford 
scattering, is plotted for each of the 10 g bins in Figs. 5 
and 6. The errors on the points are based on statistical 
arguments and do not include possible systematic 
errors. 

In Figs. 5 and 6, the curves for attractive nuclear 
potentials, V <0, appear to give a better fit qualitatively 
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Fic. 6. The same as Fig. 5, except that ro =1.33 f. 
7M. Melkanoff, D. J. Prowse, D. H. Stork, and H. K. Ticho, 
Phys. Rev. Letters 5, 108 (1960). 
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Fic. 7. Curves of x?, the mean square deviation of do/dQ, versus 
V, where V is the real part of the optical model potential. Curves 
labeled 1.07 were derived from Fig. 5; curves labeled 1.33 were 
derived from Fig. 6. Curves labeled a were obtained from Figs. 5 
and 6 by a direct comparison of the points with the curves as they 
stand. Curves labeled 6 were obtained from Figs. 5 and 6 after a 
scale factor adjustment had been made to the individual curves so 
as to best fit the experimental points. The 90% and 98% levels of 
confidence are shown. 


to the experimental points than is given by those for 
repulsive potentials. A more quantitative measurement 
of the fit was made by a x’ evaluation, which is given in 
Fig. 7. Curves denoted by a are a measure of x? evalua- 
tion for the experimental results treated on an absolute 
basis. Curves denoted by 5 are for the experimental 
results treated on a basis relative to each other. In the 
b comparison, the individual differential cross-section 
curves were multiplied by a scale factor which was 
adjusted by least squares to best fit the experimental 
points. The } curves, therefore, give a measure of the 
accuracy with which the experimental points conform 
merely to the shape of a theoretical do/dQ curve. The 
important conclusion to be drawn from the x? plots of 
the present experiment is, that no matter how the 
results are compared with theory, the real part of the 
K--meson nucleus potential is attractive. 

Our confidence in these results stems mainly from the 
ability, at this low energy, to measure differential cross 
sections at the small g values. The cross section there is 
almost Rutherford, and is independent of V. We are 
thus able to check the absolute values of our measured 
cross section. Furthermore, the differential cross sections 
for attractive and repulsive V have distinctly different 
shapes only if this region is included. With experimental 
results at higher energies, which do not include this 
small g region, the decision as to V must thus be made 
largely on the basis of an absolute cross-section measure- 
ment, on which there is no check. 

Before a best value for the magnitude of the real part 
of the potential can be quoted, the nuclear radius must 
be decided on. Fortunately, in inferring the K~-nuclear 
amplitude from V, the dependence on nuclear radius is 
partially compensated, so that when comparing with 
other analyses it is only important to quote potentials 
for the same radii as those used at the higher energy. 
For ro= 1.07 f, which is the value obtained from electron 
scattering and probably too small for K~ mesons, the 
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best value for V at our energy, E~55 Mev, is around 
—60 Mev. At E~125 Mev, Jones obtained —30 Mev, 
with the same radius. At a considerably larger radius, 
ro=1.33 f, we find a best value for V=—20 Mev. 
Jones’s value at ro>=1.20 f is —16 Mev, so that at 
ro= 1.33 f his value would be somewhat lower than this 
Thus V seems to be attractive, and decreasing with 
energy somewhat. We remark in addition that over our 
energy range, 30 to 80 Mev, there is no major variation 
in character detectable in our data, supporting the view 
that V does not change rapidly with energy. 

As has been mentioned in the Introduction, our 
ability to contribute useful direct information about the 
K--nucleon scattering amplitude depends on the 
validity, at least as regards sign, of the optical-model 
relationship between V and the real part of the K-- 
nucleon scattering amplitude /: 


2rh? 
“= 
M 


m+ M 
in tetndnan - Refp,(0). (7) 


m 


Here po is the nucleon density, and f(0) is evaluated at 
the K--nucleon center-of-mass momentum: 


br=[M/(m+M) |p. 


For equal numbers of neutrons and protons, f is 
related to the scattering amplitudes fo and f/f; for the 
T=0 and T=1 K--nucleon states by 


f =4 fot fi. (8) 


Clearly, if (7) is valid at least as regards sign, then our 
results indicate that at T7x~55 Mev, i.e., p~ 220 Mev/c, 
Ref(0) is positive. On the assumption that the zero- 
range approximation used by Dalitz and Tuan is still 
applicable at this energy, our result would rule out their 
(a—) and (b—) solutions. 

If relationship (7) is used to calculate V from the 
Dalitz-Tuan solutions, the following values are obtained 
(for the case ro= 1.33 f): (a+), —25 Mev; (6+), —24 
Mev; (a—), +26 Mev; (6—), +15 Mev. 
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General relativistic field equations are derived from a gauge-invariant electromagnetic Lagrangian, 
which does not involve derivatives of the field, nor any charge density, but otherwise is completely arbitrary. 
These equations are explicitly solved in the static spherically symmetric case, and it is shown that there 
are solutions which are everywhere regular and behave, at large distances, like the gravitational and electro- 
magnetic fields of a point charge. Some wave-like solutions are also derived. 


1, INTRODUCTION 


T is well known that the equations of vacuum 
electrodynamics are linear only as a first approxi- 
mation. General relativity, for instance, implies a 
gravitational coupling between electromagnetic fields,’ 
and thus some nonlinearity. Another (much stronger) 
nonlinearity is due to vacuum polarization, which is a 
quantum field effect. In the classical limit of weak fields 
and large wavelengths, vacuum polarization can be 
approximated by a suitable modification of the classical 
electromagnetic Lagrangian.? In fact, such modified 
Lagrangians have been independently introduced by 
several authors, for various purposes.*~7 
There have recently been some attempts® to remove 
the classical divergences by introducing general relativ- 
istic considerations. (As well known,’ the quantum field 
divergences are never worse than the classical ones for 
fermions, but they may be worse for bosons. Detailed 
considerations on this problem are, however, beyond 
the scope of this paper.) The purpose of the present 
paper is to show that this goal can easily be achieved 
within the frame of general relativistic nonlinear 
vacuum electrodynamics, and furthermore, that the 
concept of charge may arise quite naturally as a first 
integral of the field equations, and need not be intro- 
duced independently. 


2. FIELD EQUATIONS” 


Only two independent algebraic invariants can be 
formed with an antisymmetric tensor F,, and a sym- 


through the European Office of the Air Research and Development 
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metric tensor gy». They are” 
I= (—g) te? PF pF 43, (1) 


. J= g*"g"F oF ys. (2) 
Let 


where L is an arbitrary function of J and J. Further let 


M=0L/0I, N=90L/dJ, (4) 
and 
T+" = (—g) 0 L/ gy». (5) 
It follows that 


T= 2NE""+43g""(L—IM—JN), (6) 
where 
E+ = FF ,’—ig""F °F ,,, (7) 
satisfies 
Surle*’=0, (8) 
and 
E,E)’= 36," E,"Eg* (9) 
We further define 
S,’=T,’—46,’T=2NE,’. (10) 
It follows that 


S,#=0, (11) 


S,S)"= 45,"Sa°Sp%. (12) 

These are the well-known algebraic conditions of 

Rainich.”"* It is seen that their validity is quite 

independent of the choice of the electromagnetic 

Lagrangian. There are nevertheless two essential differ- 

ences between linear and nonlinear electrodynamics: 

the curvature scalar, 

R=8rT=16r(L—IM—JN), (13) 

may differ from zero, and the generalized electromag- 
netic field equations are 


cP 5, 3=0, 


[Me*8F 2+ (—g)!NF*],,=0. 


and 


(14) 
(15) 


tive. A comma denotes partial differentiation, a semicolon— 
covariant differentiation. Natural units are used . 

4" L., Landau and E. Lifshitz, The Classical Theory of Fields 
(Addison-Wesley Publishing Company, Inc., Reading, Massa- 
chusetts, 1951), p. 69. 

2G. Y. Rainich, Trans. Am. Math. Soc. 27, 106 (1925). 

18 C, W. Misner and J. A. Wheeler, Ann. Phys. 2, 525 (1957). 
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The last relation is obtained from 6£/6A,=0, where 
A, is defined by F,,=A,y,»—A>,y. 


3. STATIC SPHERICALLY SYMMETRIC SOLUTIONS 
We now take the metric" 


ds*= e’'d?P —e*dr’—r* (d#+ sin*6d¢?), (16) 


where A and » are functions of r only. 

Only the diagonal elements of S,” do not vanish, 
and it follows from (11), (12) and from the spherical 
symmetry that 


Soe= Si (17) 
Only the first of the above equalities is not trivial, and 
it readily leads, together with the Einstein equations 


R,’—}6,’R= —8rS,’, (18) 


tol 


A+v=0. (19) 


Furthermore, the only nonvanishing component of 
Fy, is Fo,= E(r), say, and one has 


I=0, J=-2F. (20) 


It then follows from (15) that 


where g is an integration constant. 
Furthermore, one has from (6), (7), and (13) 


JN=T?—-T,, 
L—JN=T/+T,, 


whence 


L=2T,’, 


and, by virtue of (20) and (21) 


JN?= —@?/2r. (25) 


From (22) and (25) it is possible to find J and N as 
functions of the metric, and one can easily verify that 
the relation 

N=0L/d0J=L'/J' 


/ 


(26) 


(where the prime denotes the derivative with respect 
to r) follows identically from T,’,,=0. 

The solution of this problem can now be completed. 
If one gives arbitrarily v=v(r), then one obtains 
L=Li(r) from (24) and J=J(r) from (22) and (25). 
One thus obtains L=L(0,/). Notice that the depend- 
ence of L on J remains arbitrary. 

On the other hand, if L=L(J/) is given, then one 
knows N= N(J), and by virtue of (25), J=J(r). Now, 
from (22) and (23) one has“ 


‘P= —IN+4L= (r—re’)'/8xr’, (27) 


which is easily solved for v. 


4 R. C. Tolman, see reference 1, pp. 241-242. 


4. PHYSICAL INTERPRETATION 


We henceforth suppose that 
L=3$J+ (small coefficient) 


X (higher powers of Jand J). (28) 


Thus, for weak fields, our equations differ very little 
from the Maxwell-Einstein equations, and we get the 
usual interaction laws between charges. However, the 
notion of “charge” is only a makeshift hiding the real 
nonlinear structure of the field. Actually, it is possible 
to obtain solutions that are everywhere regular, and 
behave asymptotically, at large distances, 
charges. For instance, one can take 


like point 


4 


Z00= — (grr) =1— (2mr— er) exp(—e*/m'r?). (29) 


For large r, this goes over into the familiar solution for 
a point charge,'® and one can show, by standard 
methods,’"® that one obtains the usual equations of 
motion as long as the distance between the “ 
is much larger than e*/m. 

It may be objected, however, that the electric field 
E becomes infinite at r=0, by virtue of (21). In fact, 
this singularity is only a mathematical, but not a 
physical, one. Indeed, the usual definition of the 
electric field is formulated in terms of force per unit 
charge, while charge has really no meaning in the 
present theory (except as a parameter in asymptotic 
expansions). Therefore even the electromagnetic field 
F,, has no intrinsic meaning, except as a complicated 
function of the metric field g,,. The above-mentioned 
difficulty therefore does not appear at all if we adopt 
the point of view of geometrodynamics," according to 
which the only basic field is the metric one. 

Finally, it is likely that the stability of 


sources” 


the stati 


spherically symmetric solution can be proved by a 
method similar to the one used by Regge and Wheeler!’ 
in the case of the Schwarzschild singularity, although 
an explicit proof seems rather difficult. 


5. NONLINEAR ELECTROMAGNETIC WAVES" 


Nuli electromagnetic fields are defined by J=J 
It then follows from (13) and (28) that 
M=T=0 and N=}. 


Since any solution for null electromagnetic fields in 
general relativity” must satisfy (12) and (30), then it 
follows, by virtue of (10), (14), and (15), that it must 
also be an admissible solution in the present more 
general nonlinear theory. 
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The possibility of covariantly describing a system of a fixed number of particles interacting directly is 
explored by attempting a direct “integration” of the commutation relations for the inhomogeneous Lorentz 
group under restrictions appropriate to the term “system of a fixed number of particles.” By direct inter- 
action is meant the fact that interaction between the particles is expressed directly in terms of coordinates, 
momenta, and spins for the particles rather than through the agency of a mediating field. The integration 
is carried out in considerable generality with the assumption that the infinitesimal generators of the group 
have expansions in inverse powers of the square of the velocity of light. The result coincides with that ob- 
tained earlier by Bakamjian and Thomas, but the method employed yields greater insight into the generality 
of the result, as well as into how further conditions beyond covariance, such as the property which is here 
called “separability of the interaction,” can be incorporated in the result. The relationship of the result to the 
complete reducibility of a representation of the inhomogeneous Lorentz group is pointed out. Possible gen- 
eralizations and applications of the procedures here employed are discussed. 


I. INTRODUCTION 


HERE appears to exist a common misconception 
to the effect that it is not possible to construct a 
relativistically covariant description of a system of 
interacting particles where the interactions are direct 
rather than mediated through a field. By a direct 
interaction we mean one in which the interaction term 
in the Hamiltonian is expressed explicitly in terms of 
the dynamical variables of the particles (their positions, 
momenta, and spin vectors). This misconception has 
currency in spite of the fact that Bakamjian and 
Thomas! have presented such a description, but may 
in part be owing to the fact that the approach of 
Bakamjian and Thomas is a somewhat unfamiliar, if 
not an unorthodox one; and hence, its relationship to 
the main stream of development of elementary particle 
physics is somewhat obscured. Playing an important 
role in perpetuating this misconception is no doubt the 
further fact that the term relativistic covariance often 
has different meanings to different workers and in 
different contexts. It is therefore important that we 
clarify exactly what is meant in the present context by 
relativistic covariance. We here take a point of view 
which has been expounded by Dirac,? among others, 
and particularly emphasized by Wigner.’ We feel that 
this is the only viewpoint properly deserving of this 
title, and we attempt to expound it below. 

We wish particularly to emphasize that we are 
speaking here of the requirement of relativity (com- 
bined with what one ordinarily considers a system of 
particles) and not with further extraneous conditions 
which may nevertheless be necessary to yield a theory 
which is physically satisfactory, or (if there is any 
distinction) which describes nature. No doubt, much 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1 B. Bakamjian and L. H. Thomas, Phys. Rev. 92, 1300 (1953). 

2 Pp. A. M. Dirac, Revs. Modern Phys. 21, 392 (1949). 

3E. P. Wigner, Nuovo cimento 3, 517 (1956), and references 
listed in footnote 6; also the reference to Newton and Wigner in 
footnote 4. 


confusion has also arisen from the fact that the require- 
ments of covariance have often been simultaneously 
applied with other requirements (often unstated or 
omy implied) in order to set up specific theories. We 
have no quarrel with such procedures, of course, though 
it would be better if the tacit assumptions or require- 
ments, beyond covariance, were clearly stated; but it 
still remains an important question as to what are the 
requirements of covariance apart from such other 
considerations. It is to this question that the present 
paper is primarily addressed. 

To begin our discussion of relativistic covariance, we 
would like first to make clear that we are not in the 
least concerned with appropriate tensor or spinor 
equations, or with “manifest covariance” or with any 
other mathematical apparatus which is intended to 
exploit the space-time symmetry of relativity, useful 
as such may be. We are instead concerned with the 
group of inhomogeneous Lorentz transformations as 
expressing the inter-relationship of physical phenomena 
as viewed by different equivalent observers in un- 
accelerated reference frames. That this group has its 
basis in the symmetry properties of an underlying 
space-time continuum is interesting, important, but 
not directly relevant to the considerations we have in 
mind. We feel that the direct application of the Lorentz 
transformation equations for space and time coordinates 
to the coordinates of a particle at a particular time 
instant, while relevant in classical mechanics, cannot be 
naively carried over into quantum mechanics where the 
concept of position of a particle at a given time instant 
is obscured by its probabilistic character, the uncer- 
tainty relation, and, perhaps most important, by the 
internal kinematic structure of relativistic particles ex- 
hibited in such phenomena as zitterbewegung.’ It 

‘For the ambiguity in the concept of particle position arising 
in this last connection, see in particular, L. L. Foldy and S. A. 
Wouthuysen, Phys. Rev. 78, 29 (1950). The question of the 
definition of position (and its relativistic transformation }oo ne 


ties) in irreducible representations of the inhomogeneous Lorentz 
group has been studied in detail by T. D. Newton and E. P. 
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is not that we wish to reject out-of-hand approaches 
based on such ideas a source of valid information, 
but our viewpoint is simply that if we wish to examine 
the basic implications or demands of relativistic co- 
variance stripped of all extraneous ideas and free of 
all preconceptions, we stand on more secure ground in 
retreating to the position that the Lorentz group 
expresses the relationship between physical phenomena 
viewed by different observers; for this consideration 
must be valid whether or not further conditions 
supposedly stemming from relativistic covariance can 
be justified. 

We now consider what the above viewpoint implies 
for quantum mechanics. We deal here with a particular 
physical system, and in particular with the totality of 
its possible quantum states. We may for convenience 
label the possible abstract states by symbols y, ¢---. 
A particular abstract state will be described by each 
equivalent observer by a vector in a privale linear 
vector space. Thus the abstract state y will be described 
by observer A as a vector wu in his private space {A}, 
by the observer B as a vector yz in his private space 
{B}, etc. Thus, there is a one-to-one correspondence 
between the state vectors of the private space of one 
observer with the state vectors of the private space of 
every other observer, the correspondence being fixed 
by the fact that the same abstract state of the physical 
system is being described by corresponding vectors. 
Actually, this statement is not quite correct, since 
states of the physical system are represented by each 
observer not as a vector in his private vector space, 
but by a ray, since the normalization and phase of the 
vector is not pertinent to the description of the state. 
Thus, what one has, in fact, is a correspondence between 
rays rather than between vectors. That this is of im- 
portance has been emphasized by Wigner,’ but in the 
interests of simplicity of the present argument, we 
ignore this fact for the present and discuss briefly its 
consequences in modifying our argument at a later 
point. 

At this point we must now introduce an assumption, 
which we prefer to do explicitly, although it is often 
tacitly assumed. Namely, we assume that the corre- 
spondence between vectors described above is in fact 
an isomorphism; that is, the correspondence is such 
that the state vector which is a particular linear com- 
bination of state vectors for one observer is in corre- 
spondence with the state vector which is the same linear 
combination of the corresponding state vectors for 
every other observer. The necessity for this assumption 
arises from the usual physical interpretation given to 
the mathematical formalism of quantum mechanics. 
Specifically, if a physical system is in the state y and 
the observer A makes a measurement to determine 
whether the system is in the state ¢, then the probability 


Wigner, Revs. Modern Phys. 21, 400 (1949), and adds substantial 
weight to the argument presented in the text. Further discussion 
of this point may be found in reference 7. 


FOLDY 


of an affirmative result (for normalized state vectors) 
is given by | (¢4,W4)|*, while for a second observer B, 
the probability will be given by | (¢z,~x2)|?. For these 
probabilities to be the same for all observers, the 
isomorphism is necessary. Again, this last statement is 
not quite correct, since there is another possibility, 
namely that for some pairs of observers one could have 
a particular linear combination of state vectors for one 
observer in correspondence with the complex conjugate 
linear combination (that is, the linear combination with 
complex conjugate coefficients) of the corresponding 
state vectors of the other observer. So long as we deal 
with purely continuous groups such as the proper 
Lorentz group, however, we need not concern ourselves 
with this possibility if we impose the continuity con- 
dition described below. For our present purposes, we 
therefore omit consideration of such a possibility. 

So far we have placed no limitations on the particular 
type of vector space representation employed by each 
observer, whether it is, for example, a Heisenberg 
momentum representation or a Schrédinger coordinate 
representation, etc. But the relativistic equivalence of 
the various observers must allow them to employ the 
same descriptions within their private spaces, if they 
so choose, and we now assume that this is done but 
without regard for the particular choice. Then in con- 
sequence of the isomorphism of the various private 
spaces, there may be constructed a single public linear 
vector space (which may be either a new space or the 
private space of a particular observer) in which all of 
the abstract physical states of the system can be 
displayed as vectors. In this public space, however, a 
particular abstract state of the physical system is 
associated with a different vector by each different 
observer, and the correspondence which was previously 
manifested as an isomorphism between the private 
spaces of two observers becomes an automorphism of 
the public space. In other words, the correspondence 
between a vector in the private space of observer A 
and a vector in the private space of observer B, arising 
from the fact that the two vectors represent the same 
abstract physical state, appears now as a correspond- 
ence between two vectors in the public space. Thus the 
relationship between vectors describing corresponding 
states associated with any pair of observers becomes a 
mapping of the public space onto itself. Since the 
relationship between two observers is itself described 
by a particular transformation belonging to the Lorentz 
group, this means that associated with each trans- 
formation of the Lorentz group, one has a mapping of 
the public space onto itself. 

The essential requirement which these mappings 
must possess is the following: If the Lorentz trans- 
formation connecting observers A and C is the resultant 
(product) of the Lorentz transformation connecting 
observers A and B followed by that connecting ob- 
servers B and C, then the mapping associated with the 
pair of observers A and B when followed by the mapping 





RELATIVISTIC PARTICLE SYSTEMS WITH 


associated with the pair of observers B and C must be 
the mapping associated with the pair of observers A 
and C. This consistency requirement then means that 
to every transformation of the Lorentz group there is 
associated a mapping of the public space onto itself 
such that the mappings have the same composition 
structure as the abstract group. Combined with the 
linearity (isomorphism) assumption made earlier, this 
amounts to the fact that the public space must be a 
representation space for the Lorentz group, the repre- 
sentation being by linear mappings. Finally, since the 
public space may be taken to be the private space of 
any one observer, one can deal with the description of 
states as practiced in any particular Lorentz frame in 
establishing the group representation. 

Insofar as a particular observer wishes to describe 
the totality of states of a system, not directly by the 
state vectors themselves, but by an equation (Schréd- 
inger equation) the totality of whose solutions form the 
linear vector space, one can translate the essential 
requirement as follows: One must associate with every 
Lorentz transformation a mapping of every solution of 
the equation on to another solution such that the 
composition properties of the group are preserved. 
This approach has the advantage that the fact that a 
solution of the equation is carried into another solution 
by a mapping can be verified in many cases without the 
necessity of having explicitly the general solution of the 
equation. This is the approach that will be followed in 
the body of the present paper. 

It is necessary, for completeness, to add one further 
restriction which is not obviously connected with any 
physical consideration. Namely, as is customary in any 
case in the discussion of group representations for 
continuous groups, we shall be restricted to repre- 
sentations which are continuous. Roughly put, this 
means simply that if we have two transformations L 
and L’ of the Lorentz group which are infinitesimally 
close (that is, the set of continuous parameters which 
label them differ by infinitesimals), then the mapping 
associated with Z~'L’ shall differ infinitesimally from 
the identity. 

It remains only to remark on the effect of the obser- 
vation that in quantum mechanics one is working in 
reality with ray rather than vector spaces. This implies 
that for physical consistency, if L’” is the Lorentz 
transformation which is the product LL’ of the Lorentz 
transformations LZ and L’, then the mapping associated 
with ZL” need not be precisely the product of the 
mappings associated with LZ and L’ individually. It 
need only be a mapping such that its effect on every 
vector of the space is to yield a vector which differs by 
a multiplicative constant from that yielded by the 
product of the two mappings. So long as one deals with 
unitary mappings (which are all that will be considered 
below), this multiplier can only be a number of modulus 
unity and so effects only a change in phase of the 
resultant vector. The practical consequence of this for 
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what follows is that the Lie-Koenig relations for the 
commutators of representatives of infinitesimal gen- 
erators of the group is weakened. The commutator need 
not be simply a linear combination of the represen- 
tatives of infinitesimal generators of the group but may 
contain an additional additive term which is a multiple 
of the identity. For the Lorentz group itself, Wigner 
has shown that this is of no practical consequence. 
However, for the Galilean group associated with the 
nonrelativistic limit of the Lorentz group, there do 
exist ray representations which are not the equivalent 
of vector representations, and in fact, the irreducible 
vector representations of the Lorentz group go over in 
the nonrelativistic limit to ray representations of the 
Galilean group.® This poses no grave problems, however, 
and what minor difficulties do arise are disposed of in 
heuristic fashion, since it is not felt justified to present 
at length a more careful treatment in the context of 
the present problem. 

The author apologizes for the somewhat overextended 
and perhaps unnecessarily elementary discussion pre- 
sented above of the meaning of Lorentz covariance. It 
is included in the hope that it may prevent any mis- 
understanding of the scope and implications of the 
results which are derived below. 

The above considerations apply to any relativistic 
physical system. The present paper is concerned with 
their application to a system of a fixed number of 
particles. To define this more precisely, we mean here 
such systems where all observable quantities are 
represented by operators which are functions of a basic 
set of operators; namely, the familiar operators repre- 
senting the position coordinates, the momentum com- 
ponents, and the spin operators of the m particles 
constituting the system. We shall define what we mean 
by free and by interacting particles more precisely at a 
later point and remain content at this point with simply 
remarking that the intent, at least, is that these terms 
have their simple familiar meaning. 

The problem to be solved is now clear; namely, to 
construct a Schrédinger equation describing what we 
mean by a system of interacting particles such that the 
solutions give rise to a representation space for the 
inhomogeneous Lorentz group. With the restriction to 
the proper (isochronous) group, this may be carried 
out by finding appropriate operator representatives 
for the ten infinitesimal generators of the group (satis- 
fying well-known commutation relations), but subject 
to certain restrictions, as was pointed out by Dirac.? 
These representations are not irreducible; the irre- 
ducible representations have been studied and classified 
by Wigner and Bargmann®’; they are not appropriate 


5In this connection see E. Inonu and E. P. Wigner, Nuovo 
cimento 9, 705 (1952); V. Bargmann, Ann. Math, 59, 1 (1954); 
and M. Hammermesh, Ann. Phys. 9, 518 (1960). 

6 E. P. Wigner, Ann. Math. 40, 149 (1939); Z. Physik 124, 665 
(1947). V. Bargmann and E. P. Wigner, Proc. Natl. Acad. Sci. 
U. S. 34, 211 (1948). 

7A discussion of certain of these irreducible representations in 
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to the description of what we mean by a system of 
particles, but only to a single particle, or to what Wigner 
calls an elementary system. Representations of the type 
required here were obtained by Bakamjian and Thomas 
by a somewhat peculiar heuristic procedure. This con- 
sisted in starting from the representation which corre- 
sponds to a system of free particles (Sec. III, below) 
and performing a canonical transformation to a new 
representation. In this representation it is a trivial 
matter to modify the operator representatives of the 
infinitesimal generators so as to introduce interaction, 
without at the same time invalidating the commutation 
relations which these generators must satisfy. The 
procedure has the shortcoming that the generality of 
the result is not at all clear. 

The investigation reported in the present paper, 
which originated independently of the earlier work,' 
follows a different path, namely, the direct “inte- 
gration” of the commutation relations for the generators 
of the inhomogeneous Lorentz group, and attempting 
to do this in complete generality. The procedure which 
was devised for this purpose consists in making use of 
an artificial expansion’ of all quantities in powers of 
(1/c?), where c represents the velocity of light. With 
this method we were able to secure the most general 
solution for which such an expansion exists, but we 
have no knowledge at this time whether solutions for 
which expansibility is not possible may also exist. Our 
considerations are limited to a system of particles with 
finite rest mass and finite spin, and we conjecture that 
our solution is the most general for such a system. 
Although our solution is obtained by an expansion 
procedure, the final result is obtained in closed form 
and coincides with the result of Bakamjian and Thomas. 
The generality of their solution is thus more clearly 
defined. 

The general result which is obtained shows on ex- 
amination that without further restrictions it encom- 
passes systems which are quite aphysical in a certain 
sense in that they fail to possess a property which we 
call separability of the interaction. Although defined 
more precisely in the text, this term is meant to cover 
the characteristic that a system of particles when 
broken up into two spatially remote subsystems should 
be such that the dynamics of each subsystem are 
independent of the other. We are able to exploit the 


a notation and representation corresponding to that employed 
below will be found in L. L. Foldy, Phys. Rev. 102, 568 (1956). 

8 Most of the substantive content of the present paper was 
obtained in 1956 and presented at a seminar at Brookhaven 
National Laboratory during the summer of that year. Its con- 
nection with the work of Bakamjian and Thomas was pointed out 
to the author at that time by Professor N. M. Kroll. A substantial 
part of the long delay in submitting this work for publication was 
occasioned by an unsuccessful search for a more satisfactory 
method of handling the problem of separability of the interaction 
than that presented later in the paper. 

® The specific nature of this expansion depends in part on the 
form in which the fundamental commutation relations are written. 
The particular choice employed was dictated by considerations 
discussed in footnote 11. 
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methods we have developed to form a basis for limiting 
the general solution to systems satisfying the separa- 
bility condition on the interaction, but unfortunately, 
here we have not been able to put the appropriate 
requirement in closed form; instead the procedure must 
be carried out order by order in powers of (1/c?). Its 
utility is thereby somewhat impaired insofar as actual 
applications are concerned. 

While this work was primarily motivated by the 
purely theoretical question as to whether relativistic 
descriptions of a system of directly interacting particles 
were possible, and in what generality, its usefulness is 
not restricted by this consideration. While the theory 
is certainly not in a form where one can employ it 
immediately to set up a completely relativistic descrip- 
tion, say of even so simple a system as a hydrogen 
atom, except perhaps approximately, nevertheless it 
does separate out the essential restrictions of relativity 
and shows further that these alone do not sufficiently 
circumscribe reasonable physical systems. Hence, it 
can yield some insight into the further requirements 
which systems must possess to be what we call “physi- 
cally reasonable.” Separability of the interaction is here 
a case in point, but other requirements such as causality 
and nonpropagation of physical effects with velocities 
exceeding the velocity of light still require exploration. 
Furthermore, within the scope of the present result 
there is established a framework within which any 
relativistic description of a system of the type con- 
sidered here, whether exact or approximate, must fall. 
Thus, effective Hamiltonians for the interaction of 
particles as derived from a field-theoretical description 
should be encompassed by the results here obtained. 
Finally, the results obtained can serve in a most 
practical fashion to set up equations which are rela- 
tivistic to some particular order in (1/c*) starting from 
a knowledge of the nonrelativistic interaction (as we 
will show in a future publication). 


Il. INHOMOGENEOUS LORENTZ AND 
GALILEAN GROUPS” 


We take as the ten infinitesimal generators of the 
proper inhomogeneous Lorentz group the generators 
of the infinitesimal space translations (P;,P2,P3)=P, 
the generator of the infinitesimal time translation H, 
the generators of infinitesimal rotations (J;,J2,J3)=J, 
and the generators of infinitesimal Lorentz transfor- 
mations (K1,K2,K;)=K. These satisfy the well-known 
commutation relations": 


The discussion of the irreducible representations of the 
inhomogeneous Lorentz group follows that contained in reference 


‘. 

11 The specific form of the constant coefficients appearing in 
these relations depends of course on the ‘‘ncrmalization” of the 
infinitesimal generators, which are undefined to within a constant 
which may be dimensional. The particular choice here used corre- 


sponds to appropriate “physical dimensions” for the various 
generators such that, for example, P has the dimensions of a 
momentum, H an energy, J an angular momentum, and Ka 
reciprocal velocity in units in which A=1. The occurrence of the 
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LP.,P;]=0, 
[P:,H]=0, 

[J;,H |=0, 

[J iJ 5 |= tess, 
LJi,Pi]=ieinPr, 
[Ji,Kj]=iejrKe, 
[H,K;]=—%iP,, 
[K.,K;]= —iewpJs/e, 
(P,,K,]= —i8,,H/e. 


Here 6;; is the Kronecker symbol, «;, the Levi-Civita 
three-index symbol, ¢ represents the velocity of light, 
and the summation convention on repeated indices is 
assumed. 

By an appropriate transition” to the limit c— «: 


P— Po, 
H—Mé2+H®, 
J Jo, 
K — K®, 


one obtains the infinitesimal generators of the Galilean 
group which satisfy the same commutation relations 
(1) with the exception of the last two relations which 


velocity of light ¢ in special positions in (1) is then conditioned by 
this choice. One could equally well have employed cP as the 
generator of infinitesimal space translations, and cK as the gen- 
erator of infinitesimal Lorentz transformations, in which case no 
c’s would appear. While such a choice has the advantage that the 
commutation relations are free of dimensional constants, it would 
have precluded our using the limit c > © as the characteristic 
nonrelativistic limit leading to the Galilean group. An alternative 
approach which could have some advantages is to employ cP/\/a 
as the generator of space translations and cK/,/a as the generator 
of Lorentz transformations, where a is a positive dimensionless 
number. The commutation relations would then still have the 
form (1) except for the replacement of 1/c? by a on the right sides 
of the last two relations. The nonrelativistic limit would then be 
given by a— 0, but with some care taken about the rest-energy 
term in H. The expansions which we later use would be expansions 
in the abstract parameter a rather than in a physical quantity 
(with dimensions), namely 1/c?; this might have some conceptual 
advantage but in no way really affects the arguments that we 
employ. We choose, however, to retain the form of (1) as written 
and to think of the nonrelativistic limit as the limit ¢ > «: 

2 The rest energy term in H is the source of some difficulty in 
going to the nonrelativistic limit. In actuality the correct form of 
the commutation relations of the Galilean group has zero on the 
right side of the second equation of (3). In the representations of 
the Lorentz group we shall later be considering, the limit actually 
takes the form of (3), and hence the Lie-Koenig relations for the 
infinitesimal generators of the Galilean group are not obtained, 
since the right side of the second equation of (3) is not a linear 
combination of the infinitesimal generators of the group. The 
reason for this is the fact noted in the introduction, that the 
nonrelativistic limit of the representations of the Lorentz group 
which we employ (and which are vector representations) yield 
ray representations of the Galilean group. For such represen- 
tations, the occurrence of such a term on the right side is perfectly 
allowable insofar as the commutation relations are applied to 
operator representatives of the infinitesimal generators of the 
group. Since this is the only application we make of the com- 
mutation relations, we have no cause for concern. 
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are replaced by 
[K OK © |= 0, 


3 
[P,,K©;]=—16;;M, i 


where M is a constant which we shall call the intrinsic 
mass. Both the Lorentz and Galilean groups may be 
extended to include space-inversion and time-inversion 
transformations, but since this generalization leads to 
only minor modifications of the discussion which fol- 
lows, we shall not discuss these in any detail. (See 
Sec. XI.) 

A quantum mechanical system whose state vectors 
form a representation space for the Lorentz group we 
shall call a Lorentz or relativistic system; one whose 
state vectors (more properly, rays) form a represen- 
tation space for the Galilean group we shall call a 
Galilean or nonrelativistic system. 

The irreducible representations of the commutation 
relations (1) have been studied by Wigner and 
Bargmann.®’ Restricting the present discussion to 
representations suitable for describing a particle of 
finite mass and noninfinite spin, each irreducible rep- 
resentation, to within a unitary or antiunitary equi- 
valence, can be designated by two numbers: m, taking 
any positive value, which we shall call the mass, and 
s, taking positive integral or half-integral values or 
zero, which we shall call the spin. A description of the 
irreducible representation (m,s) in the language of a 
Schrédinger coordinate representation can be sum- 
marized as follows: The vectors of the unitary repre- 
sentation space as (2s+1)-component wave functions 
y(r,t) which are square-integrable (on r) solutions of 
the equation 


idp (r,t)/dt=onp (r,t), (4) 


where w is the integral (nonlocal) operator 
(5) 


with units chosen so that #=1. The scalar product in 
the representation space is given by 


w= (mct+cep)!, p=—iV, 


(6) 


(Wao) = [ vor(eDvo(e ar. 


A representation of the Lorentz group is provided by 
the following identifications of the infinitesimal 
generators: 


P=p, 

H=w, 

J=rXp-+s, 

K= (rw+wr)/22—[sX p |/ (mc?+-w) — op. 


(7) 


The symbols (51,52,53)=s represent three irreducible 
(2s+1)-dimensional matrices satisfying the commu- 
tation relations 

(8) 


Ps EE " 
[ 5i,8; |= LeijRSk, 





280 LESLIE 
and hence constitute an irreducible representation of 
the three-dimensional rotation group. One can easily 
verify that (7) satisfies the fundamental relations (1) 
and that the transformations induced by these in- 
finitesimal generators carry any solution of (4) into 
another solution. The above representation may be 
identified with the description of a free relativistic 
particle of mass m and spin s; in the conventional 
interpretation, r represents its position, p its mo- 
mentum, w its energy, s its spin angular momentum, 
and rXp its orbital angular momentum. 

Taking the limit c— © yields a representation of 
the Galilean group" which may be identified with the 
description of a free nonrelativistic particle. The 
Schrédinger equation (4) becomes in this limit (after 
dropping the rest-energy term) 


1dy (r,t)/dt= (p?/2m)y (r,t), (9) 
and the second and fourth equations of (7) become 


H = p?/2m, (10 
. ) 
K® = mr—ip, 
while the other generators are the same as in the 
Lorentz case. 


III. PARTICLE SYSTEMS 


The direct product™ of N irreducible representations 
of the Lorentz (Galilean) groups leads to a reducible 
representation which is identified with a relativistic 
(nonrelativistic) system of NV noninteracting particles. 
Explicitly, we associate with the vth particle a rest 
mass m,, a spin S,, a position vector r,, a momentum 
p=—iV,, an energy w,=(m,*c'+c*p,?), and a spin 
angular momentum s,. The vectors of the representation 
space are functions with J],~:" (2s,+1) components, 
each component being a function of all the r,, but of 
only one time variable /. These state vectors are the 
square-integrable (on all r,) solutions of the Schrédinger 
equation 

idy (1: + ty; t)/dt=AYp(r,---ry; 0), (11) 


where the operator H is given in (13) below, and the 
scalar product is defined by 


Wasts)= f ,  [verade --dty. 


In accordance with the direct product character of the 
representation, the infinitesimal generators of the 
Lorentz group are identified as 


P=>', p,, 
H=>",w,, 
J=>)}.,, 
K=),k,, 


(12) 


8 With intrinsic mass m 
4 See any book on the theory of groups and group represen- 
tations. 
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where 
j-=r,Xp,t+s,, 
k,= (rw,+w,r,)/2c?—[s,X p, |/(m,c?+w,)—tp,. 


(14) 
(15) 


The corresponding representation of a noninteracting 
Galilean particle system can obviously be obtained in 
an analogous way. 

The introduction of interaction into the system of 
particles is to be accomplished by retaining the 
Schrédinger equation (11) but with H modified by the 
introduction of an interaction term U, a function of 
the dynamical variables of the system: 


H=D,0,+U. (16) 


Its solutions are still to constitute a representation 
space for the Lorentz group but with (16) replacing 
the second equation of (13). The generators P and J 
can be allowed to stand unchanged (by an appropriate 
choice of representation), but one can no longer retain 
the identification of K as given in (13), since in view of 
(16) such an identification would be in conflict with the 
last commutation relation of the set (1). Thus it is 
necessary to assume an interaction term in K as well: 


K=>,k,+V, 


where V is another function of the dynamical variables 
of the system. The problem of describing an interacting 
system of Lorentz particles then consists of determining 
functions U and V such that the fundamental com- 
mutation relations (1) are still satisfied.* 

While it would be our hope to obtain a general 
solution of the commutation relations for U and V 
and thus to derive a description of every possible 
relativistic system of particles with finite mass and 
noninfinite spin, the methods applied in the present 
paper are not sufficiently powerful for this purpose. 
These methods, while lacking in rigor, do yield quite a 
general solution, which we believe in fact to be the most 
general solution within the context of the present prob- 
lem, but this last conjecture has not been established. 
It should also be remarked that while every U and V 
such that the commutation relations are satisfied will 
yield a description of a relativistically invariant system, 
these systems need not have any resemblance to familiar 
physical systems unless U and V satisfy other conditions 
as well. We shall give some discussion of this point 
briefly later in the paper. 

The problem of establishing a description of inter- 
acting Galilean particles can be formulated in close 
analogy to that for Lorentz systems. Since this problem 
represents a prelude to the Lorentz problem, we consider 
it first in the following section. 


(17) 


IV. INTERACTION IN GALILEAN SYSTEMS 


In the interest of a simplified appearance for our 
equations, we shall, in the present section only, drop the 
superscript (0) which we have so far employed in 
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distinguishing the generators of the Galilean group 
from those of the Lorentz group. In accordance, then, 
with the discussion of the last section, we assume for 
the generators of the Galilean group the forms: 


P=). p», 

H=>, p2/2m,+U, 
J=>. [1 Xp,t+s,], 
K=>_, (m,r,—ip,)+V. 


It is convenient for our present discussion, as well as 
for the succeeding discussion of the Lorentz group, to 
introduce conventional center-of-mass and relative 
coordinates’ : 


(19) 
(20) 
(21) 
(22) 


M=)>,m,, 
R= » le m,r,/M, 
P= Ls P,, 
o,=r,—R, 
y= pP,y— m,P, M. 
P and R are, of course, canonically conjugate, but the 
e, and x, are not independent (and hence not canoni- 
cally conjugate) since they satisfy the relations: 
LD m,o,=0, 
>, z=90, 


and the commutation relations: 


C (o>), (e»)s J=L (a), (4); ]=0, 

C(x,)i, (oe); J= ‘ae. i[6,..—m,/M b;;. 
Actually, we shall require only the fact that P and R 
commute with all the o,, x,, and s,. These latter 


variables we shall call internal variables. In terms of 
these variables, we have 


J=RXP+S, 


(24) 


(25) 


where 


S=>,[o.X2+s,], 
is the infernal angular momentum (spin) of the system; 


H=F*/2M+T+U (28) 


where 


T=>,42/2m, (29) 


is the internal kinetic energy of the system; and 
K= MR-—/P+V. 


15 Actually, any transformation of coordinates which yields a 
coordinate R, canonically conjugate to P, and internal coordinates 
commuting with R and P are satisfactory for the purpose of what 
follows. The particular choice above is made only because of its 
familiarity, not because it has some deep-seated significance. Of 
course, the ordinary center of mass is significant in the non- 
relativistic case, but much of its significance is lost when one 
considers the relativistic situation, and actually we shall continue 
to use the same variables in this latter situation. 


(30) 
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U and V may now be regarded as functions of R, P, 
and the internal variables. An explicit time dependence 
of U and V is excluded by the requirement that the 
Schrédinger equation (11) be left invariant under the 
transformations induced by the infinitesimal generators. 

It is seen immediately that (19) satisfies the funda- 
mental commutation relations: 


[P.,H J=(/i,H]=0, (31) 


provided U is translationally invariant (and hence 
independent of R) and rotationally invariant. Further- 
more, (22) satisfies the fundamental relations 


[P.,K;]=— iM, 


32 
(Ji,Kj ]= —tegeKe, ( 


provided V is also translationally invariant (and hence 
independent of R) and transforms as a vector under 
rotations. Hence, U must be a scalar and V a vector 
formed from P and the internal variables. The re- 
maining two fundamental relations: 


[Ki,K;]=0, 


33 
[H,K;]=—iP;, +) 


then yield the two more complicated conditions: 
M[R;, V;)—MLR;, Vij+ [ Vi, V;J= 0, 
M[U,RJ+(U,VJ+[7,V]=0. 


It will be noted that, in contrast to the Lorentz case, 
these relations can be satisfied with V=0 even if U0. 
To make this assumption, ab initio, however, would 
shed some doubt on the generality of the solution. We 
shall jnstead proceed without this assumption and show 
that, in fact, V=0 can always be achieved, without 
loss of generality, by an appropriate choice of repre- 
sentation. Once this has been demonstrated, (35) re- 
duces simply to 


(34) 
(35) 


[U,R]=0, (36) 


which states that U is independent of P as well as R 
and hence is an arbitrary rotationally invariant (scalar) 
function of internal variables only. 

Our establishment of the quoted result is conditional 
on the assumption that V may be regarded as a function 
of a parameter A, vanishing when A=0, which has a 
regular power series expansion about this point, and 
that the commutation relations are satisfied for all 
values of A within a nonzero radius of convergence of 
this power series. In this case we may write 


V= re , 4 yr)", 


n=) 


(37) 


where a is a positive integer. If this expansion is sub- 
stituted in (34), then the terms of order a yield 


[Riv ;]—[Rj,v]=0. (38) 
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But in a momentum representation, this equation 
simply states that 


curlpy =0, (39) 


and hence that there exists a function ® such that 


yo) = —gradph=i[ R,#]. (40) 


Furthermore, it is easy to see that ® can be so chosen 
that it is Hermitian, translationally invariant, and 
rotationally invariant, so that it commutes with P 
and J. If we now subject our representation to the 
unitary transformation 


U=exp(i°b/M), (41) 


we have, by virtue of the commutativity of @ with P 
and J, that 
P’=uPu'=P, 


J=usu'=J. 
Employing an expansion in powers of \, we have further 
K’=uKu=uLMR-/P4+V ju 

= MR-/P+V’, 


(42) 


(43) 


where V’ is of order A**! by virtue of (40). Hence 
formally, at least, we can by repetition of this process 
eliminate terms of higher and higher order in \, and 
thus finally achieve a representation in which P and J 
retain their standard forms and V=0 so that 


K= MR-/P. (44) 


Having disposed of V by a proper choice of represen- 
tation, we have by our earlier argument that the general 
solution for U is a rotationally invariant function of 
the internal variables of the system. 

In all that follows, we shall assume that the repre- 
sentation of a Lorentz system is so chosen that in the 
nonrelativistic limit V=0 and K assumes the form 
(44). Representations of the Lorentz group in which 
(44) holds in the nonrelativistic limit and in which P 
and J have the forms (19) and (21), respectively, will 
be called standard representations. It is of interest to 
note that by virtue of the zero choice of V in the 
Galilean representation, the transformation of r, and 
p, under Galilean transformations is the same in the 
presence as in the absence of interaction: 


r,’=exp(iE-K)r, exp(—it- K)=r,— 1, 


p,’=exp(iE-K)p, exp(—it-K)=p,—m,, 49) 
and in agreement with the classical concept of Galilean 
kinematics. This may be considered a justification in 
part for the identification of r, and p, with the co- 
ordinate and momentum vectors of the vth particle.!™* 
No analogous result is valid in the Lorentz case. 


168 Note added in proof. It may be appropriate to remark here 
that p, is the momentum canonically conjugate to r,; since U 
contains the p,, p, is not necessarily equal to m,r,. The same remark 
is applicable in the relativistic case considered later. 
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V. INTERACTION IN LORENTZ SYSTEMS 
(ORDER c-*) 


We now turn to the problem of integrating the 
commutation relations for the Lorentz group in the 
presence of interaction. The method we shall employ 
will consist in expanding all quantities of interest in 
powers of the parameter (1/c?) and then attempting 
to integrate the commutation relations order by order. 
To zeroth order, the Lorentz group reduces to the 
Galilean group so that this problem has been solved 
in the preceding section. The assumption of expansi- 
bility of this type is lacking in elegance and may per- 
haps pose grave questions of rigor about which we are 
able to say little. Even on the physical side the meaning 
of such an assumption is obscure since it is beyond our 
powers to vary the velocity of light."* Our justification 
for this procedure is thus largely pragmatic in that 
we are able to secure definite and reasonable results. 

In actuality, we shall not quite carry out the full 
program outlined. We shall instead obtain the results 
for Lorentz systems valid to order (1/c*) and use these 
to infer the result correct to all orders. We are then 
able to show that the latter is the most general solution 
in the form of a power series in (1/c*). Considerable 
confidence in the generality of our final result is sup- 
ported by another argument, which we shall give later, 
drawing on the reducibility of representations of the 
Lorentz group. The results thus obtained are equivalent 
to those of Bakamjian and Thomas referred to in the 
introduction, but our methods suggest a much greater 
generality than is clear from the work of these authors. 

We begin then with the expansibility assumption 


H=M2+H+H+--- 
K=K®+K®+-.., 


with superscripts designating the order of the term in 
powers of (1/c*). Here H™ is identical with the H 
given in (28) of the previous section with U an arbitrary 
rotationally invariant function of the internal variables, 
while K® is given by Eq. (44) of the previous section. 
On substituting (46) and (47) into those of the funda- 
mental commutation relations (1) which involve H and 
K and collecting terms of first order, one obtains 


[P.,H]=0, 
[Ji,H]=0, 
[Ji,K s]= ieinK 
(H®,K}+[H®,K®,J=0, 
[K®,,K®J]—[K®,K®,] 
LP, K;]= 


(40) 


(47) 


—1€;; m C 


—16;;H PEC. 


The first two of these simply assert that H is trans- 
lationally and rotationally invariant, while the third 
asserts that K“ transforms as a vector under rotations. 


16 See, however, the remarks made in footnote 11. 
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The last three relations are more complicated and 
require detailed consideration. 

To obtain a general solution of these, we note that a 
particular solution of (52) and (53) is given by 


L® = (RH®+HOR)/22-[SXP]/2Me, (54) 


where use is made of the solutions for H and K“ 
obtained in the previous section. It is further clear that 
the general solution of (53) can be obtained by adding 
to L® an arbitrary function which commutes with P 
and hence is independent of R. On the other hand, Eq. 
(52) can now be rewritten as 


[RK —L,]—[R,,K®,—L®,]=0, — (55) 


where use has been made again of the fact that K is 
of the form given in Eq. (44) and of our preceding 
result that the difference between K® and L® com- 
mutes with P. Now (55) is again of the same form as 
Eq. (38) which allows us to conclude that the general 
solution for K consists of L® plus the P gradient of 
an arbitrary function: 


K®=L+i[R,). (56) 


The previously noted conditions allow us to restrict 
®” to an arbitrary rotationally and translationally 
invariant function. 

We turn now to the final equation to be satisfied, 
namely (51). We note first that 

[H® L©]=[({H},R)/2e, (57) 

where use is made of the fact that H commutes with 
P and with S, the latter following in turn from the fact 
that J and RXP commute with H™. We have further, 
by use of the Jacobi identity, 


[H® i(R&T]=—i(6 [HRY] 

—iLR [© A ]]=(h[6®,A),R], (58) 
where we have employed the fact that the commutator 
of H® with R is —iP/M which commutes with 6”. 
Finally, we note that 


[H® K® ]=(MH®,R], (59) 
by using the form (44) for K® and the fact that H 
commutes with P by (48). Now substituting (56), (57), 
(58), and (59) into Eq. (51), we find that it can be 
written 


[{H}2/22+i[,H]4MHA®,RJ=0, (60) 


which simply asserts that the first factor of the com- 
mutator brackets is independent of P and hence must 
be a function, which we call MW, of the internal 


coordinates and of R. Thus the general solution of 
(51) for H™ is 


H® =—{H}?/2Me—i[@ ,HOYM+W. (61) 
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The rotational and translational invariance of H™ as 
expressed in (48) and (49), then imply that W® must 
be a rotationally invariant function of internal variables 
only. 

Thus our problem has been solved to order 1/c*. It 
is now a straightforward matter to obtain the inter- 
action terms U and V to first order using (16) and (17). 
The calculation is a little lengthy, and we simply quote 
the results: 


rPeuU® (T+U) 1 


2M?*¢? 2Mc? 


yo=— aie 
v 8m, 


wg 
et ad Bt. (62) 
RU 1 1 
you — — -——> steele B+ (a Po, 
2 


C2 


4) 
1 
+2,(0,-P)+(9,-P)x,}+- ~ {o,.7/+7,/"0, 


2m, 
~[8.x2.}) | HTRO}, (63) 


Some simplifications in the expressions (62) and (63) 
can be achieved by noting that the terms — (7+U)?/ 
2M?+)>_, 2,!/8m,2c in U™ are functions of internal 
variables only and can therefore be incorporated into 
W®; 
U9 = —P?U/2M*e 

443, [ (2, P)?/m,Mee+n2(2,-P)/m2Me] 

on iL [7 M+W, 

Furthermore V“ can be written as 


VO=RI fO) ‘C+iLR, PhY+po') 


(64) 


(65) 
where 


60! =—— 
2c* 


1 
2 E -{(9,-P)(x,-P)+(x,-P)(0,-P)} 
» 12M 


1 
+: ~{(¢r Pha? tri(e-P)-S.xa,-P)| (66) 


2m, 


It is of some practical interest that the results of this 
section allow one to generalize any nonrelativistic 
Hamiltonian to one which is relativistically invariant 
to order 1/c?, but that in view of the arbitrary functions 
©” and W™, the generalization is by no means unique. 
Conversely, a Hamiltonian which is purported to corre- 
spond to a theory which is relativistically invariant to 
terms of order 1/c? should be subsumed in our result 
if it is, in fact, as general as we believe. In particular, 
one can verify that the reduction of the Breit Hamil- 
tonian"’ for two interacting charged particles in positive 


17 G. Breit, Phys. Rev. 51, 248 (1937). 





284 


energy states is comprehended by the expressions 
obtained here, and presumably the same is true (though 
we have not attempted a check) of similar reductions 
of two-particle Dirac Hamiltonians obtained by 
Chraplevy et al.'® 


VI. A UNITARY TRANSFORMATION 


Clearly the next step in our program would consist 
in attempting to repeat the procedure just employed 
in order to obtain the terms of order 1/c*. Eventually, 
one would have to justify by induction the successive 
steps and show that the commutation relations at each 
order can indeed be integrated. In view of the com- 
plications encountered already in order 1/c*, such a 
procedure is bound to be extremely involved, though 
we have no doubts it could be successful. In the present 
paper, however, we turn to a slightly modified 
procedure. 

The representation obtained to order 1/c’ is a standard 
representation in the sense this term was defined. It is 
not thereby unique, however, as can be seen from the 
following argument. One can obtain a new represen- 
tation through the agency of a unitary transformation. 
If this unitary transformation commutes with P and 
with J, it does not disturb the standard form of these 
generators. If, furthermore, the unitary transformation 
differs from the identity by terms of order 1/c? or higher, 
it will not disturb the standard form of the nonrelati- 


vistic limit of K. Thus, since the infinitesimal generator 
of a unitary transformation can be selected in an 
infinite number of ways and still be translationally and 
rotationally invariant and of order 1/c*, there are an 


infinite number of unitary transformations which 
preserve the standard form but modify the generators 
H and K (even to order 1/c*) profoundly. In view of the 
complicated forms already obtained for H and K in 
second order, there would clearly be advantages in 
exploiting the freedom thus offered of simplifying these 
expressions. We will show presently that indeed we 
may eliminate the term in @ from Eq. (56) by a 
unitary transformation with a corresponding simplifi- 
cation of the expression for H™. Before doing this, 
however, we remark that such a procedure also has 
certain disadvantages. These stem from the fact that 
any such unitary transformation at the same time 
modifies the operator representatives of physical ob- 
servables. Thus the price of the simplification achieved 
lies in an obscuration of the direct physical interpre- 
tation of the operators which appear in the expressions 
for the generators of the Lorentz group. We shall 
discuss this point at greater length in a later section. 

We consider now the elimination of the arbitrary 
function ® from the expressions of the previous 
section through the unitary transformation 


a U=exp(id™/M). (67) 


18 F. N. Glover and Z. V. Chraplevy, Phys. Rev. 103, 821 (1956), 
and further references contained therein. 
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Since 6 commutes with P and J, these generators are 
left unchanged. On the other hand, we have 
UKU-'= KK —i[ KR, ]+ (terms of order c~*), 
UK®y-!=K®-+ (terms of order c~), 

UA} Y= H+i bo H)/M 


+-(terms of order c~*), 


UH Y-!= H+ (terms of order c~*). 


(608) 


(69) 
(70) 


We thus obtain 
uKu-'=K®+L®-+ (terms of order c~*), 
UHu = Me+ HA —{H}?/2Me+w 
+ (terms of order c~*), 
with W®, an arbitrary rotationally invariant function 


of internal variables only, now remaining as the only 
arbitrary term of second order. 


Vil. THE “GENERAL” SOLUTION 


The results expressed by Eqs. (72) and (73) allow 
one to make a reasonable inference of what we would 
have obtained had we continued our procedure to all 
orders in 1/c*. To see this we need only rewrite these 
equations in another form, equivalent to the original 
to order 1/c*. This form is 


H=([h’+eP?}, 
K= (RH+HR)/2—[SXP]/(4+-H)-/P, 


(74) 
(75) 
where h is a rotationally invariant function of internal 
variables only and explicitly is 


h=MCHAO+AAO+-:--, (76) 
with 
hO=>°, x,2/2m,+-U, 


h® = —{h}2/2M2E+W, 


(77) 
(78) 


The addition of the row of dots in (76) is purely 
gratuitous at this stage but is meant to suggest that 
had the problem been carried out to still higher order 
in 1/c? the result would still be of the form of (74) and 
(75) except for the addition of higher order terms to h. 
But the remarkable feature of Eqs. (74) and (75) is 
their close analogy in structure to the irreducible 
representation of the Lorentz group given in Eq. (7) 
if we identify 4 with m, P with p, and § with s. 

With the strong suggestion that (74) and (75) are 
the general solution to our problem, it is now a simple 
matter to substitute these directly into the fundamental 
commutation relations given in Eq. (1). One finds 
indeed that these are satisfied provided only that h 
commutes with P, R, and J which simply asserts that 
h is a rotationally invariant function of internal 
variables only. The only question which then remains 
is whether we have lost any generality in the leap from 


our general second-order result to our final result 
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expressed in (74) and (75). We now give an argument 
which shows that in fact no generality is lost provided 
K and H have power series expansions in 1/c? as pre- 
scribed earlier. We need only assume that a more 
general solution is of the form, 


K’=K+AkK, (79) 
H’=H+AdH, (80) 


with H and K given by (74) and (75). On substituting 
these into the last equation of (1), we have 

[P;,AK;]= —15,AH/c, (81) 
showing that whatever the order of AK in powers of 
1/c?, AH is of one lower order. We now substitute (79) 
and (80) into the second-last equation of (1) and obtain 


[K,,4K;]—[K;,AK,]=—[AK,,AK;]. —_(82) 
Since the deviation AK of K’ from K must be of some 
definite order (not zero) in 1/c*, say of mth order, we 
have for the terms of mth order in Eq. (82) simply 


M[R,,4K;]—M[R,,AK;]=0, (83) 


which by an argument now familiar implies that AK 
has the form iLR,#™ ] and hence that the term of mth 
order in AK can be eliminated by a unitary trans- 
formation U™=exp[ib™/M]. It then follows from 
(81) with i= 7 that AH is zero in the order n—1. By 
repetition of the argument we may show that by a 
series of unitary transformations of this type AK and 
AH may be made zero to any order. While these unitary 
transformations do not leave H and K invariant, these 
are modified at most in order m and n+1, respectively, 
so that the resultant changes can be incorporated into 
AH and AK of these orders, respectively. Thus we have 
established that (74) and (75) constitute indeed the 
most general solution which has a power series expansion 
in 1/c*. If there exist solutions to our original problem 
which are not so expansible, we can say nothing about 
them. 


VIII. DISCUSSION OF THE GENERAL SOLUTION 


At first sight it may seem remarkable that we were 
able to obtain so general a solution to our problem. We 
shall now show that in a way the result is trivial and 
might have been anticipated from other considerations. 
We remark first that any representation of a relativistic 
system consisting of more than one particle is reducible, 
whether or not there is interaction. Since any unitary 
reducible representation of the inhomogeneous Lorentz 
group is completely reducible, in an appropriate sense, 
it must be equivalent to the direct sum of irreducible 
representations. But this is exactly the nature of the 
result which we have in Eqs. (74) and (75). To see this, 
we note that since 4 commutes with P, R, and J, it 
also commutes with § and hence with S*. Furthermore, 
S? commutes with all the generators of the inhomo- 
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geneous Lorentz group. The complete representation 
space can then be decomposed into subspaces each 
associated with a definite eigenvalue h’ of hk and a 
definite eigenvalue S’(S’+1) of S*, with S’ a positive 
integer, half-integer, or zero. Each such subspace is 
left invariant under all the transformations of the 
inhomogeneous Lorentz group and is therefore a repre- 
sentation space itself. The representation in each of 
these subspaces is then equivalent to a direct sum of 
irreducible representations belonging to the mass h’ 
and the spin S’. The further decomposition (relative to 
any remaining degeneracy) can be effected by finding 
further observables constructed from the internal 
variables of the system alone, which commute with h, 
S*, and the generators of the Lorentz group until one 
has a complete set which decomposes the subspace into 
invariant and irreducible subspaces. 

The eigenvalues /’ of hk are nothing more than the 
internal energies of the system, and the numbers S’ 
associated with the eigenvalue S’(S’+-1) of S* are the 
associated internal angular momentum (spin) of the 
system in these internal energy states. Neither the 
spectrum of h, nor of S*, nor the nature of the other 
quantum numbers required to label a particular irreducible 
representation occurring in the general representation has 
anything fundamentally to do with the Lorentz covariance 
of the system as a whole. The lack of any restrictions on 
h other than those already noted is thus made clear. It 
should be obvious now that had we approached our 
problem originally from this point of view, we could 
well: have written down the answer immediately. One 
may then well ask whether the lengthy calculation 
presented earlier is anything more than an overly 
circuitous route to a trivial result that could have been 
anticipated from the beginning. 

We believe that this is not the case and that our 
detailed derivation has real intrinsic value in under- 
standing the physical content of the final result ex- 
pressed in Eqs. (74) and (75). The usefulness of our 
procedure, however, lies in an area which transcends 
the problem of relativistic covariance alone (this being 
fully comprehended in the solution) but is more directly 
concerned with the important question of the identifi- 
cation of operator representatives of physical observ- 
ables and with further restrictions on the character of 
inter-particle interactions. We now consider these 
questions. 


IX. SEPARABILITY OF THE INTERACTION 


To illuminate the final remark made in the preceding 
section, let us assume that we had indeed followed the 
procedure outlined and had argued from the general 
reducibility of the representation of a Lorentz system 
that the general solution was indeed that found above 
and, in particular, that H was of the form 


H=(h+cP?}', (84) 
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with # an arbitrary function of the internal variables 
o,, ,, and s,. Recognizing in fact that h/ is the internal 
energy of the system, we might then assume for / a 
seemingly reasonable form, namely, 


h=>, [mct+cx,? i+, (85) 


where u is a function of the internal variables only and 
represents the “interaction in the center-of-mass co- 
ordinate frame.” It would then seem reasonable to 
choose u so that interaction between a pair of particles 
vanished as their separation approached infinity. We 
then pose the question whether the resultant repre- 
sentation of the inhomogeneous Lorentz group would 
describe a physically reasonable system. [It should be 
remembered that what we are implicitly assuming here 
is that the internal variables o,, x,, and s,, or their 
equivalents in terms of r,, p,, and s,, as given through 
the relations (23) are indeed the operator represen- 
tatives of the physical position coordinates, physical 
momenta, and physical spin angular momenta in the 
usual sense of these terms as physical observables. | 
Our answer to this query would then be no, because 
the system lacks an important physical property which 
we shall call separability of the interaction. 

We define a system to have a separable interaction if 
it has the following property: in every frame of refer- 
ence, and for every division of the system into two 
subsystems I and II, and for all configurations of the 
particles such that every particle belonging to sub- 
system I is infinitely separated from every particle 
belonging to subsystem II, the interaction potential 
U assumes the separated form U}+Uy, where Uy 
involves dynamical variables referring to particles 
belonging to subsystem I only, and Uy involves 
dynamical variables referring to particles belonging to 
subsystem ITI only. 

Obviously, the property of separability is essential 
in order that the idealization of isolating a system from 
its physical surroundings should have any meaning. 
(We believe that this is a necessary property of a 
physical system in every area of physics except in the 
case of the general theory of relativity applied in 
integral fashion to the universe as a whole so as to 
incorporate the ideas of Mach.) 

Now the mere fact that the interaction u of Eq. (85) 
in the center-of-mass frame is separable does not at all 
guarantee that the interaction is separable in another 
frame. In a general frame, the interaction is, according 
to our definition (16) with H given by (84), 


U=(#"+ePR?}}->, [m,2ct+-cp,? }}, (86) 


and this is not separable. To see this, we simply remark 
that if we effect the separation of the two subsystems 
I and II, then in the center-of-mass frame, this requires 
that u=uy+u 1. If, however, we substitute this via 
(85) in (86), we obtain a result which is certainly not 
the sum of two terms U; and Uj, of the required char- 
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acter. This is the case even if the interaction w is 
identically zero! 

This apparent paradox arises, of course, from our 
unwarranted assumption that the operators for internal 
variables occurring in # can be identified directly with 
the usual physical observables. The virtue of our original 
derivation lies in the fact that it explicitly exhibits the 
change in the identification of the operator represen- 
tatives of physical observables consequent on the 
unitary transformations we had to perform in order to 
bring the representation into the form given in Eqs. 
(74) and (75). Since the unitary transformations in- 
volved P and _ internal the 
between the original operator representatives and the 
final operator representatives of any physical observable 
(in particular the internal variables) involve P. The 
only operator representatives which are, in general, 
left unchanged by the transformations are those for 
the total momentum and total angular momentum, 
Thus, the usefulness of (84) is very much in question 
unless one can reconstruct the unitary transformation 
which carries one from a representation in which r,, p,, 
and s, are the operator representatives of the position, 
momentum, and spin angular momentum of the par- 
ticles of the system (which we shall call the physical 
representation) to the representation in which H and 
K have the forms given by Eqs. (74) and (75), which 
we shall call a reduced representation. In a physical 
representation (16) must be valid with U’ a separable 
interaction in order that the representation which we 
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have shall be physically acceptable. 

Unfortunately, we have not been able to find, nor 
is it likely that there exists a simple condition on the 
function h in Eq. (84) which corresponds to the inter- 
action in the physical representation being separable. 
The best that we can do is outline a procedure by which 
one can construct those functions 4 which have this 
property. Unfortunately, the procedure is one requiring 
an infinite number of steps, in general, and hence its 
practical utility is somewhat limited. We outline this 
procedure in the following section. 


X. CONSTRUCTION OF SEPARABLE INTERACTIONS 


In this section we shall employ H’ to designate the 
generator of infinitesimal time translations (the Hamil- 
tonian) in the reduced representation, and H to desig- 
nate the corresponding generator in the physical 
representation. A corresponding notation with primes 
can be used for the operator representatives of other 
physical observables in the reduced representation, 
though we shall not in general require these symbols. 
We do, however, remark that P= P’, that is, the oper- 
ator representative of the total momentum (generator 


9 Reduced representations are not unique since any unitary 
transformation which involves only internal variables and is 
rotationally invariant will leave the form of Eqs. (74) and (75) 
unchanged, and will only replace / by a function of the 
internal variables. 


new 
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of an infinitesimal space translation) is in fact the same 
in both representations, since the unitary transfor- 
mation which carries us from one representation to the 
other is translationally invariant. If we write this 
transformation as 


U=exp(ib/M), (87) 
we then have 
H = ¢~ ‘9! MFT’ (41M, (88) 
with 
H'=[h+cP?}}, (89) 
and 
H=>,,+U. (90) 
We now assume an expansion for / in powers of 
(1/c?) of the form given in Eq. (76), from which we 
obtain a corresponding expansion of H’: 
H’=M2+H®'+H'+.--, (91) 
with 


HH’ = (92) 


Pi Pay 


Ho! = —- 


~ h®, 
8M%c2 2M3¢2 


(93) 


etc. We also expand ® in such a power series: 


=P 4H2)4... (94) 


From (88), we then obtain H in a corresponding power 


series : 
H=M2+H®+H-+->:, (95) 
with 
Pp? 
H® =—+}, (96) 
2M 
P2y© 1 
— +h ——_[@® 4 7, (97) 
M*¢? M 
etc. By expanding H as given by (90) and comparing 
with (95), we may obtain explicit expressions for U, 
U®) ete., in terms of h®, h™, --- and 6, @@), ---, 
We may now consider the last two sets of quantities 
as unknowns which are to be determined in such a 
manner that U’, U, ---+ are separable. This requires 
in particular that they be independent of P, and this 
can be achieved by appropriate conditions on these 
unknown quantities remembering always that h is a 
function of internal variables only and @ is a function 
of P as well. The condition that one obtains on U') is 
that it be an arbitrary rotationally invariant function 
of internal variables only, which is itself a separable 
interaction. The most general choice of kh and #6‘ 
such that U'™ is separable is a considerably more 
complicated problem. 
The procedure above outlined is an arduous one, 
even in a relatively low order. We do not discuss it 
further here, but defer to a later paper an example 
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where the most general separable interaction valid to 
terms of order (1/c*) between two particles will be 
derived in detail. This result will then represent a 
substantial generalization of the well-known work of 
Wigner and Eisenbud on the most general interaction 
between two particles correct to first-order terms in 
the momenta of two particles. The usefulness of the 
considerations presented in this paper to some problems 
of practical interest will thus be established. 


XI. CONCLUDING REMARKS 


We conclude this paper with some general and some 
specific remarks concerning its contents. 


(1) We may first note that the problem of taking 
into account invariance under space and time inversion 
can be easily incorporated into our treatment by further 
conditions on the function / in a well-known way. No 
new problems of principle appear to arise here. 

(2) While we believe that Lorentz covariance and 
the separability condition are essential to any theory 
of interacting particles, it is not at all certain that these 
sufficiently delineate physically acceptable theories. 
There is no place in our treatment where the question 
of causality, whether in a local or an extended sense, 
makes it appearance. We thus have no guarantee that 
all of the theories subsumed under the above conditions 
have a property corresponding to the fact that physical 
effects are not propagated with a velocity greater than 
the velocity of light. It is not even a simple matter to 
define clearly what this means mathematically in our 
framework. Obviously a means of incorporating a 
condition of this character into the formalism developed 
would greatly enhance its value as a basis for discussing 
the interactions in a relativistic system independently 
of the means by which the interaction is propagated, 
the latter being the additional element contained in a 
field-theoretical description. Even a more succinct 
mathematical formulation of the condition of separa- 
bility is most desirable. 

(3) It may be argued that the condition that the 
number of particles in the system remains fixed already 
imposes severe limits on the theory which are contra- 
dicted by experience. This is certainly true, but there 
are no obvious barriers in the way of making an ex- 
tension of the theory (complicated though it may be) 
to incorporate the creation and annihilation of particles, 
by passing to a Fock representation through second 
quantization. This requires, of course, the introduction 
first of Bose-Einstein or Fermi-Dirac statistics for 
identical particles, but it is clear that there is no 
apparent bar to incorporating these conditions into 
the theory for a fixed number of particles. The limi- 
tations which Lorentz covariance (in the sense in which 
it is applied in this paper) impose on the creation and 
destruction of particles would appear to be a most 
intriguing problem. 


We would like to emphasize, however, that in spite 
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of the validity of the objection raised here, the utility 
of what has been presented is not thereby impaired in 
many problems of practical interest. Just as nonrela- 
tivistic quantum theory has an appropriate domain of 
validity, the domain of validity of the theory here 
presented encompasses those situations in which rela- 
tivistic corrections to nonrelativistic quantum theory 
are of importance, but where the creation or annihi- 
lation of real particles is not important. The fact that 
virtual particles may be created and destroyed is 
presumably already accounted for in the direct inter- 
action between real particles. Thus, for example, the 
interpretation of nucleon-nucleon scattering in terms 
of an effective interaction, even though energy de- 
pendent or nonlocal, should be encompassed within 
the framework of the theory given here. Only where 
real particle production gives rise to a substantial 
non-Hermitian part to the interaction in consequence 
of its reactive effects or where real particle production 
occurs, should the type of description envisaged here 
fail severely. This would be true at energies sufficiently 
above threshold for particle production such that the 
inelastic cross section represented a substantial part 
of the total cross section in a collision. 

(4) A question which has not been more than super- 
ficially discussed in the text is that dealing with the 
identification of the particular operator representatives 
of individual particle observables. We have essentially 
satisfied ourselves with postulating a particular rep- 


resentation, what we call the physical representation, 
where this identification has been made once and for 
all. In the type of approach which is employed in this 
paper, it would be desirable to lay down abstract 
criteria for recognizing the physical representation 
(from other representations related to it by unitary 
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transformations) and thus for making a firm and 
unambiguous identification of basic observables, much 
along the lines of that employed by Newton and 
Wigner.‘ We have not been successful in attempts at 
this nor do we know whether it is possible to go beyond 
what we have taken above as acceptable. Of course, 
the same deficiency runs through most of quantum 
mechanics where one ordinarily starts from a Hamil- 
tonian in which the identification of physical observ- 
ables is assumed known from the start, even though 
they may be somewhat mystical, such as “bare particle” 
operators. But the fact that Newton and Wigner were 
able to go further than this in one context whets ones 
appetite for extending this type of approach to clarify 
ones understanding of what is necessary and why in 
quantum physics, in contrast to looking only at “what 
works.” 

From the point of view of application, the question 
of identification of at least position of a particle is very 
pertinent to the problem of interaction with external 
fields. We are not in a position, from what has been 
done so far, to extend our considerations to a rela- 
tivistic system of particles interacting also with an 
external field such as the electromagnetic field. This is 
a problem also worthy of study.” 

(5) Lastly, it may be remarked that the consider- 
ations of this paper can be taken over largely unchanged 
into classical theory (for whatever interest there may 
be in this) by regarding the infinitesimal generators as 
the generators of infinitesimal contact transformations 
with the usual analog of brackets and 
commutators. 


Poisson 


*” In this connection, see the last section of the paper mentioned 
in footnote 7. 
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A simple model considered previously by Pais in which the = and A hyperons are regarded as a mass- 
degenerate supermultiplet in the strong pion interaction is reconsidered. It is shown that recognition of the 
symmetry exhibited by these hyperons in their pionic coupling leads to certain prescriptions which may be 
used to break the symmetry via the strong K-meson interactions. The symmetry reduction schemes described 
make possible the construction of strong baryon-meson interaction Hamiltonian which requires no more 
than four coupling constants (rather than the customary eight) and which in no way imposes severe restric- 
tions on the strong interactions. Finally, production and scattering amplitudes based on the 4-symmetry are 


discussed. 


I, INTRODUCTION 


T has been suggested by Gell-Mann! that the strong 
baryon-pion interactions may possibly possess’ in- 
ternal symmetries stronger than those implied by con- 
ventional charge independence which are reduced by 
moderately strong baryon-K meson interactions.’ The 
latter interactions are assumed to manifest only isotopic 
spin invariance. It has also been shown by Pais’ that the 
assumption of certain symmetries for the baryon-meson 
interactions is incompatible with experiment, a con- 
clusion which is not in disagreement with Gell-Mann’s 
original proposal. On the other hand, if there is any 
validity in the assumption of a symmetry stronger than 
charge independence for the pion interactions, it would 
seem that one could reasonably expect to find vestiges 
of this strong symmetry also in the moderately strong 
K-meson interactions; otherwise the introduction of 
additional symmetry is hardly of any value. Stated in 
another way, if the pion interactions indeed manifest 
stronger symmetries, one would expect these symmetries 
to be reduced in a somewhat definite manner, or alter- 
natively, one may regard the K-meson interactions as 
being derivable from certain symmetry reduction pro- 
cedures implied by the original symmetries. Transforma- 
tion groups‘ which are amenable to successive symmetry 
reductions and which also give rise to the observed 
baryon mass spectrum in a natural way, however, have 
not been found thus far to properly describe, e.g., the 
global symmetry theory of Gell-Mann! and Schwinger.® 
With the intent of gaining some insight into the 
general question of symmetry reduction, a simple model 
considered previously by Pais,’ in which only the = and 
* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

2 We, of course, assume strangeness conservation to hold for all 
strong baryon-meson interactions. In certain cases one may 
alternatively say that the symmetry of the stronger interaction is 
reduced by the weaker interaction. This, as will bé shown, is 
strictly a matter of definition of the initial symmetry used. 

3A. Pais, Phys. Rev. 110, 574 (1958). f 

‘For symmetry considerations which go beyond four dimen- 
sions, see, e.g., J. Tiomno, Nuovo cimento 6, 69 (1957); R. E. 
Behrends, Nuovo cimento 11, 424 (1959); D. C. Peaslee, Phys. 
Rev. 117, 873 (1960). 


5 J. Schwinger, Phys. Rev. 104, 1164 (1957); Ann. Phys. 2, 407 
(1957). 


A hyperons are regarded as a mass-degenerate multiplet 
in the strong pion interaction, is reconsidered in this 
paper. We shall be concerned primarily with the ques- 
tion of reducing the symmetry as well as that of lifting 
the mass degeneracy of the bare ([—A) hyperons— 
which will be referred to collectively as the M baryons. 
In particular, it will be shown that recognition of the 
symmetry exhibited by the M baryons in their pionic 
coupling leads to certain prescriptions which may be 
used to reduce that symmetry via the K-meson inter- 
actions. Since adequate means of handling strong 
interactions are still wanting, our discussion of necessity 
will be based purely on symmetry considerations and 
perturbation theoretic arguments. Furthermore, by vir- 
tue of the Pais theorem,* we do not expect selection rules 
stronger than the well-known ones to emerge from the 
reduced symmetry. However, it will be shown that some 
arbitrariness exists in the reduction of the symmetry 
exhibited by the strong baryon-pion interactions. Al- 
though one must ultimately resort to phenomenology 
for the selection of the physically acceptable avenue of 
reduction, considerable economy in coupling constants 
may be achieved as a consequence of the assumed 
symmetry. 

In Sec. II the symmetry appropriate to the present 
model as given, e.g., by Pais’ is reviewed, and various 
coupling schemes which may be used to reduce the 
symmetry exhibited by the baryon-pion interaction are 
described. In Sec. III we make use of empirical evidence 
for the selection of currently acceptable baryon-K meson 
interactions. The mass splitting which results from two 
simplifying assumptions will also be discussed in the 
lowest order of perturbation theory. The assumed mass 
and coupling constant relations, to be sure, conceivably 
could originate from symmetries higher than those 
adopted for this paper. However, we take the point of 
view that if one expects the removal of the baryon mass 
degeneracy to occur via the strong baryon-meson inter- 
actions, any higher symmetry introduced must be 
broken in a manner analogous to the scheme described 
in Sec. II. 


6 A. Pais, Phys. Rev. 110, 1480 (1958). 
7A. Pais, Phys. Rev. 112, 624 (1958). See also Y. Shimamoto, 
Phys. Rev. Letters 1, 463 (1958). 
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In Sec. IV, consequences of the assumed symmetry in 
production and scattering processes will be discussed. It 
will be shown in particular that, if special circumstances 
prevail, one may obtain expressions relating amplitudes 
of processes involving 2°, =~, and A° hyperons without 
resorting to the full 4-symmetry for the baryon-meson 
interactions. 


II. REDUCTION OF THE INTERNAL SYMMETRY 
OF THE BARYON-PION INTERACTION 


As usual we assume (a) the validity of charge inde- 
pendence in the conventional sense and the strangeness 
rule, (b) spin 3 for all baryons and spin 0 for all mesons, 
(c) even relative parity for (2—A), and (d) complete- 
ness of the known baryon and meson mass spectrum. If 
one assumes further, (e) the equality of the bare = and A 
masses, it has been shown'* that one may write the 
strong baryon-pion interaction as follows®: 


[x | = i{GiNyyse Vi4G[Nu 5t No a N; st.V3 
+ GN ys! la}on, (1) 
where 


Z 


2-4(A°+2°"). 


In Eq. (1), the M-baryon term corresponds to taking 
the coupling constant relation, 


G,: G=Gsz,=Gazr, 


which seems to be in agreement with experiment.’ 

The internal symmetry exhibited by the baryons as 
well as mesons in Eq. (1) may be regarded as direct 
product representations (7,k) of the four-dimensional 
real orthogonal group characterized by the quantum 
numbers i and k of two three-dimensional-like operators 
# and K?, respectively.? We use the notation 7, and i, 
for J spin up and 9 spin down, respectively, and simi- 
larly ki, ke for K doublets. Making use of the fact that 
if the doublet (4:,k2) undergoes a unitary unimodular 
transformation U; in the K space, then so does (—ke,k1), 
where the bar denotes complex conjugates, while (k,,k2) 
undergoes the complex conjugate transformation U,, 
we make the following correspondence. 


Ni: prt, 


Nix: = ~1), 


8 Particle symbols will be used to denote the corresponding 
annihilation operators. Note also that N2 in this paper is taken to 
be —WN, of Pais, reference 3. 

® See, e.g., R. H. Dalitz, in 1958 Annual International Conference 
on High-Energy Physics at CERN, edited by B. Ferretti (CERN 
Scientific Information Service, Geneva, 1958). 
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No, N3: Dt~iyko~ — i,k, 
Y°~ ioke~ —izk, 
Z~ iyky i tke, 


2~ toky ~ tok» ; 


where ~ denotes ‘‘transforms like.’”’ We also need 


K+ —R° 
ahah om 5, } 
K° Kk 
Kt+~k,, K®°~kz, 
—K°~k,, K+~kp. 


with 
K: (4,0), 
Ké¢: (3,0), 


The eigenstates of the rotation operator T?, where 
T= 9+, in the three-dimensional subspace of the 
4-space, are then identified as the conventional isotopic 
spin states. 

Note now that according to (5) one may introduce, 
instead of the doublet NV. and Nz, 
viz., 


two other doublets, 


Mi=( : )~# doublet, 
Z? 


) ~wk doublet, 


With the use of these doublets, one may write the M- 
baryon terms of Eq. (1) also as 


Cor |ar=iG{V2M yysM ot +-V2M ysM ir 
+ (MyysM,—MeysM2)9°}, (10) 


or more concisely as 


Lalu 


where the 9 spin operators ¢ act on the “ 


M, 
v-(""). 

M, 
By virtue of the separate conservation of 9, 93, K, and 
K3, the M baryons remain degenerate in the strong pion 

interaction. 

On the other hand, the M-baryon-pion interaction 
may be made to exhibit only T?, 7; invariance by re- 
placing M, and Mz in Eq. (10) by Ne, 


1.€., 


iGMy;2M -x (11) 


J doublet”’ 


(12) 


V3, respectively, 


[or ar’ =iG' {VIN wysN gt +vV2N gysN or 
" + (N.N.—N;3N3)9°} 
=iG'M'y5xM’'- =, 
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where the K spin operator acts on the “X doublet” 


(\,) 
N,/ 
One also has 


[or |’ = iG'TM ys%M,+MysxM 2] "Tk. 


It is evident that Eq. (13) corresponds to a scalar 
coupling of a vector I and a vector K. It may be verified 
by expanding either Eq. (13) or (15) that [see Eq. (3) ] 


G_* G'=G::,= —Gap,. (16) 


M’= (14) 


(15) 


It is to be noted that 4-space invariance may be restored 
in Eqs. (13) and (15) if one interchanges the role of i 
and k in (5) and (9). The 9 and & spin assignment of the 
other particles, of course, remains unchanged. Thus if 
one adopts the correspondence 


pt~ kyio~ — ky), 
Y°~ koig~ — hots, 
Z~ kyi\~ Rilo, 


z ~ koi\~ Rois, 


instead of the one given by (5), and interchanges the 
spin operators + « in (11) and (13), one may say that 
the coupling corresponding to G, transforms like I-K, 
while the coupling corresponding to G_ behaves like a 
scalar in both the g and K spaces. 

Hereafter we shall speak of the “first representation” 
when referring to the correspondence given by (5) and 
of the “second representation” when making reference 
to the correspondence given by (17). 

In the remaining portion of this section, the validity 
of the coupling constant relation G, will be assumed for 
the sake of definiteness and the M baryons will be 
treated in the first representation. 

Turning now to the moderately strong A-meson 
interaction, we note that either V; or V4 may be coupled 
to the M baryons and K mesons via one of four coupling 
schemes. 

(1) Scalar coupling of an g doublet J (4; or V4) with 
the i components of the M baryons, and of a K doublet 
K (K or K®) with the k components of the M baryons. 


Introducing a 2X2 matrix 
MN! MM; Z° zt 
w= s 
Me” > ate A. 


Me! 
with .°~iaks, where the superscript denotes complex 
conjugate doublet components, one has” 


ImK =IN;3ki—IN oko. 


(18) 


(19) 


Equation (19) gives rise to the coupling constant 
relation, 
F, (1): (20) 


Firsx=F rak, 


0 Space-time factor, 1 or éys, will hereafter be suppressed since 
they are not relevant to our discussion. 
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where the J refers to either N, or Ny. If this coupling 
scheme is used for both the nucleons and the cascade 
particles, then 9*, K?, 93, and Ky are separately con- 
served also in the K-meson interaction and the reduction 
of the M baryons into the observed isotopic multiplets 
becomes strictly forbidden." One then obtains selection 
rules stronger than those implied by conventional charge 
independence and strangeness conservation. 

If the remaining three coupling schemes are used, 
separate conservation of 9°, K?, 93, and K; is destroyed 
and only T? and T; become the conserved quantities. 

(2) Scalar coupling of the g doublet with the k 
components of 3, and of the K doublet with the 7 
components of SM, i.e., 


TwMTwK =1M.k,—IM ike, 


where the superscript T denotes the transpose and 
0 -1 

(, 0 ) 

The use of this coupling scheme for both NV; and N, 

corresponds to taking the coupling constant relation 


F_(I): (23) 


It is to be noted that if one adopts the coupling 
scheme G_ for the strong M-baryon-pion interaction 
together with the coupling scheme given here for the 
K-meson interaction, four-dimensional symmetry may 
be restored in the baryon-meson interactions by the use 
of the second representation. Then separate conserva- 
tion of 9°, K?, 93, and K; again forbids the reduction of 


(21) 


(22) 


Frax= —F rex. 


_xthe M baryons into their isotopic components and 


stronger selection rules than charge independence come 
into play. 

(3) A vector coupling of the g doublet with the i 
components of 3% combined in a charge-conserving 
manner with a vector coupling of the K doublet with 
the & components of 9M, i.e., taking a scalar product of a 
vector I with a vector K. Explicitly one has 

Tr,Mx_K+Ir_M, K+17sMsK, (24) 


where +, and « are i and & spin operators, respectively. 
In this case we have the coupling constant relation, 


F_3(I): —3F rz. (25) 


(4) A scalar coupling of two vectors as in scheme (3), 
but now we couple the g doublet with the & components 
of 9M and the K doublet with the i components of 9M, 
i.e., 


Frr= 


Tp,wMTwp_K+TIp_wMwp,K+IpwMTwp;K, (26) 


where o are spin operators. This coupling scheme gives 
rise to the coupling constant relation, 


F,3(I): (27) 
11 Clearly 4-space invariance also implies 3-space (T*) invariance. 


It is, however, the former which dominates over the latter in- 
variance. 


Fyax=3F xx. 
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Transformation property 


First representation 
IoKo 
I-K 
IoKo 
$(Tolo+1-K] 
$(3/oKo—I-K] 
I-K 








We also note that in the second representation, this 
coupling scheme transforms like I-K. 

The symmetry of the M baryon-meson couplings in 
the 4-space may, therefore, be summarized as follows 


(see Table I): 


(i) The structure of the coupling schemes charac- 
terized by G, and G_ is simple, or irreducible, in the 
sense that the coupling involved is of the form (9 
scalar) (K scalar) or I- K in the two representations. The 
two doublet sets (V2,N3) and (M,,M:2) may be used to 
describe the pionic coupling. 

(ii) The coupling schemes F, and F_' are irreducible 
(reducible) in the first (second) representation. These 
couplings may be expressed only via the use of the 
doublet set (V2,N3). 

(iii) The coupling schemes F_ and F,' are irreducible 
(reducible) in the second (first) representation. These 
couplings may be expressed only via the use of the 
doublet set (M,;,M2). 


Ill. BARYON-K MESON INTERACTIONS 


In the previous section it was shown that the sym- 
metry exhibited by the M baryons in their pionic 
coupling may be reduced in a definite manner if one 
assumes any one of three coupling schemes based on the 
original 4-symmetry to hold true for the moderately 
strong K-meson interactions. The fact that the assumed 
symmetry provides a rather flexibile means of obtaining 
strong baryon-meson interactions requiring no more 
than the five coupling constants (instead of the cus- 
tomary eight) is not entirely unwelcome in view of the 
present state of our knowledge of the strongly inter- 
acting particles. In particular, if one assumes the strong 
baryon-meson couplings to be responsible not only for 
all strangeness conserving processes, but also for the 
gross structure of the observed baryon mass spectrum, 
the absence of compelling reasons which dictate the use 
of any one of the reduction schemes clearly can be used 
to advantage. It is now of interest to see whether or not 
any of the K-meson coupling schemes described above 
are favored by experiment, assuming as in Sec. II the 
validity of G,. 

The available experimental information on the photo- 
production from protons of K+ mesons provides a 
suitable basis for the selections of the nucleon—K-meson 
interaction. Here the reaction is not as complicated as 


Doublets used 
in coupling 


N; or Mi, M: 
N; or VM, Ms, 
$(JoKo+I-K] N2, Ns 

IoKo M;, M2 

I-K M;, M2 
4(3%0Ko—I-K] Ns, Ns 


Second representation 


 — 


N2, 
Ko No, 


the other known processes involving K mesons, and one 
may rely on perturbation calculations for low energies. 

It is reported by the Cornell group” that the 
cross sections for the reactions y+f— A°+K+ and 
y+p— 2°+Kt at comparable energies above the cor- 
responding thresholds are of comparable magnitudes. It 
is also reported that" in the analyses of the reaction 
v+p— A°+K* based on the perturbation calculation 
of Kawaguchi and Moravcsik" with the inclusion of the 
transition moment (A°|yz|2°) introduced by Capps,!® 
only the case with the assumption Fysx/Fvax=—1 
may be considered to fit the data at all. It seems there- 
fore that we are tentatively justified in assuming the 
validity of coupling scheme (2) for the nucleon—K- 
meson interaction and obtain 


[NK ]=iv2 f{NysM.Kt+—NiysM 1K} 
(28) 


‘ 


+-Herm. conj., 


where f= Fyzsx= —F yak. 

As has already been mentioned, if the second repre- 
sentation is adopted for the M baryon, 4-space sym- 
metry is restored in (28) and the pions become the agent 
which destroy this symmetry via Eq. (10). Then, while 
the resulting selection rules Ad = AK=A9;=AK;=0 for 
processes not involving external pions suggest, e.g., that 
the charge exchange scattering K°+p — K+-+n is for- 
bidden, and this indeed is the case in lowest order as 
may be easily verified, the process becomes allowed 
with the direct intervention of the pions in intermediate 
states. Furthermore, reactions such as ++ p — 2++ Kt 
and K-+p— 2+t+7-, which would otherwise be for- 
bidden if the full 4-space dominate both w and K 
couplings, are now allowed. 

With the choice of (28) for the nucleon-K meson 
interaction, the M baryons are reduced into their 
isotopic components, although the mass degeneracy re- 
mains in the lowest order approximation in perturbation 
theory. To make possible the removal of this mass 
degeneracy in lowest order, we may, e.g., couple the 


a 


cascade particles to the K mesons via either coupling 


2B. D. McDaniel, A. Silverman, R. R. Wilson, and G. Cortel- 
lessa, Phys. Rev. Letters 1, 109 (1958) 
18 B. D. McDaniel, A. Silverman, R 
lessa, Phys. Rev. 115, 1039 (1959). 
4M. Kawaguchi and M. Moravesik, Phys. Rev. 107, 563 (1957). 
18 R. Capps, Phys. Rev. 114, 920 (1959). 


R. Wilson, and G. Cortel 
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scheme (3) or (4). Coupling scheme (3) gives 


[EK ]= —v2g{v 2N eysp,N2K°+ V2N eysp_N K+ 
+N syspsN2K+—N eysp;,N 3K") 


+Herm. conj., (29) 


with 3g=3Fzyx=—Fzax, while coupling scheme (4) 
gives 
(EK | = —V2g{VIN vysp,MR°+V2N eysp_M 2K 
+N ysp;M Rt —NyspsM2RK") 
+Herm. conj., (30) 
with 3g=3Fzxyx=F zak. 

For an empirical determination of the =—K coupling, 
the production rates of cascade particles in hydrogen 
bubble chamber by A~ mesons, K-+p— 2°+ K® and 
K-+p— =-+K*, seem to be relevant. Here the par- 
ticles in both the initial and final states may be charac- 
terized by 9*, K?, 93, and Ks, and if one neglects pionic 
contributions from G, and treats the Z=—K meson 
interaction in perturbation theory, one obtains'® 


F_(&): 


Az-x+=0, 


Fi3(@): Azxt=—2AxzK*. 
One also infers from the lowest order Feynman dia- 
grams that 


(c) Fi(e): Azx»=0, 


(d) F_3(2): 


AzKo= —2Az K*. 


It is reported by the Berkeley hydrogen bubble 
chamber group” that the cross sections for the processes 
in question for 1.15-Bev/c K~ mesons are oz°x*~50 ub 
and oz-x+<17 wb. On the basis of our crude estimate 
and available information, we are therefore tempted to 
favor (29) for the [—K interaction at this time. 

To see whether or not the qualitative features of the 
observed baryon mass spectrum can be accounted for by 
the interactions given by (1), (28), and (29) or (30), we 
now consider the lowest order contributions to the 
baryon self energies due to these interactions. For this 
purpose we make the following simplifying assumptions: 


mo(N) = mo(N 4), G\=Gi; 


(ii) the relative parity of the nucleons and cascade 
particles is even. 


One then obtains!§ 


16 The explicit forms of the amplitudes will be given in Sec. IV. 

17L. W. Alvarez, P. Eberhard, M. L. Good, W. Graziano, H. K. 
Ticho, and S. G. Wojcicki, Phys. Rev. Letters 2, 215 (1959). 

18 For similar consideration based on somewhat different as- 
sumptions, see, e.g., G. Takeda, Progr. Theoret. Phys. (Kyoto) 19, 
631 (1958); H. Katsumori, Progr. Theoret. Phys. (Kyoto) 19, 342 
(1958); and R. P. Feynman (unpublished, 1958). For mass 
splitting within an isotopic multiplet, see, e.g., B. H. Bransden and 
R. G. Moorhouse, Phys. Rev. Letters 431 (1959); R. E. 
Behrends and L. Landovitz, Phys. Rev. 117, 589 (1960). 
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Am(=) = —{3G2F (IIm)+12¢2F (IMK)}, 
Am(2)= —{3@F (MMr)+2(f?+g2?)FUMK)}, 
Am(A)= —{3G2F (MMx)+2(f2+9g2)F IMK)}, 
Am(N) = —(3G2F (II) +4 PF IMK)}, 


(31) 


where 
F(IIn) =F (Z=r)=F(NNz), 
F(MMr)=F(22x)=F(ZAz)’, 
F(IMK)=F(N2K)=F (2xK), etc. 


From Egs. (31) it is seen that the gross structure of 
the observed baryon mass spectrum already manifests 
itself in the lowest order approximation in perturbation 
theory provided that g?< f?. Furthermore to the extent 
that higher order terms may be neglected, an estimate 
of the ratio g*/f*~1/23 may be obtained from the 
interval ratio 


m(Z)—m(A)/m(=)—m(N)~$. 


The situation clearly becomes more complicated if 
assumptions (i) and (ii) do not hold. 

From the foregoing discussion, we therefore conclude 
that the possibility of obtaining strong baryon-meson 
interactions requiring at most four coupling constants 
G, G,, f, and g, and only two bare baryon masses mo(M) 
and my(N)=mp(Z) exists in the simple symmetry model 
being considered here. The inclusion of the latter mass 
relations needs no further justification if one postulates 
that all fermions with identical transformation prop- 
erties in the 4-space possess the same bare mass. If one 
further postulates that these fermions are coupled to the 
pions with the same coupling constant, we may also 
take G;=G,. On the other hand, symmetries higher than 
4-space symmetry must be introduced if the relation 
G\= G4s=G holds. 

It is also seen that the quantity of interest is the ratio 
g’/ f? which is of the order of 1/23. One would expect 
comparison of K-meson-nucleon scattering and cascade 
particle productions at comparable energies to provide 
as crude an estimate as the one given above of the ratio 
in question. 


IV. PRODUCTION AND SCATTERING AMPLITUDES 


If coupling schemes other than G, and F,, or G_ and 
F_ hold within the framework of the 4-space symmetry, 
it is well known that selection rules stronger than those 
already implied by charge independence and the strange- 
ness rule do not come into play. It may, e.g., be verified 
that the baryon-meson couplings discussed in the previ- 
ous sections are invariant under the following trans- 
formation: 


—Por, Dek, —Zteoz, 
Zo-Y, Ktwe—K, K°o Kt, (32) 


However, the transformation defined by (32) is nothing 
more than charge symmetry which is already implied by 


np, ater, 
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charge independence. (Note that according to our 
definition of charge symmetry, one has =°— >° and 
A®—» —A°.) Clearly the absence of stronger selection 
rules implies that one must resort to more detailed con- 
siderations if one wants to discover verifiable conse- 
quences of the 4-symmetry. 

In this section consequences of the 4-symmetry as 
exhibited in production scattering amplitudes will be 
discussed. The expression we obtain, in general, will not 
be directly verifiable. However, it will be shown that if 
certain conditions hold, one may obtain amplitude rela- 
tions of the form aAzy-+8Ay+yAa=0 without in- 
voking the full 4-symmetry. The origin of the conditions, 
however, will depend on a more detailed treatment than 
on one used here and will not be considered. 

We observe now that if the M-baryon-pion inter- 
action indeed manifests 4-symmetry, one may express 
the amplitudes related to reactions of practical interest 
in terms of matrix elements of an expression of the form 


S= ) IoKot+D I-K, 


where >> JK denotes all contributions which are a 
scalar in both the g and K spaces, while >> I-K denotes 
all contributions which transform like a scalar product 
of an 9 vector and a K vector.” 

For the purpose of justifying the above statement we 
assume first that the structure of all the fundamental 
interactions is irreducible, i.e., they are all of the form 
(9 scalar) ( scalar) or I- K in one of the two representa- 
tions of Sec. II. Then the validity of the above state- 
ment is evident for the lowest order processes. More 
generally, when one considers contributions due to 
higher order processes, one will have expressions of the 
form [(9 scalar)(® scalar) }"(I-K)™, which, however, 
may be reduced to scalar products of irreducible tensors 
of rank L, I,, and Kz, via the relations 


(33) 


9 


(I,’: Ky’) (1,-K,)= > (—)*I_-Kz, 


L=0 


(34) 


yl’ 
(I,-K,) (1, -Ky)=(—)*" Zz. 


L=|l-’ 


(—)"1,-Kz. (35) 


The selection rule” associated with expressions of the 
form Eqs. (34) and (35) are satisfied in reactions of 
practical interest only by the L=0 and 1 terms of (34) 
by virtue of the strangeness rule, and one therefore 
obtains (33). On the other hand, if the selection rule 
associated with the L=2 and higher terms can be 
satisfied, one must of course include these terms also. 

We now note that since the assignment of 9 and K 
spins is strictly a matter of definition, the result one 


19 Similar considerations, of course, apply if the M baryon—K 
meson interactions manifest 4-space symmetry and the M baryon- 
pion interaction is invariant only in the 3-space as has been sug- 
gested by J. J. Sakurai, Phys. Rev. 113, 1769 (1959). 

2” The selection rule used is that the initial i(k), the final i’(k’) 
and the rank of the irreducible tensor Z must satisfy a triangular 
relation. 
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obtains must be independent of the representation used. 
Furthermore, the fundamental interactions which are 
irreducible in a given representation may be expressed 
in terms of sums of the irreducible interactions of the 
other representation, as is shown in Table I. Thus, if the 
fundamental interactions which are not irreducible in a 
representation are expressed in terms of the irreducible 
interaction of the representation and the general reduc- 
tion schemes given by Eqs. (34) and (35) are used, one 
again obtains (33) which of course, should be equivalent 
to the expression obtained from consideration in the 
representation in which the interactions are irreducible. 

Finally we note that the above procedure is not re- 
stricted to strong interactions which possess an irre- 
ducible structure in one of the two representations, but 
applies equally to all charge-independent and strange- 
ness-conserving M baryon—K meson interactions of the 
form 


(Z)+n(A)=NitK-E+nN,KAot+H.c., 
or J eK? S+nN,K “Ac H.c., (36) 
with an arbitrary . This follows from the fact that ex- 
pressions of the form given by Eq. (36) may be reduced 
into sums of the irreducible interactions in the two 
representations as follows: 
(I) First representation, 
(2)+n(A)=al(Z)+ (A [(z)—3(A 
~a(IoKo)+8(1-K), (37) 
B= (1—n)/4. 
(II) Second representation, 
()+n(A)=al_ (Z)— (A) ]+8[(2)+3(A) ] 
~a(IpKo)+6(1- K), 
a=(3—n)/4, B=(1+n)/4. 


(38) 


It is evident then that, to the extent that one may 
neglect the >—A mass difference,”! reaction and scat- 
tering amplitudes obtained from (33) are valid to all 
orders of perturbation theory and reflect the 4-dimen- 
sional origin of the strong interactions. On the other 
hand, the introduction of the irreducible interactions 
which serve as convenient bases for expressing charge- 
independent interactions of the form given by Eq. (36) 
is meaningful if and only if the 4-space provides the 
underlying symmetry in the strong interactions. Thus, 
although one must resort to more dynamical means for 
the determination of the actual coupling scheme in 
operation, amplitude relations based on Eq. (33) may 
be used to test the assumption of 4-symmetry in the 
strong interactions. By virtue of the selection rule 
Ai(k)=0, +1; 0+ 0, associated with the I-K term, 
only the 79Ko term of (33) contributes, e.g., to pion- 
nucleon scattering. What we call g spin, therefore, 
corresponds to the classical isotopic spin. 


21 A. Pais, reference 7. 
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We now consider a few examples and, in the spirit of 
the present paper, base our discussion on the assumption 
of coupling schemes in which the structure of both M—x 
and nucleon-K coupling is irreducible either in the first 
or second representation. 


(a) K*-Nucleon Scattering 


To demonstrate the importance of the M—z- inter- 
action and the utility of the 4-symmetry, we consider 
first scattering amplitudes of K*+-nucleon scattering : 
(A,) 
(A na) 
(Aexeh) 

According to isotopic spin invariance, the scattering 
amplitudes may be expressed in terms of T=1 and 0 
amplitudes as 


K++p— K++, 
Kt++n— Kt-+n, 
Kt+n— K°+p. 


(39) 


A >= M3, 
A,=3[(M;+M,], 
, = = 4[M3— M; |. 
Now in the absence of the I- K term, which is equiva- 
lent to neglecting the pion interactions, e.g., in the G,, 
F_(N,) scheme,” one obtains A p= —An, Aexch=0, as a 
consequence of conservation of 9”, K?, 93, and K;. With 
the introduction of the I-K term of (33), one obtains 
A,=A+3B, 
A,=A-—}B, 
. +B, 


(40) 


(41) 


where A and B denote reduced amplitudes appropriate 
to the JoKo and (I-K) term of (33), respectively. As a 
consequence of 4-symmetry, one also obtains 


| 2 
a { P| 

| 19 
| A exch a 


+|An|2>4 
+|A,|2>4 


Aexch|? OF GptOn>$eexch, and 
A,|? from (40). 
(b) z+p— X(A)+K 


Consider the hyperon production in z-proton col- 
lisions : 

at+p—2t+Kt, (Ax) (42a) 

wT +p— >°+ K°, (Ao) 

x+p—32-+K+, (A_) 


mw +p—-At+Kt. (Aa) 


(42b) 
(42c) 
(42d) 


It is well known that if the full 4-symmetry holds, one 
obtains A, =0, and A,=+Ao, where the + depends on 
whether or not one uses the first or second representa- 
tion. With the introduction, e.g., of the symmetry- 
reducing F,(.V,) and the resulting selection rule Ai=0, 


2 In lowest order one obtains Aexcn#0 if one works in the first 
representation. The result, however, must be consistent with the 
result obtained from the second representation. Considerations of 
the associated Feynman diagram indeed shows that Aexch=0 in 
the lowest order. 
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+1, Ak=0, +1, 0+» 0 which follows from I-K, reaction 
(42a) becomes allowed. By application of standard 
procedure one obtains, apart from a common numerical 


factor, 


=A, (43a) 
Ao= 4V2{A+4B+}C}, (43b) 
A_=}{A—}B-—C}, (43c) 
Ay=4v2{4B—-}4C}, (43d) 


where A and B represent reduced amplitudes appro- 
priate to the transition i=$—} 3, k=O—1, and 
i=4— 4, k=0-— 1, respectively, while C denotes con- 
tributions from the scalar-scale term of (33). 

As expected from the work of Pais, one has Ao+vV2A_ 
—A,=0 in the absence of the symmetry-reducing inter- 
action, while in the limit C — 0, one obtains 


Ap—V2A_—Aa=0, C=O. (44) 


Thus if it turns out that C=0, the desirable feature of 
the triangle relation which follows from G,, F,(N,) is 
maintained in (44) and the undesirable relation A:- 
= —V2Ay° no longer holds. 

The example given here therefore suggests that ampli- 
tudes arising from both the )> JK» and > (I-K) terms 
of the interaction matrix individually, but not col- 
lectively, satisfy the triangular relations due no doubt to 
properties of Racah and related coefficients. Thus should 
it turn out that a given set of amplitudes involving 
>°, =~, and A hyperons indeed satisfy the triangular 
inequality, it seems that one may attribute the fact to 
vanishing of either the }> /)Ko or the >> I- K contribu- 
tion of (33). The triangular relations which one would 
expect from isotopic spin invariance, however, remain 
unchanged. 


(c) K-+p— 3(A)+2 


The introduction of the full 4-symmetry is again 
known to be very bad for the reactions 


es ed ae 
K-+p— D°+7", 

K-+p—>-4+17, (45c) 
K-+p— A°+-2°, (45d) 


as have already been reported in the literature. With the 
use of (33), however, one now obtains 


B,=—(%)4[A+B], 
By= — (4)'[3B—C], 
B_=—(3)'[A—4B+2C], 


By= (3)'[24—1B—C], 


(B,) 
(Bo) 
(B_) 
(Ba) 


(45a) 
(45b) 


(46a) 
(46b) 
(46c) 
(46d) 


where C denotes the JoKo amplitude, and A and B 
denote reduced amplitudes appropriate to the transi- 
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tions i= 4 — 3, k=} — }, and i=} — 3, k=} —> }, re- 
spectively. In the absence of the symmetry-reducing 
interaction, one has By>= — By, B_= —2By as has been 
shown by Pais. On the other hand, when C=0, one has 
Bo+ Ba=—2B_ which is in violent disagreement with 
experiment. 

It is of interest to note, however, that if one has 
A=}4B+C, one obtains B,—Bo+2By\=0, By+B_ 
+4B,=0, and By+B_+2B,=0. The triangular in- 
equalities which one obtains from these amplitude rela- 
tions indeed are satisfied empirically. This is another 
example of how amplitude relations may be obtained 
from the 4-symmetry, and serves as a counterexample of 
the consistency relation obtained by Amati and Vitale.” 


(d) K-+p— 2°+K° 

We now consider‘ the amplitudes of the reactions 
K-+p— 2+K®, 

K-+— 2° +-K*, 


(47a) 
(47b) 
which were discussed briefly in Sec. III. According to 
the general prescription of this section one has 
Azxs=A—4B, 
=xt= 9B, 


(48) 


where A and B denote reduced amplitudes correspond- 
ing tothe >> J»Ko and >> I-K terms of (33), respectively. 

Now since both the initial and final states constitute 
pure g*, K? states, and hence (47) is a relatively simple 
system, and furthermore since both the initial and final 
states may be coupled to the M baryon with different 
structures, (47) provides an excellent example for 
illustrating how the amplitudes obtained from the 
general prescription will differ for different interactions. 
We therefore consider the lowest order contributions to 
the reaction amplitudes under the assumption that the 
coupling scheme F_(.V,) holds for the nucleon—K-meson 
interaction. 

In the lowest order process, two (9 scalar)(K scalar) 
terms a; and az can contribute to the }> /»Ko part of 
(33) and three terms 6), 62, and 83 contribute to the 
> I-K part of (33). By considering the amplitudes in 
the two representations, however, the relations satisfied 
by these terms may be established, and the final result 
may be expressed in terms of only a; and §; as follows: 


F_(N,): 


Az K°=q, 
(49) 


Az-K*= 


Bz°x*=}[a1— 48; |, 


— 
Bz-x+= 4A, 


Fi(N,): ? 
(30) 


%D. Amati and B. Vitale, Nuovo cimento 9, 895 (1958). 
Amplitudes for reactions Eqs. (45a)—(45d) based on Gell-Mann’s 
assumption in which the k~+ interaction is treated in perturba- 
tion theory have also been obtained by these authors and the re- 
duced amplitudes of Eqs. (46) can be expressed in terms of the 
amplitudes used by them. The consistency relation obtained by 
these authors is not in agreement with experiment. 


YOSHIO SHIMAMOTO 


F,3(N4): Czexe=—}(1, 
Cz-x+= (1, 

Dzx*= }[ 301+ 46:1], 
Dz-x+= —36). 


(51) 


F_3(N,): 
sain (52) 


Now it is reasonable to expect that for the lowest 
order process F_ «> F, implies, 2°K° «+ =~K* as may be 
verified by considering the lowest order Feynman dia- 
gram. Thus on taking a;= }4:, one obtains the relations 
given in Sec. ITI. 


(e) Z(A)-Nucleon Scattering 


The M-baryon-nucleon scattering amplitudes may be 
expressed in terms of four reduced amplitudes; m, and 
my which correspond to the i=1 and 0 contributions 
from >~ J Ko, and a and } which denote the contribu- 
tions from >> I-K and which correspond to the transi- 
tions i= 1 «> 1, and i=1++0, respectively. By virtue of 
charge symmetry and time reversal invariance, only six 
linear combinations of the four reduced amplitudes are 
relevant. One has for scattering involving a proton in the 
initial or final state the following amplitudes: 


(=+p| S|Z+p)=m+4a 

(2°p| S| 2°p) = 3 [3m +mo+a—6 | 
(2°p| S| Zn 
(2°p| S| A%p 
(2-p| S|Z-p 
(2 p| S| 2 
2 p|S|A°p 
(A°p| S| A°p) = 
(A°p| S| 2tn 


+V2[my—m,—a—b | 
tLm:—m,—a—b | 
$[ m+ my—b | 
tV2[ m1 — mot+at5 | (58) 
= 4V2[.m1— mo—a—b | (59) 
t[ 3m +mo—3a+3b J=F, (60) 


}V2[m,—my—a—b] =v2D. (61) 


The scattering amplitudes involving neutrons which 
are not listed above may be obtained by charge sym- 
metry. Thus, for example, we have 
=(>-p|S|2-p), 

(2°n | S| A°n) = —(2°p| S| A°p), etc. 


(Stn| S| 2*n)= 


Clearly, the six amplitudes A, B, - --F are not linearly 
independent, and we have, e.g., from charge inde- 
pendence, 


v2A—v2B+C=0, 
A—E+v2C=0, 


V2B+C—v2ZE=0, 


E+A—2B=0, 


(62) 
etc. 

If the amplitudes D and F can be expressed in terms 
of A, B, C, and E, the existence of the 4-symmetry may 
be verified empirically. Unfortunately, such linear rela- 
tions do not exist. Furthermore, nontrivial inequalities 
involving the modulus squares of D and F also do not 
exist due to the relation 


|A|?+|E|?=2]Bl*+|C|?, (63) 
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satisfied by the non-A-hyperon amplitudes. On the 
other hand, if the full 4-symmetry holds, i.e., if a= 5=0, 
one has C= —v2D, which is incompatible with experi- 
ment,’ and B=F, 


V. CONCLUDING REMARKS 


It has been shown that 4-space symmetry may be 
introduced in the strong interactions in a rather system- 
atic manner which in no way gives rise to additional 
restrictions on the interactions. As is well known, an 
immediate advantage to be gained by the introduction 
of the 4-symmetry lies in the resulting economy of 
coupling constants. In the past it was known,’ e.g., that 
if the M—- coupling indeed manifests the symmetry 
characterized by the coupling constant relation G,, the 
symmetry may be broken by the K-meson coupling F_. 
It has also been remarked™ that in this case the two 
doublet sets (N2,N3), (M;,M2) must be introduced to 
express the G, and F_ couplings, respectively. Equations 
(1) and (10) on one hand and Eqs. (13) and (15) on the 
other show, however, that this is not the case. 

The absence of additional directly verifiable selection 


* See, e.g., J. J. Sakurai, reference 19. 
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rules obviously makes the introduction of the 4-sym- 
metry less attractive, although the 4-symmetry enables 
one to impose additional restrictions on the reduced 
amplitudes in a simple manner to obtain amplitude 
relations not inconsistent with experiment. In this re- 
spect 4-symmetry is no worse than charge independence. 

The presence of two representations which ascribe 
two different symmetry properties to the various cou- 
pling schemes discussed can lead to some confusion, and 
it is perhaps more desirable to have a single unifying 
description of the symmetries involved. We have not 
been able to discover such a scheme. It should be 
emphasized, however, that recognition of the two repre- 
sentations makes possible a more detailed study of the 
amplitudes under specific assumptions of the symmetry 
of the couplings involved. It is of interest therefore to 
see whether or not a more detailed use of the dual 
representations will indeed give rise to the various con- 
ditions which were imposed on the reduced amplitudes 
in Sec. IV. 
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In the present paper we study various aspects of the Ward-Takahashi equations. In perturbation theory 
the equivalence between this set of equations and the requirement of gauge invariance is shown. It is then 
shown that these equations are valid for composite particles as well as for elementary particles. Based on 
our new formulation the definition of composite particles is given, and then we show with the aid of the 
Ward-Takahashi equations that the photon is an elementary particle. 


I. INTRODUCTION 


N a previous paper the problem of how to express 
the requirement of gauge invariance without 
reference to field equations was discussed.' Starting 
from a gauge-invariant but otherwise quite arbitrary 
Lagrangian we derived a set of equations which will be 
referred to as Ward-Takahashi (W-T) equations.” These 
equations are supposed to be equivalent to the require- 
ment of gauge invariance in the absence of a Lagrangian 
to begin with. 

In this paper we shall study some properties of this 
set of equations. 

In Sec. II we shall show that quantum electrody- 
namics can be reproduced in the lowest few orders in 
perturbation theory by combining the W-T equations 
with a few fundamental postulates of the axiomatic 
field theory. This verifies to some extent the assertion 
that the complete set of W-T equations is equivalent 
to the requirement of gauge invariance. 

The derivation of the W-T equations casts some 
doubt as to their validity for composite particles since 
we have no Lagrangian formulation of composite 
particles. For this reason we shall show in Sec. III that 
these equations are valid not only for elementary 
particles but also for composite particles. The technique 
of introducing field operators for composite particles 
which is used in this section will be discussed at length 
in the Appendix. 

In Sec. IV, we shall give a likely definition of bound 
states. This definition is useful in the problem of 
distinguishing between and 
particles. 


elementary composite 

Finally, in Sec. V we shall prove with the aid of the 
W-T equations that the photon is an elementary 
particle. 


Il. QUANTUM ELECTRODYNAMICS IN 
PERTURBATION THEORY 


In a series of papers* we have discussed the formu- 
lation of field theories in terms of (1) the generalized 


* This work supported in part by 
U. S. Office of Naval 
Commission. 

'K. Nishijima, Phys. Rev. 119, 485 (1960) 

? The references to the generalization of the Ward identity are 
found in reference 1. 

3M. Muraskin and K. Nishijima, this issue [Phys. Rev. 122, 
331 (1961) ]. Also see reference 1. 


the joint program of the 
Research and the U. S. Atomic Energy 


unitarity condition, and (2) the parametric dispersion 
relations, and it has been shown that one can reproduce 
the renormalized perturbation theory based on these 
two postulates alone. In this section we shall discuss 
the perturbation theory with the W-T equations as a 
supplementary condition which selects only the gauge- 
invariant solution out of many other possible solutions. 
This problem has already been discussed in a previous 
paper in terms of retarded functions.' 


First-Order Vertex Function 


The generalized unitarity condition assures us of the 
first-order 
Green’s function.’ Thus in quantum electrodynamics 
we are led to the equation in the first order, 


vanishing of the absorptive part of the 


0,D,DA0 TA, (x)¥(y)(2 () 
—O.D,D0 TTA, x) (y)(z) ]|/0)=0, 


(2.1) 
where D,=70,+m, D,=y"™0.—m and jy, ¥, 
refer to the electron and radiation fields. 

To the above equation expressing the vanishing of 
the absorptive part one can apply subtracted 
parametric dispersion relation after decomposing the 
Green’s function into a invariants.* Then we 
get a general solution of the following form: 


and A, 


the 


sum of 
0 D,DA0\ TTA, (x)valy)¥ 


where 0, is a vector constructed out of Dirac’s y 
matrices and the differential operators. In order to 
determine the operator ©, we use one of the Ward- 
Takahashi equations, 1.e., 


a) 
CO. (0| TLA,(x)Paly) Walz 0 
Ox, 
i res. ee 
=€) PF (V¥—2) asl o(x—y) (2.3) 
where e¢ is the electronic charge and Sp’ is defined by 


as=(0| TL¥a(y)¥a(z) ]|0 


(2.4) 


In the first order Sp’ may be replaced by the unprimed 


‘This means that we should apply the subtracted dispersion 
relations to the coefficients of the invariants as has been discussed 


in the case of meson-nucleon interaction. See reference 3 
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function Sp and we get 


a ‘ 
D1 <—D,D,(0| TLA,(2)¥a(9)¥a(2)110) 


OX, 


) 
=—ie(r.—) ite-y8e-2). (25) 
aB 


OX, 


By comparing the solution (2.2) with Eq. (2.5), we find 


re) 
(0, art (x—)5(x—2) 


Xp 


0 
= ~ie(a6: -) 5(x—y)d(x—2z). (2.6) 
aB 


OX, 


If we imply that ©, does not involve scalar products 
of derivatives, this being a reasonable condition for the 
choice of invariants. We find 

On= —1eyp +04, (0/dx,). (2.7) 
This is the most general solution in the first order 
satisfying Eq. (2.3). As has been discussed previously 
the first term represents the Dirac-type interaction and 
the second term gives the Pauli-type interaction, and 
hence the solution (2.7) certainly is gauge invariant. 


Photon Propagator 


Our next problem is the calculation of the photon 
propagator in the second order. The W-T equation for 
the photon propagator is given by 


ie : te) 
~(0| TLA,(x)A,(y) ]|0)=i—é(ax—y). (2.8) 


OX, Ze 


The combination of Eq. (2.8) with Kallén-Lehmann 


representation® leads to 
(0| T[A,(x)A,(y) ]|0)=6,,Dr(x—y)+G,.(x—y), 


where 


—i 
Gy»(x) =— fae oe) f dk 
(27)! Cr 


1 
sais. Gul 
P+ 


and Cr denotes the Feynman path for the ky integration. 
From the unitarity condition one finds in the second 
order 


0,0 ,{0| T[A,(x)A,(y) ]|0) 
+0,0,0| 7[A,(«)A 
= TrlyS (x—y)yS (x—y)T] 
+(cs2y,u= v), 


>G. Kallén, Helv. Phys. Acta 25, 417 (1952); 
Nuovo cimento 11, 342 (1954); 
Phys. Rev. 95, 1300 (1954). 


»(y) | 0) 


(2.10) 


H. Lehmann, 
M. Gell-Mann and F. E. Low, 
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where use has been made of the first-order vertex 
function (2.2) and (2.7). S® and 5 are the con- 
traction functions for the electron and positron defined 
by 
SH (x) = (yd,—m)A (x), 
5 (x)= (yd.—m) A (x) (2.11) 
SH (x)= (y7d.+m)A (x), 


and 


1 
ia (2) =—— f dtp e0(p.)5(p+m'. 
(2)’ 


Making use of the formula 


Troy‘ +) (x— yy (x— y)7] 


D 


1 ' ri 4m? 
=— f aut ™ (¢—4my( 24) 
(29)®J gm? = 3K Ke 


x fa e'K2—-v) (5, hk? — kyky)O(Ro)5(R?+x2), 
we get 
0,0,(0| TA, (x)A,(y)]|0) 


+0.0,0| T[A,(x)A,(y)]|0) 


4m? 
“ae _ = (e—4m}(24—~) 
K~ 


x dies dt ei» (5,,.k°— kk, )5(R +e). (2.12) 


2nd, 


Inserting the representation (2.9) into the left-hand 
side of Eq. (2.12) one finds the expression for a(x?) in 
the second order®: 


e «*+2m? 
o (x) =———- ————(x?— 4m?) 40 (x?—4m?). 


(2.13) 
3(2r)? 


This weight function a is related to Kallén’s® IT by 
o(a)=II(—a)/a. (2.14) 


In the above calculation ambiguities related to gauge 
invariance do not occur at all. 


Ill. THE WARD-TAKAHASHI EQUATIONS 
FOR COMPOSITE PARTICLES 
In reference 1 we introduced the Ward-Takahashi 
equations which express in an implicit manner the 
requirement of gauge invariance. This equation is 
written in a symbolic way as 


0 
O s—I[A u(x) 7 


03 
as ers 
-|x alliage —-- |r: -j. (3.1) 
0x, 56A,(x) 


6 The “weight function o here differs from the one defined in 
reference 1 by sign. 
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Let us write down this equation in a more explicit 


manner as 


te) 
O ats y(x) A (x’)A o(x’’) ae Pa(Xa) $0 (xe) sisi J 


a 
= (€,5(x—%_)+e,5(x— xy) +--+) 
XTLA,(2’)A o(x"") + + + Gal%a) go(%s) +++ J 
] 
+i—é6(«x—x’)-T[A.(x”)--- 


Ox, 


Ga(Xa) ¢o (Xp) ai ] 


a) 
+i—3é6(x—x"")- T[A,(x’): ++ ga(%a) ¢o(%0)- ++ J 


OX. 
+ ee (3.2) 


where é,, é, -*: are the charges of the quanta of fields 
Ga, $b, ***, Tespectively. 

Simple examples of the W-T equations are given by 
Eqs. (2.3) and (2.8). 

Since we derived the W-T equations starting from a 
gauge invariant but otherwise arbitrary Lagrangian, 
one might have the impression that these equations are 
valid only for elementary particles. For this reason we 
shall show in this section that they are valid for com- 
posite particles as well as for elementary particles. 
This conclusion suggests that one cannot distinguish 
between elementary and composite particles by means 
of electromagnetic interactions. This problem will be 
discussed in the next two sections. 

It has been shown in a previous paper’ that the 
field operator of a particle ¢ either elementary or 
composite can be constructed by the following pre- 
scription : 

: Pa(x+$E) on(x— $8): 
Lim ——_—___—__—_———- 


f(&,P) 


lim g(x), (3.3) 


|E|0 &—0 


provided that 


1 
(P,c| TL ¢a(3€) ¢o(—3€) || 0) =——— 
(2P.V) 


: S(E,P)#0. (3.4) 


|P,c) denotes a one-c-particle state with energy- 
momentum P, and the colons denote the normal 
product defined by 


: Pad: — TL ¢a¢s ]—(O} TL ¢a¢o]|0). 


In the Appendix it will be shown that the limit ¢,(x) 
does not depend on the direction of the time-like vector 
P. If we combine Eq. (3.2) with (3.3) one immediately 


7K. Nishijima, Phys. Rev. 111, 995 (1958). See also W. Zim- 
mermann, Nuovo cimento 10, 597 (1958); R. Haag, Phys. Rev. 
112, 669 (1958). 
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finds 


re] 
O.—T[A,(x)A,(x’)A.(x")- ~* Oe(X-)* +> 


OX, 


=[e.6(x—x-) +++ ]TLA,(x’)Ac(x")- ++ pe(xe)- + 


ts] 
+i—b(x—2')- TL Ae(x")+ ++ pelae)***] 
Ox, 

ce) ; 
+i—8(x—x")-TLA,(x’)- ++ ge(x-)- ++ ] 


OX, 
+--+) (3.5) 
where use has been made of the relation 


lim[e¢a5(x— xq) +6,5(x— x») ]=e.6(x—-x.), (3.6) 
+0 


with ¢,=€atés, Xa=Xet Fk, Xo=Xe— FE. 


If c is elementary, Eq. (3.5) is already involved in 
the complete set of W-T equations, and the present 
result shows that the W-T equations are compatible 
with the limiting procedure (3.3). On the contrary, if ¢ 
is composite we get a new set of equations, but as one 
can readily notice, the form of the W-T equations is 
the same for both elementary and composite particles. 
Thus we are led to draw a conclusion that one cannot 
distinguish between elementary and composite particles 
through purely electromagnetic phenomena; for in- 
stance, the low-energy limit theorem for Compton 
scattering holds regardless of whether the target 
particle is elementary or composite.® 


IV. DEFINITION OF COMPOSITE PARTICLES 


The question of how to distinguish between ele- 
mentary and composite particles is certainly one of the 
most fundamental problems in particle physics. In this 
section we shall give a likely definition of elementary 
and composite particles. Since we introduced one field 
operator for each stable particle in the present scheme, 
our criterion cannot be applied to unstable particles. 

In the conventional Lagrangian theory we introduce 
field operators only for those particles which are 
supposed to be elementary so that in such a theory we 
have a clear distinction between elementary and 
composite particles. Since, however, the Lagrangian is 
hardly determined from experiments, this is a rather 
unrealistic definition. In particular, when we formulate 
field theories in an axiomatic way without assuming the 
existence of a special Lagrangian, this kind of criterion 
is really meaningless. As a matter of fact, it has been 
claimed in the axiomatic approach that there would be 
no essential difference between elementary and com- 
posite particles as far as the fundamental postulates 


8W. Thirring, Phil. Mag. 41, 1193 (1950); F. E. Low, Phys. 


Rev. 96, 1428 (1954); M. Gell-Mann and M. L. Goldberger, 
Phys. Rev. 96, 1433 (1954). 
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are concerned and that it is to some extent a matter of 
convenience to call a particle elementary or composite.” 
If we proceed one step further from the fundamental 
set of postulates, however, a possibility arises of making 
a distinction between them. The fundamental set of 
postulates is something like a set of equations and 
allows in general many solutions, and in order to choose 
a special solution one has to give boundary conditions. 
Then it might be possible to distinguish between them 
by giving different kinds of boundary conditions to 
elementary and composite particles, and this is exactly 
what we are going to do in this section. 

We have the generalized unitarity condition and 
parametric dispersion relations as the fundamental set 
of equations. A set of boundary conditions will be given 
by specifying the subtraction constants in the sub- 
tracted dispersion relations. Thus the problem is 
reduced to the question of how one can introduce two 
different kinds of subtractions. A clue to this question 
is already found in the Lagrangian theory. Suppose 
that the nucleon and the pion are elementary and that 
the deuteron is composite, then the Lagrangian theory 
implies that all parameters related to the deuteron, 
such as the rest mass, magnetic moment, must be 
determined as functions of more fundamental param- 
eters such as the nucleon mass, the pion mass, and the 
pion-nucleon coupling constant. Therefore no arbitrary 
parameters should appear for composite particles. Thus 
we are led to the following definition: 

If no arbitrary parameters are introduced through 
the parametric dispersion relations for all the ¢ func- 
tions involving a special field operator ¢, for a stable 
particle c, we call c a composite particle. A stable 
particle which is not composite is called an elementary 
particle. 

This definition does not necessarily mean that a § 
function involving ¢, always satisfies a nonsubtracted 
dispersion relation, i.e., take the two-point G® function 
for the c field, then we need two subtractions in the 
parametric dispersion relation for §®. In this case, 
however, the subtraction constants are not arbitrary, 
but they are determined subject to the renormalization 
condition’ : 

S (P*) 
im — -= 


-=-1 
ptmeO ptm e 


(4.1) 


where we assumed that c is a scalar particle for the sake 
of simplicity. Another example is the electromagnetic 
interaction which will be discussed in the next section. 

Except for special cases as discussed above, however, 
this definition implies nonsubtracted parametric dis- 
persion relations for G functions involving composite- 
particle variables. 

Since very little is known about G functions, it will 
be instructive to recapitulate some properties of the 
vertex functions which are very closely related to the 


® See Eq. (4.12) in reference 3. 
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G functions. Take, for simplicity, the neutral scalar 


theory; then the p functions and p’ functions are 
defined by 


(0| TL (x1) ++ + o(%n)]|O)conn 


= fa, ° -d'y, Ar(*1—y:)° eo 
KAr(*n— yn)e(yr° 7 Yn) 
= fay. ° -d‘y, Apr’ (%1—y1)° os 


Ar’ (xXn—yn)p’ (y1° 2 Yn), (4.2) 


where Apr’ denotes the Feynman propagation function 
with radiative corrections. The Fourier transform of p 
is the G function, and the Fourier transform of p’ 
defines the vertex function I’. Both G and IF are functions 
of scalar products of four-momenta, and in particular 
they are equal on the mass shell, i.e., 


G( paps) = (paps), for pr+m= ei | = p,2+m’=0. (4.3) 


We know some interesting properties of the I'’s from 
which we can conjecture on the properties of G’s. 

Let us first consider a three-point vertex function 
I'(p:°, 2", ps") and put two of the p”’s on the mass shell; 
then we have a function of a single invariant variable. 
What we know about is the vertex function of this type. 


Determination of the Binding Energy 
Let us consider the vertex operator corresponding to 
n+p— d, (4.4) 


where n, p, and d denote neutron, proton, and deuteron, 
respectively. Putting m and d on the mass shell, we get 
a vertex function which depends only on 


x= — (pa— pn)’, (4.5) 


where pq and p, are the four-momenta of the deuteron 
and the neutron on the mass shell. Assuming a non- 
subtracted dispersion relation for (x), Blankenbecler 
and Cook” have shown that the binding energy of the 
deuteron can be determined in terms of other funda- 
mental parameters of the theory such as the rest masses 
of the nucleon and the pion, and the pion-nucleon 
coupling constant. 

This result suggests the following possibility: If a 
composite-particle field is specified by nonsubtracted 
dispersion relations, we will get only the free-field 
solution—but not necessarily so for other elementary 
particle fields specified by subtracted dispersion rela- 
tions—unless certain relationships among rest masses 
and subtraction constants are satisfied. In other words, 
we have a possibility of determining the rest mass of 
the composite particle in terms of other parameters in 
the theory. 


1 R, Blankenbecler and L. F. Cook, Jr., Phys. Rev. 119, 1745 
(1960). 
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Problem of Higher Spins 


It has long been conjectured that the spins of ele- 
mentary particles should be either 0 or } and that 
consequently particles with higher spins would be 
composite. We shall discuss here the connection between 
this conjecture and our definition of composite particles. 

Let us first refer to the work of Lehmann, Symanzik, 
and Zimmermann (LSZ) on the vertex function." 

As an example we consider the interaction between 
the nucleon and neutral pseudoscalar meson fields. 
The vertex function p,’ in position space is defined by 


Ol TLeewO)H(@)I10)= f aeatne's 


XS pr’ (y—n)ps’ (nf: )S er’ (f—2)-Ar'(E—x), (4.6) 


where Sp’ and Ap’ are the Feynman propagation 
functions for the nucleon and the meson, respectively. 
The vertex function I’; in momentum space is defined by 


—$ 
— feo. 
(27) 


Keiru-2)+ivX2—-OT5(p1,p2), (4.7) 
I's is a function of p,’, po’, and (pi1— 2)? multiplied by 
certain invariants. If we put ipyy+M=ipey+M=0, 
I’; is a function of x*= — (p:— p2)? alone, and we can put 


C5= 175 (x?). (4.8) 


It has been concluded by LSZ that this function f 
must satisfy 


1 ‘4 x(x*—4M?)3 
Srr-J au? (x2—m?)? 
We replace the nucleon field by a charged scalar field 
and define the vertex function p’ by 


f(x?) |?de? <1. (4.9) 


(0| TL ¢(«)®(y)*(z) || 0)= J esarnare 


X Ar’ (y—n)p' (nf: E) Ar’ (S—2z)-Der'(¢—2), (4.10) 
where A,r’ and Dy’ refer to the charged scalar nucleon 
and the neutral meson, respectively. We then define 
the vertex function I from p’ by Eq. (4.7). Then put 
p’r+M*=p2+M?=0, where M is the rest mass of the 
charged scalar nucleon, and I turns out to be a function 
of e=— (pi-— po)”, f(x’). 


Corresponding to Eq. (4.9), we can derive 


1 f* (e—4M2)! 
f ——— | P<. 
4 


167? 4342 K(K?— m?)? 


(4.11) 


1H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo 
cimento 2, 425 (1955). 


What we can see from these results is the following: 
We can always derive inequalities of the form 


(4.12) 


and the behavior of the coefficient c(x*) for large values 
of x? is completely determined by the spins of the parti- 
cles on the mass shell. The function c(x?) in Eq. (4.11) 
is simply given by 
(x2) =o (x2) /g?, 

where o®)(x?) is the second-order weight function in 
the meson propagator given by Eq. (5.8) of reference 3. 

For large values of x’, c(x*) is asymptotically given, 
apart from trivial numerical factors, by 


c(x?)~x~ for a spinor nucleon, 


(4.14) 


i 


c(k?)~k for a scalar nucleon. 


The function c(x?) is determined completely kine- 
matically as shown by Eq. (4.14) and we can make a 
general statement that the power of « in c(x*) increases 
as the spins of particles on the mass shell increase. 
This implies in turn that the vertex operator f(x) 
must fall off more rapidly as the spins of particles 
increase. Thus for vertex operators involving particles 
of sufficiently high spins we shall not need any sub- 
tractions in the dispersion relations for an arbitrary 
choice of particles on the mass shell. Thus if a high 
spin particle is involved in a G function, we shall not 
need any subtraction in the parametric dispersion 
relation in view of the close connection between the 
vertex functions and-the G functions. From our defi- 
nition of composite particles it follows that particles 
with higher spins would necessarily be composite. In 
this way we understood a possible connection between 
the conjecture on higher spins and our definition of 
composite particles, although nothing could be proved 
rigorously. 

Furthermore, since composite particles are distin- 
guished from elementary particles by the absence of 
subtractions in the dispersion relations, we might guess 
that the cross sections of reactions involving composite 
particles would behave at high energies in quite a 
different way from those involving elementary particles 
alone so that there would be an experimental means to 
make a distinction between elementary and composite 
particles by observing their high-energy behaviors. 


V. ELEMENTARITY OF THE PHOTON 


Based on the definition of composite particles given 
in the previous section, we shall study the elementarity 
of various particles. Since so little is known about 
strong interactions, however, we shall confine ourselves 
to the discussion of the electromagnetic interactions. 
Study of the electromagnetic interactions alone is 
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already very useful and bears a very rich content for 
the present purpose. The electromagnetic interactions 
are characterized among other things by the W-T 
equations on which we base our arguments. 
First let us write down one of the W-T equations for 
a charged scalar particle either elementary or composite : 
-. 
Oz (0 TA u(x) oy) ¢*(z) ]|0) 
Ox, 
=eAr'(y—2)[6(x—y)—8(x—2)], (5.1) 


where e is the charge of the quantum belonging to the 
field, and A,r’ is the Feynman propagator of th‘s 
charged scalar field. The function corresponding to th‘s 
electromagnetic vertex is defined by 
(—i)*0.K,K 40| T[A, (x) ¢(y) o*(z) ]|0) 
=py(x; yz). (5.2) 
Then this p function satisfies the equation 
) 
Sate Jie ~ 
—p, (x; yz) =ieLK Ar’ (x—z)-K,6(x—y) 


0: - 
—K,Ar'(x—y)-KA(x—2) ]. (5.3) 


We rewrite this equation in momentum space and get 


i(q— p)uGu(P,9) 


o(x*)dx? 
=i (1+ (+m) f— - ~— ) (+m 
+n —te 


a (x?)dk? 
- (1+ (+m f =“ -)@+m], (5.4) 
P-+'—te 


where o is the Kallén-Lehmann weight function for Ar’ 
and G, is defined by 


—1 
py(x; yz) — ro ~ [apa eiPly a) +ia(2-2) C.( p,q). (5.5) 


2) 


Next we decompose G, into a sum of invariants. There 
are only two linearly independent vectors p, and q,, 
but it is more convenient to take (p+q), and (p—q), 
and the basic invariants. Furthermore, from the C or 
CP invariance of the theory one can easily see that SG, 
must be symmetric in p and g. Therefore, (P—q), must 
appear always multiplied by a factor (p?—q’). Then it 
is not difficult to verify that the general form of G, is 
given by 


Gulp.g)= (P+ q)uSa 
+[ (p+ )u(p—9)’— (b—@) uP? — 9") JSo, 


where G@, and G, are the functions of scalar products 
p?, @ and (p—gq)? alone, and symmetric in p and g. 
It must be remarked here that the second invariant is 
so chosen%that{the product of the second invariant 
with (q—p),fvanishes. 


(5.6) 
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Inserting the representation (5.6) into Eq. (5.4), one 
finds 


Ga= —¢1+ (p?-+m*) (q°+-m*) 


o (x?) dx? 
xX }- . (5.7) 
| porwr en 


The function G.(p,g?) clearly cannot satisfy a non- 
subtracted parametric dispersion relation, but it satis- 
fies a parametric dispersion relation with one sub- 
traction. The boundary condition to determine the 
subtraction constant is given by 





Ga(P?= —m?*, = —m’)= —e. (5.8) 


A similar argument can be presented in the case of a 
charged spinor field. 

From the above discussions we can draw a conclusion 
that the photon is an elementary particle as a conse- 
quence of the definition of composite particles given in 
the previous section.” As for the charged scalar particle 
discussed above, however, one cannot immediately draw 
the same conclusion as we shall see below. 

The problem that we have to discuss is concerned 
with the arbitrariness of the subtraction constant e. 
This subtraction constant is nothing but the charge 
and we have to be very careful about the arbitrariness 
of this quantity. In Sec. III we have shown that a 
linear relation 


Cc=Cat lr (5.9) 


holds if (0| TL ¢a¢s]|c)#0. This relation shows that at 
least one charge is not arbitrary but determined by the 
charges of other particles. Therefore, what we have to 
do is to exhaust linear relations of this kind and find 
the number of linearly independent charges. Take, for 
instance, the charges of the proton, neutron and neutral 
K meson as the basic charges, then the charge of a 
strongly interacting particle is given by™ 
QO=e)3t+e2.N/2+eS/2, (5.10) 

where 
e:=e(p)—e(n), 


e2=e(p)+e(n), (5.11) 


and 
€3= €;+e(K°®). 


This means that within the approximation of retaining 
only the strong interactions there must be at least 
three independent subtraction¥constants. This will 
further mean that there mustYbe at least three ele- 
mentary particles among the strongly interacting 
particles although we cannot tell which three would 
be elementary.“ 


12 Rigorously speaking this proves just the elementarity of the 
scalar and longitudinal photons. We made an implicit assumption 
here that the elementarity of the scalar and longitudinal photons 
implies the elementarity of the transverse photons. 

3 Tf we assume e;=¢:=e;=e as implied by experiments we get 
the familiar strangeness formula Q=e(I3+N/2+S/2). 

4 One possibility is to take m, p; and A as the elementary parti- 
cles. S. Sakata, Progr. Theoret. Phys. (Kyoto) 16, 686 (1956). 
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If we introduce weak interactions we immediately 
find that e(K°)=0, or e3=e, from K® — 29° or r+-+2-. 
Thus the number of independent charges is reduced to 
2 if we do not take account of leptons. 

Thus we have to modify the previous result into the 
following: There must be at least two elementary 
particles among the strongly interacting particles.'® 
The reduction of the minimum number of elementary 
particles corresponds to the very unlikely possibility 
that one out of three fundamental particles in the 
strong interactions might be a composite particle 
formed by means of weak interactions. In view of the 
very weakness of weak interactions and the different 
transformation properties of strong and weak inter- 
actions in both charge and position spaces, it will not 
be unreasonable to conclude that the minimum possible 
number of elementary particles among strongly inter- 
acting particles is three. 

If we further introduce leptons, we get one or two 
additional neutrino charges depending on whether the 
neutrino has two components or four components, e.g., 
(1) two-component theory : 


e(e~)=e(u-)=e(v)—e, 
(2) four-component theory : 


e(e~)=e(v1)—e1,  e(u~)=e(v2)—e1, 
where vy; and v2 denote two different two-component 
neutrinos. We assumed the lepton conservation in 
each case.'® 

In the former case there must be at least one ele- 
mentary lepton, and in the latter case at least two. 
In view of the weakness of the leptonic interactions, 
however, it is very likely that all leptons are elementary. 

In order to reduce the number of linearly independent 
charges to one, as demanded by experiments, we 
perhaps have to introduce very weak interactions that 
violate all the conservation laws except for the conser- 
vation of charge,'’ such as those interactions proposed 
by Yamaguchi.* 

To conclude, we have seen how useful the W-T 
equations are for the discussion of the elementarity of 
various particles. 
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16 The number 2 stems from the two conservation laws, i.e 
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16K. Nishijima, Phys. Rev. 108, 907 (1957). 

17A similar consideration has been made by G. Feinberg 
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APPENDIX. CONSTRUCTION OF THE COMPOSITE- 
PARTICLE FIELD OPERATORS 


In the text a method of constructing a field operator 
for a given stable particle has been given by Eqs. (3.3) 
and (3.4). The field operators constructed in this way 
satisfy (1) the Lorentz invariance, (2) the micro- 
causality, and (3) the asymptotic condition and hence 
the unitarity. The last two properties are clear from 
the construction of the field operator ¢, as has been 
discussed in reference 7, but the first one may not be 
very clear at a glance. It is the purpose of this Appendix 
to show the Lorentz invariance of the composite- 
particle field operators. Assuming for simplicity that 
particles a, 6, and ¢ are all spinless, we shall show that 
the operator ¢,(x) in Eq. (3.3) does not depend on the 
direction of the vector P, the energy-momentum vector 
of the composite particle c. 

First we study how to carry out the limiting process 
in Eq. (3.3). When both the denominator and numerator 
have finite limits separately the problem is rather 
simple, so let us assume that both are singular at the 
origin |&| — 0. In order to study the nature of the 
singularity at the origin we shall appeal to the integral 
representation of the Feynman amplitudes.” 

The denominator f(£,P) will be expressed by 


1 
f(&P)=— fevers), 
(27) 


and 


g(oP)= f af as 
—] 0 


where JN is a certain positive integer. By integration 
by parts with respect to s one can reduce the power V 
to unity, but it is not possible in general to increase 
the power N beyond a certain maximum value. From 
now on we understand that N always denotes this 
maximum value. With the help of the integral repre- 
sentation (A.2) one can study the singularity of the 
function limgo—of(¢,P) at the origin | &|=0. They are 
given, respectively, by 


a(f,s) 


(ref) +e] 


(1) N=1 f(E,P)=limf(é,P)~ai/B, 


to—0 
(2) J 


V=2 f(&,P)~co ln) él, 
(3) N>3 


(A.3) 


f(&,P)~finite. 


In the first case the limiting value of the ratio will be 
given by the ratio of the following two expressions: 


lim® lim (| TDL ¢a(x+4é), ¢o(x—3€)]|), 
|E|0 &—0 


9G. C. Wick, Phys. Rev. 96, 1124 (1954); R. E. Cutkosky, 
Phys. Rev. 96, 1135 (1954); M. Ida, Progr. Theoret. Phys. 
(Kyoto) 23, 1156 (1960). Here we adopted the result of the last 
author. 
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lim & lim f(é,P). 
|—|—0 to 0 


(A.4) 


Or, in order to maintain the formal relativistic invari- 
ance in an explicit manner we can take the ratio of 


lim lim &(| TDL ¢a(x+48), ¢o(x—4é) ]]) 
|&|-0 &—-0 


lim lim #/(&,P), 
|E|0 & 0 


(A.5) 


where ?= P—§£,?, 
Similarly in the second case we take the ratio of 


lim lim §,—{| TL ¢a(x+48), ¢o(x— 4) ||) 


0 
[E|0 &—0 dé, 


0 
lim lim §,—/f(é,P). 
|E|--0 &-0 0&, 


(A.6) 


The double limiting procedure can be carried out in 
the following fashion: Assume the Fourier representa- 
tion of a function f(£) to be 


1 
=—— [| dtp cit g(p); Al 
f= a J ep erteto (A.7) 


then the limit is given by 


1 
li li =—— | d dpo - (A8 
im, tim 90) —— for( fare). (a) 


Therefore, if g(p) has a representation of the type (A.2) 
or generally a Feynman type denominator, the problem 
is reduced to the evaluation of a Feynman integral. 

(1) N=1. Instead of multiplying # by f(&), one can 
apply the differential operator — (0/0p,)? on g(p) and 
utilize 


0? 1 
ap.) [(p-+a)-+m*—ie} 





for N>1. (A.9) 


(2) N=2. The operator &,(0/0é,) on f(€) can be 
replaced by (0/0p,)p, on g(p), and one can utilize 


a “ 
f rp—| : |- din’, for N=2, 
dp,L[(p+a)?+m*— ie ]* 


=0, for V>2, 
=o, for V=1. (A.10) 
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For N>3 we utilize 





(A.11) 


f d‘p - im 
[(p+a)*+A—ie}¥ (N—1)!(A—ie)¥* 


In any case it will be clear that the results no longer 
depend on the direction of P but generally only on 

=-—m2. Thus the independence of the operator 
y.(x) on the choice of the vector P, or in other words 
the Lorentz invariance of ¢,.(x), has been established. 

Perhaps it will be instructive to give a simple example 
to illustrate the above statement. Since it is very hard, 
however, to illustrate this by a true composite particle 
c, we shall take an elementary particle as c. As has been 
discussed in reference 7, the formula (3.3) is applicable 
to a stable elementary particle as well as to a real 
composite particle. So we consider the interaction 
between a charged scalar nucleon field y and a neutral 
scalar meson field yg, and we shall check as a simple 
example the relation” 


Men (TUE HED* (24 ONV*(6) 1 Oonn 

[E|0 & 0 = (2goV)Kg| TL GEW*(— 38) ]| 0) 

=(0| TL e(x)¥(y)¥*(2) J] 0), 

where |g) is a one-meson state with the energy-mo- 
mentum g. As a model we shall take the interaction 


Hin= "Ve, (A.13) 


and check the relation (A.12) in the perturbation 
theory. 
In the lowest order perturbation theory we get 


(g| TL¥(x)¥* (») | 0) 





(A.12) 


= ~i f aq ¢(z)|0)K.(0| TL (x)¥* (y) o(2)J| 0) 


and f dta(g| o(z)|0)gA r(x—2)Ar(s—y), 


where K,"=(1,—m?, and m is the meson rest mass. 
Inserting (q| ¢(z)|0)=e-‘%/(2qoV)! into the above 
equation, one finds 


(q| TL¥8)¥*(—48)]|0)= 


d‘k 


ig f 
(2)*(2goV)! 
eikt 
x \ ° ’ 
[(k-+-4q)?-+M?—ie JE (k— 4g)? + Mie] 


where M denotes the nucleon rest mass. This expression 
diverges logarithmically at the origin, and therefore 


(A.14) 





2 Note added in proof. This equation is true only in the lowest 
order. In more general cases one applies the Klein-Gordon operator 
on the variable x and then puts the momentum canonically con- 
jugate to x on the mass shell in order to get the generally valid 
relation. 
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we shall evaluate the following limit: 


0 
lim lim &,—(2qoV)q| TLW(48)¥* (— 34) J| 0) 
|E|-0 &-0 dé, 


—ig te) 
a: foe 
(2x)* dk, 


Ry 
ek 
((k+-49)?+M?—ie) ((k—4$9q)?+M?—ie) 


2gn* 


=—., (A.15) 
(2m)* 
This is the coefficient of In|&| at the origin. Next we 
evaluate 
0 
lim lim §,— 
|—|-0 & 0 dé, 
X(0| Thy (x +38)y* (x— 38) (y)W*(2) J] 0) conn. 


In the lowest order perturbation theory this is given by” 


(0| TLY(x-HEOW*(e—FDV)V"()]| O)eone 
=(— ig) f dtuas [Ar(x+}§—wu)Ar(x— fi—u) 


XDr(u—v)Ar(y—v)Ar(s—2v) 
+Ar(y—u)Apr(x—}§—u)Dp(u—v) 
XAr(x+$§—v)Ar(z—v) ]. (A.16) 


One can check that only the first term contributes 
when we take the limits, and we get 


lim lim Ey = (0| TL--- ] D)eonn 


|E|-0 &-0 dé, 

fe) 
= (—ig)t fa lim lim §&,— 
E\-0 & 0 dt 


S# 


XK Ar(x+}i—u)Ap(x—}E—1n) 


x fateDe(u— \Ar(y—v)Apr(z—v). (A.17) 


1 Ar denotes the nucleon propagator, and Dr, refers to the 
meson. 
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Now we use the formula 


] 
Ar(x+43&—u)Ar(x—}i—u) = — fare 
(27) 
ei Ps u)+ipt 


[(p+3P)?+M2—ie][ (p—4P)2+M2—ie] 
then we find 


0 


lim lim £,—Ar(x+3£—u)Ap(x—4E—1n) 


|E|-0 &-0 dé, 
1 fs) 
=—— f d'P e' P(e» for 
7 | Opy 


: | 
x|— : 
((p+3P)?+M?—ie)((p—4P)?+M?—ie) 


1 
- — fap er —")? 
(2m)§ 


Qin 
=——-4(x—4). 
(23)* 
Inserting this result into (A.17), \ 
: 0 
lim lim &—{0|7[--- 
|—|-0 &-0 dE, 


Qin? 
= (—ig)* = fa Dr(x—1 
(2m)* 


2gr° 
XAr(y—1)Ae(2—2) / —— 
(23) 


= —ig f a Dp(x—v)Ar(y—v)Ar(z—2) 


=(0| TL e(x)v (y)y*(z) J| 0). 


Thus Eq. (A.12) has been verified. 

In a similar way the statement on the W-T equations 
in Sec. III can be checked in the perturbation theory 
when c is an elementary particle. ; 
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It is proved that fourth-order diagrams provide necessary and sufficient conditions for the Mandelstam 
representation to be valid for every finite order in perturbation theory. 


INTRODUCTION 


E have previously shown! that a sufficient con- 

dition for the validity of the Mandelstam repre- 
sentation in every order of perturbation theory is the 
absence of anomalous thresholds. In this paper we prove 
that the representation is valid in every order if it is 
valid for the lowest order diagrams. This includes some 
which have anomalous thresholds. These 
conditions are both necessary and sufficient for the 
Mandelstam representation to apply within the frame- 
work of renormalized perturbation theory. 

From our result, in conjunction with the known prop- 
erties of the fourth order,’ it follows that the Mandel- 
stam representation applies, for example, to the scatter- 
ing processes‘ 


pre ycesses 


rt+X 3 +X, 


where X can be a A, &, 
the processes 


or = particle. It also applies for 


r+A >K+ 9, or 
+i — K+), 
r+z— K+A, 


a+d — p+n. 


a+, or K+, 
K+2, 
K+, 


or 


or 


All the above processes have anomalous thresholds but 
they do not lead to complex singularities on the physical 
sheet. Examples of scattering processes which do lead 
to complex singularities and for which the Mandelstam 
representation does not apply are given by 


S+4E- 3 Bt4E-, 
d+d — d+d, 


* Now at: Department of Applied Mathematics and Theoretical 
Physics, University of Cambridge, Cambridge, England. 

!'R. J. Eden (to be published); and Phys. Rev. Letters 5, 213 
(1960). 

2 P. V. Landshoff, J. C. Polkinghorne, and J. C. Taylor (to be 
published). 

J. Tarski, J. Math. Phys. 1, 154 (1960); S. Mandelstam, Phys. 
Rev. 115, 1741 (1959); and R. Karplus, C. M. Sommerfield, and 
E. H. Wichmann, Phys. Rev. 114, 376 (1959). 

4A table of the numerical values of angles required to decide 
whether a given process satisfies the Mandelstam representation 
has been given by L. B. Okun and A. P. Rudik, Nuclear Phys. 15, 
261 (1960). 


or the scattering of any pair of compound particles. 
For each reaction, when drawing the perturbation dia- 
grams, one must of course take account of conservation 
laws. 

The method in this paper is based on analytic con- 
tinuation in the external masses from values for which 
there are no anomalous thresholds. We show firstly 
that no complex singularities can appear in the physical 
sheet until a Landau curve of singularities has a point 
at which it is degenerate. This point will in general be 
a double point of the Landau curve in the real (s,f) 
plane. The second step is to prove using dual diagrams 
that, as the external masses are increased a double 
point will arise in a diagram of low order before it 
arises in higher orders. This completes the proof. 


2. FOURTH-ORDER DIAGRAM 


The physical sheet for a scattering amplitude A (21,22) 
consists of a product of cut planes in the complex vari- 
ables 21, 22, 3 that correspond to the real Mandelstam 
variables s, ¢, «. The physical sheet is defined so that 
in a suitable limit on its boundary in a physical scatter- 
ing region the amplitude A (s,¢) is the Feynman ampli- 
tude. We shall use the general term Landau curve® for 
the manifold in the complex (21,22) space given by a 
solution of the equations, 
either 


OD (a,21,22)/da;=0, (2.1) 


(2.2) 


or a,;=0, 
for each i, where D is the denominator of the Feynman 
parametrization of the amplitude, 


;' n(a)d(1— ax) 
=a f day: ' dan amas oa, 


D(a,21,22)? 


The function D is homogeneous in the a variables so 
Eqs. (2.1) and (2.2) imply also that D is zero. 

These equations define the two-dimensional mani- 
folds in complex (2:,22) space on which the amplitude 
may have singularities in the physical sheet and on 
which the amplitude is indeed singular on many other 


’L. D. Landau, Nuclear Phys. 13, 181 (1959). 
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(a) 
2 
! 









































(¢) (4) 


Fic. 1. Part of the real section of the Landau curve for various 
external masses: (a) no anomalous thresholds; (b) anomalous 
thresholds but no complex singularities; (c) the “transition point” 
at which the Landau curve has a double point; (d) Landau curve 
with complex singularities. (The parts drawn in broken lines are 
not singular on the boundary of the physical sheet.) Note. In Fig. 
1(a), the right-hand side, the bottom notation should read L2". 


Riemann sheets. The points of these manifolds for 
which the variables s and / are real define real curves 
and lines but again these are not necessarily singularities 
of the amplitude on the physical sheet. The remaining 
points of the manifolds are complex surfaces that join 
these real curves. 

The key question is not where the Landau curves are 
located, but in what circumstances they give complex 
singularities on the physical sheet. We shall show that 
as the external masses are increased the transition point 
beyond which part of the complex surface of the 
Landau curve becomes singular on the physical sheet 
can be related to the occurrence of a double point in 
the real section of the Landau curve lying on the bound- 
ary of the physical sheet. We shall illustrate this by 
first considering the fourth-order diagram as the ex- 
ternal masses are varied. This discussion of the fourth- 
order term is contained entirely in the work of previous 
authors,’ but we repeat it here in order to note those 
aspects that we are able to consider in the general term 
in the next section. 

When there is no anomalous threshold, part of the 
real section of the leading Landau curve has the form y 


® J. C. Polkinghorne and G. R. Screaton, Nuovo cimento 15, 
289 and 925 (1960). 
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and y’ illustrated in Fig. 1(a). [The leading Landau 
curve for any diagram is that for which Eq. (2.1) rather 
than (2.2) is satisfied for each 7. |] There are no anoma- 
lous thresholds when the external masses are sufficiently 
small. The two arcs y and y’ lie in the real s, ¢ plane. 
The curve y is on the boundary of the physical sheet 
and represents points at which the amplitude A (2),z,) 
is singular in each of the following limits taken from 
its continuation on the physical sheet, 


o=t+1e > G. 


o=l—te- >t. 


(2.4a) 
(2.4b) 


The curve 7’ is not singular in any limit from the 
physical sheet. 

The real arcs y and 7’ are joined by a complex surface 
in (2,22) space. By considering the intersection of this 
connecting surface with a real searchline it can be seen 
that on the surface z; and z2 have imaginary parts of 
opposite sign. The limit onto the real section of the 
Landau curve that is defined by giving 2), z2 small 
imaginary parts whose relative sign is the same as that 
which they take on the attached surface will be called the 
appropriate limit. When their relative sign is opposite 
to that taken on the attached surface, it will be called 
the inappropriate limit. If the complex surface is not 
singular on the physical sheet, then the appropriate 
limit cannot be singular. For the arc y in Fig. 1(a), the 
limits (2.4) are inappropriate limits. The surface 
joined to y,y' is singular on the unphysical sheet 
reached from the physical sheet by going through a 
branch cut either in 2; or in 2. 

The lines N in Fig. 1(a) denote normal thresholds at 
which the amplitude is singular on the physical sheet, 
and are the Landau curves for the reduced diagrams 
which represent self-energy parts. The lines L arise 
from vertex parts corresponding to reduction of one 
line in the fourth-order diagram. These are assumed in 
Fig. 1(a) not to give singularities on the physical 
sheet, but are singular when reached by taking 2; or 22 
through the branch cut that starts at a normal thresh- 
old. Thus there are no anomalous thresholds, and also 
there are no complex singularities on the physical sheet. 

Now increase the external masses continuously, and 
at each set of values consider the form of the Landau 
curve shown in Fig. 1(a). The lines Z,“? and L,° move 
towards NV“ and N°. When L;‘” meets V‘” it becomes 
singular on the physical sheet and as the external masses 
are further increased it moves back again, remaining sin- 
gular on the physical sheet. It is then an anomalous 
threshold. When LZ,“ coincides with N“ the arc y 
touches both lines at infinity. As Z;“” moves away the 
curve continues to touch ZL,“ and the point of contact 
moves in from infinity to finite values as shown in 
Fig. 1(b). The part of y between B and C is singular in 
the inappropriate limit taken on the boundary of the 
physical sheet, and the parts AB, CD are singular in their 
inappropriate limit on the physical sheet. The part of the 
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surface connecting ’ to the part BC of ¥ is still singular 
only in unphysical sheets, but now it can be reached by 
going through the cut attached to ZL; or through the 
cut attached to L,®. Similarly the parts of the complex 
surface connected to the other parts of y are not singular 
on the physical sheet. 

When the external masses are further increased, there 
comes a point where L,“? coincides with L2™ and L,° 
simultaneously coincides with L2®). Although geo- 
metrically coincident with LZ,“ the line LZ,“ will still 
not be singular in the physical sheet. At the point of 
coincidence the curve has a point of degeneracy at the 
intersection of the anomalous thresholds, as shown in 
Fig. 1(c). 

A further increase in the external masses leads to the 
situation shown in Fig. 1(d). Now the arc y’ is singular 
on the physical sheet from any limit. It is attached to a 
complex surface which is singular in the physical sheet 
and which connects it to the part AB of y in Fig. 1(d). 
This complex surface leads to a breakdown of the 
Mandelstam representation. 

The significant point is that in changing from a sur- 
face that is nonsingular in the physical sheet to a 
surface that is singular in the physical sheet the part 
of the complex surface in question must shrink to zero. 
This requires that the Landau curve be degenerate at 
the transition. Further, the point of degeneracy occurs 
at the intersection of two anomalous threshold lines. 
We shall show in the next section that this is true also 
for a general diagram. 

The condition on the masses for the degeneracy to 
occur in fourth order has been given.’ Labeling the 
masses as in Fig. 2, angles 6; are defined by 


m?+m.°—M? 
cos #;= ——————_—___, 
2m myi1 


mM, = mM}. 


Degeneracy occurs when 


4 
> 0:= 2m. 


i=] 


3. GENERAL CASE 


In considering the general Feynman diagram it is 
supposed that all lower order diagrams satisfy the 
Mandelstam representation. If this were not so, then 
it would be necessary to consider instead how one of 
these lower order diagrams had come to have complex 
singularities in the physical sheet. We consider the 
manner in which Landau curves change as the squares 
of the external masses are increased through real values 
from an initial set of values for which the Mandelstam 
representation is known to hold. Such a set could be 
any that ensured there were no anomalous thresholds.'” 

As the external masses are increased, anomalous 
thresholds will appear in the physical sheet. The first 
of these appears when part of the Landau curve for a 
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m3 


M, M2 


Fic. 2. Notation for the fourth-order diagram. 


single loop vertex diagram moves up towards a singular 
normal threshold and emerges through the branch point 
at the normal threshold onto the boundary of the 
physical sheet. It is then “reflected” from the normal 
threshold as the external masses are further increased 
and is a singular anomalous threshold. Other anomalous 
thresholds may arise in the same way or by lines corre- 
sponding to more complicated vertex diagrams being 
reflected off lower order anomalous thresholds that are 
already singular on the boundary of the physical sheet. 
The point through which a new singularity appears is 
always a singularity of a simpler (reduced) diagram. 
This is the theorem on continuity of singular curves 
that was used in previous papers.'* 

The appearance of anomalous threshold singularities 
on the physical sheet can give rise to two effects. The 
first concerns the curves of virtual singularities. A vir- 
tual singularity is an arc of the real part of a Landau 
curve that lies in a region of the real plane where cuts 
corresponding to two variables overlap, and that is 
singular when approached from the physical sheet in 
the inappropriate limit. It has been shown! that in the 
absence of anomalous threshold singularities these 
curves are arcs of negative slope (taking as variables 
the two variables that correspond to the two over- 
lapping cuts), and they have the normal thresholds 
that generate the cuts as their asymptotes. In the pres- 
ence of anomalous thresholds but in the continued 
absence of complex singularities, this behavior is 
modified. The curves can have parts of positive slope 
but their turning points can only occur. where the 
Landau curve touches an anomalous threshold singu- 
larity in such a way that the point of contact corre- 
sponds to the same critical values of the Feynman 
parameters for both the Landau curve and line. This 
follows from the fact that the behavior in the inappro- 
priate limit on one side of a turning point is the same 
as the behavior in the appropriate limit on the other 
side of the turning point unless a singularity generating 
one of the cuts occurs at the turning point. Except in 
this latter case it is possible to move along the complex 
surface of the Landau curve from the complex neighbor- 
hood of one side of the turning point to the complex 
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neighborhood of the other side of the turning point so 
that the path followed changes from one Riemann 
sheet to another in a way that just corresponds to the 
difference between appropriate and inappropriate limits. 
Since all appropriate limits are nonsingular when there 
are no complex singularities, the turning points of 
curves of virtual singularities must be at contacts with 
anomalous threshold singularities. 

The second possible effect of the appearance of 
anomalous threshold singularities on the physical sheet 
is the development of complex singularities. The com- 
plex surface of the Landau curve is divided into a 
number of primitive sections® by its intersection with 
the cuts bounding the physical sheet. It is known that 
if a point of any primitive section is singular on the 
physical sheet then the whole primitive section is 
singular.':> However, as the external masses are in- 
creased, the complex singularities must appear in the 
physical sheet in a continuous way. This gradual ap- 
pearance can only be achieved by the gradual shrinking 
to a point of one of the initially nonsingular primitive 
sections which then re-emerges as a primitive section 
that is singular in the physical sheet. 

A primitive section is the complex surface spanning 
two real arcs of the Landau curve whose end points are 
turning points. When the primitive section shrinks toa 
point and re-emerges in the physical sheet, these arcs 
must also shrink to the same point and then expand. 
The process must follow exactly the same pattern that 
is illustrated for the fourth order in Fig. 1(a)—(d). It 
follows that the critical situation, past which complex 
singularities appear, occurs when the real Landau curve 
has a double point in a manner similar to that already 
described for the fourth order case. 

The complex singularities have entered the physical 
sheet from neighboring Riemann sheets. The curves of 
virtual singularities on the boundaries of the physical 
sheet represent the presence of complex singularities in 
neighboring Riemann sheets. Therefore one of the two 
coalescing arcs must be part of a curve of virtual singu- 
larities and hence the two tangents at the double point 
must always be singular anomalous threshold lines, as 
is the case in fourth order. This is confirmed by con- 
sidering the arcs of positive slope that are joined to AB 
in Fig. 1(d). These arcs are singular in the inappropriate 
limit when AB bounds a complex surface in the physical 
sheet. If they were not singular in the same limit before 
the double point was reached, the whole of these curves 
would suddenly become singular when the double point 
appeared. This would contradict the fact that analytic 
properties change continuously as a continuation is 
made in the external masses. 

The foregoing argument the 


establishes that if 


68 Note added in proof. This statement requires modification if 
cusps or double points appear. This is found to happen in a par- 
ticular sixth order contraction but only for values of the external 
masses well above the fourth order limit. This will be discussed 
in a further paper. 
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Mandelstam representation is valid for certain values 
of the squares of the external masses, it remains valid 
as these squares of masses are varied through real 
values until one or more curves of virtual singularities 
acquire a double point. Since a double point can occur 
only when there are anomalous thresholds in two direc- 
tions (at least), this discussion enables us to deduce the 
validity of the Mandelstam representation for all 


values of the external masses in the absence of anoma- 
lous thresholds provided it holds for some range of these 


variables. We use here the fact that any range of the 
external masses not giving anomalous thresholds is 
accessible from any other such range by continuous 
variation without passing through a region in which 
there are anomalous thresholds. 

In the next section we show that the onset of complex 
singularities in the physical sheet, which is heralded by 
a double point in the relevant Landau curve, normally 
occurs first in the fourth-order diagram as the external 
masses are increased. In selection rules 
prohibit the fourth-order diagram it may be necessary 
to consider more than one of the lowest order diagrams. 


cases where 


4. APPEARANCE OF A DOUBLE POINT 


In this section we show that there will be a double 
point on the relevant Landau curve in lowest order for 
values of the external mass that are never larger than 
those that are required to give a double point in higher 
orders. There are, of course, many different values of 
the external masses at which a double point will appear. 
Our method of increasing the external masses is to vary 
them one at a time up to the values in which we are 
interested. Our terms ‘‘smaller’’ and “greater” apply to 
the single external mass that is being varied when the 
transition through a double point takes place. 

The method is based on the dual diagram analysis*:’ 
of the singularities of a Feynman amplitude. The dual 
diagram is essentially the vector diagram for the inter- 
nal and external four-momenta of the corresponding 
Feynman diagram, each momentum being on the mass 
shell. It may conveniently be drawn in a complex Eu- 
clidean space. We consider first the occurrence of anom- 
alous thresholds for the vertex parts given by reduc- 
ing scattering diagrams. (Anomalous thresholds do not 
arise from reduction to generalized self-energy parts.*) A 
vertex dual diagram must be drawn in a plane in order 
to give an anomalous threshold,* (or, more accurately, 
dual diagrams not in a plane do not give any new 
anomalous threshold). It follows’ that for fixed masses 
the anomalous threshold (if any) from the lowest order 
vertex occurs at a smaller value of the appropriate 
variable (s, ¢, or u) than any such threshold from a 
higher order vertex part. This result comes from the 
fact that for an anomalous threshold the dual diagram 
must be real and all its internal lines must lie inside the 


7J. C. Taylor, Phys. Rev. 117, 261 (1960) 
§ P. V. Landshoff, Nuclear Phys. 20, 129 (1960). 
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triangle formed by the external momenta. If the lowest- 
order diagram does not yield an anomalous threshold 
nor does any other.’ 

The dual diagram for a general scattering diagram 
is drawn in three dimensions. It gives the relation be- 
tween s and / which is the equation of the Landau curve. 
The external momenta together with 4/s and \/¢ form 
the framework of a tetrahedron. Within this tetra- 
hedron are four parts each consisting of one triangular 
face and connected internal lines that will also appear 
in a similar manner in the dual diagram for the vertex 
part formed by reducing lines in the scattering diagram. 
However, for the scattering dual diagram each of these 
parts does not in general lie in a plane as it would for a 
vertex part. Exceptionally for particular values of s 
and ¢ one of these parts may lie in a plane. This means 
that for these values of s and ¢ the Landau curve for 
the scattering diagram touches the Landau curve for 
the corresponding vertex part, giving the same values 
of the parameters a on each curve. Examples of such 
points of contact are given in Fig. 1(b) by the points 
B and C. 

For the Landau curve simultaneously to have such 
contact with two perpendicular anomalous thresholds 
as in Fig. 1(c), the corresponding two parts of the dual 
diagram must be simultaneously coplanar. Further, 
these two parts share at least one external line and one 
internal point so that in fact they must lie in the same 
plane. This situation is illustrated for the fourth order 
(Fig. 2) by the dual diagram drawn in Fig. 3. Here AB, 
BC, CD, DA represent the external lines of the Feynman 
graph, while the lines converging at O represent the 
internal lines! The values of s and ¢ are given by the 
squares of the lengths AC, BD. The point (s,t) at which 
the Landau curve has contact with the Landau curve 
for the vertex diagram obtained by reducing the line 
corresponding to OD in the scattering diagram is ob- 
tained by requiring OA BC to be coplanar. If also OBCD 
is coplanar the whole dual diagram will lie in a plane. 
The two vertex diagrams in question are actually 
singular if O lies within the triangles ABC, BCD. The 
condition for this is that the sum of the angles at O is 
2x, which is just the known condition [Eq. (2.6) ] for 
the Mandelstam representation to be about to break 
down. 

Now consider the addition of internal lines to the 
scattering diagram, beginning from a fourth-order dia- 
gram which has just reached this critical point, as 
indicated by taking Fig. 3 to lie in a plane. We keep 
the external masses M,, M2, M; fixed; this means 
AB, BC, CD are of fixed length. Then the addition of 
internal lines such that ABC and the related internal 
lines still correspond to an anomalous threshold cannot 
shorten the length AC. Similarly, if on adding internal 
lines BD is still to give an anomalous threshold with 
dual diagram BCD, this length also will not be de- 
creased. If, in addition, we require the more compli- 
cated diagram to lead to a Landau curve with a double 
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‘1G. 3. The dual diagram for fourth-order scattering, drawn in a 
plane when a double point occurs in the Landau curve. 


point, ABCD must lie in the same plane. An increase of 
AC and an increase of BD with given AB, BC, CD can 
only increase the length of AD. This length defines the 
mass M, and the increase is what we set out to prove. 
Thus only by an increase of an external mass beyond 
the degeneracy for the lowest order diagram can we 
obtain a degeneracy for a higher order diagram. 


5. REPRESENTATION WITH ANOMALOUS 
THRESHOLDS 


We have seen that under the condition obtained from 
Eq. (2.6) there is cut-plane analyticity for every term 
in the perturbation series for the scattering amplitude. 
Thus a repeated application of Cauchy’s theorem gives 
the Mandelstam representation. The weight functions 
P1, P2, Ps Appearing in it have the form, 


p= Lim {(A (st+ie, t+ie’)— A (s—ie, t+ie’) ] 


—[A (s—ie, t+ie’)—A (s—ie, t—ie’) ]}, (5.1) 


with two analogous expressions for po, ps. 

The region in which p; is nonzero must be bounded 
by a curve on which the right-hand side of Eq. (5.1) 
is singular, and therefore must be composed of portions 
of Landau curves that represent singularities on the 
boundaries of the physical sheet in one of the limits 
shown in Eq. (2.4) or in the other limits. In fact, since 
each of the square brackets in Eq. (5.1) contains the 
difference between the two types of limit the boundary 
of the region must be singular in only one type of limit. 
It is therefore composed of pieces of Landau curves 
which are singular in the inappropriate limit, that is by 
arcs of virtual singularity. (At the normal and the 
anomalous thresholds, in s for example, the value of z2 
does not affect the singularity. Thus normal and 
anomalous thresholds are singular in all limits and 
cannot form part of the boundary of the region in which 
the spectral function is nonzero.) 

We have remarked in Sec. 3 that, when there are no 
anomalous thresholds, the arcs of virtual singularity 
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can have no turning points. However, when anomalous 
thresholds are present turning points may occur at con- 
tacts with the anomalous thresholds. Thus, for example, 
when there are anomalous thresholds in two directions 
(but no complex singularities on the physical sheet) 
the boundary of the region for p; for the fourth-order 
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contribution is the arc y, which includes parts of posi- 
tive slope as well as of negative slope [ Fig. 1(b) ]. 
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\ previous calculation of the physical nucleon wave function in static source pion theory is extended by 
including the pseudoscalar K-meson interactions, the motivation being that this should increase the scalar 
part of the nucleon anomalous magnetic moment, thus improving the result of previous calculations. In 
constructing a trial function for the physical nucleon, the method of moments was used and terms containing 
up to three mesons were included. Calculation shows that a too strong K-meson coupling is detrimental to 
the vector part, and that the scalar part can be increased approximately by 10% if the A-meson interaction 


is made moderately low. 


INTRODUCTION 


N a recent paper’ (hereafter referred to as I), the 

method of moments was applied to the problem of 
the physical nucleon in pion theory, using the Chew- 
Low-Wick static source Hamiltonian.? An approximate 
ground-state nucleon wave function was constructed, 
with terms containing as many as five virtual pions. One 
of the important results was that the average number of 
pions in the cloud is more than might be suggested by 
the success of the one-meson approximation. When the 
electromagnetic properties of the nucleon were calcu- 
lated from the wave functions, however, hardly any 
significant improvement was achieved over the results 
obtained by the one-meson approximation. 

On the other hand, we are aware of the possible con- 
tributions of the strange particles to the physical nucleon 
state, since these particles are known to interact 
strongly with nucleons and mesons. In particular, con- 
servation of strangeness allows nucleons to emit a 
virtual K* but not K~. Thus the inclusion of interactions 
involving pseudoscalar K mesons should have the 
consequence of increasing ws, the scalar part of the 
nucleon anomalous magnetic moment.’ This implies an 
improvement because pseudoscalar pion theories in- 
variably give too large a negative value for ws. This 
motivates us to extend the work of I by including 
strange particle interactions, even though a fixed-source 
approximation is less justified for K mesons than for 
pions. 


1 F. R. Halpern, L. Sartori, K. Nishimura, and R. Spitzer, Ann. 
Phys. 7, 154 (1959). 

2G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956); G. C. 
Wick, Revs. Modern Phys. 27, 339 (1955). 

3G. Sandri, Phys. Rev. 101, 1616 (1956). 


Another difficulty involved here is that we still do not 
know definitely the relative parities or intrinsic spins of 
these particles. In this paper we assume that different 
baryons are different states of the same fermion, all 
having spin 3 and the same intrinsic parity, and that the 
K mesons are pseudoscalar with respect to the baryons. 
The static version of the relativistic interactions‘ con- 
sistent with the Gell-Mann-Nishijima isospin assign- 
ments will be used.® In this scheme, the interaction 
Hamiltonian H; contains eight coupling constants and 
as many cutoff functions. Even though there is no good 
reason to keep these parameters from changing for 
different processes, simplicity is of great importance in 
the present work since the number of terms contributing 
to the wave function increases quite rapidly as the order 
of approximation increases. In this spirit, the same cutoff 
function will be used uniformly for the pionic and K- 
mesonic contributions for all the baryons. Throughout 
this paper, we employ a square cutoff at K=6 (t=c=u 
= 1, where yu is the pion mass) so that comparison with 
I will be possible. In the same spirit, the square of the 
unrationalized, unrenormalized V Vz coupling constant 
will take the values 0.2, 0.4, and 0.6. The other coupling 
constants are assumed to satisfy the following relations; 


(fy Ne )Y= (fzax’)?= (fzzx°)? = ( fzz,°)= Cir rs (1a) 


and 
(fwax°)?= (fzx)?= (fazx®)?= (fezx)?= (f°). (1b) 


One of the consequences of these simplifications is 
that invariance under rotations in this representation 


4M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 
5 W. G. Holladay, Phys. Rev. 115, 1331 (1959). 
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space which mix, for example, a nucleon and Z, or = and 
A, leads to the conclusion that the forces between 
baryons having the same hypercharge are equal to those 
between baryons having different hypercharges, which 
is in disagreement with experiment. Another well-known 
consequence is that all baryons will have the same ob- 
served mass, which again is in disagreement. In the 
present work, however, we ignore these disagreements in 
favor of keeping the calculations within a reasonable 
length. 


NUCLEON WAVE FUNCTION 


The Hamiltonian for the static model may be written 
as 


H=H +41, (2) 


where the unperturbed part has the form 


Ho= _ {wr(R)ain*(Rk)aa(k 
k,i,d 


+wx(k)[bin*(k)bin(k) +ean*(R)can(k)]}. (3) 
Here, ai(&), b:,(k), and c;,(&) are annihilation operators 
for a pion, a K meson, and a K meson, respectively, 
with linear momentum &, charge i, and z component of 
angular momentum A; w,(k)=(1+4*)! and wx(k) 
= (m?+-k?)!, where m is the K-meson mass. 

The baryon wave function is described by a spinor 


Vp 7} 
Vn 

Yx* 
yy? 
vz" 
vs 

yz 
yz-J 








where Wp, Wn, etc., are, respectively, two component 
spinors for p, n, etc.: Y°= (A°—2°)/v2, Z°= (A°+2°)/v2. 


oo (k) 
V2ao_(k) 
v2a_o(k) 
| 2a_ _(k) 


v2a0, (k) 
san dyo(k) 
2a_ + (k) 


A,'= 


V2bo0(k) 2boy (k) 
2bo_ (k) —Vv2bo0 (k) 
0 0 


Vcon(k) — 2co(k) 
2co_(k) —V2¢00(k) 
0 0 
0 0 
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—Vv2a_o(k) 


INTERACTIONS 


The basis vectors in this representation space are 
(v ~ 
0 : 
¢i=V (pt)= ors d= (p)= 0 ’ 
0) 0| 
0 
0 


‘+, be=V¥(Z-H= I]: I, 
0 


1 


and they represent the states of a bare baryon with a 
definite spin orientation as indicated by the arrow. 

With the assumptions described in the introduction, 
the interaction Hamiltonian H; can be written in the 
following form; 


Hr=>d.(ViA ctU, Bet U.Cy+H.c.), 


fa? koh) 
"NB [2we(k) 
fr°® kv(k) 


si v3 [wx (k) 


(5) 


(6) 


where 


(6a) 


(6b) 


The matrices A,;, By, and C; are all 16X 16 and they are 
given by 
A; 0 0 0 ) 
_10 A,’ 0 O 
Ar=|9 0 AY OF}? 
0 oO O A, 


(O B,’ B,” 0 
6 © 8 see 
~10 0 O —B,'}? 

eo +. 0 


0 0 0 
i 0 
Ci” 0 0 

0 Ce —C;,’ 


B, 


Ca = 
where 


v2a4 o(k) 
2a, —(k) 
— 26 (k) 

—v2ao_ (k) 


2a,+(k) 
—V2a+0(k) 
_ Vay (k) ‘ 
aoo(k) J 


0 0 

0 0 
V2bo0(k) 2bo4 (Rk) , 
Qbo_(k) —V2boo(k)} 


0 4 

0 0 
V2¢o0(k) 204 (k) 
2c (Rk) —V2co0(k)) 
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TABLE I. The self-energy of the nucleon, as a measure of con 
vergence, as function of the coupling constants and order of 
approximation m 


6.0 
9.3 
11.9 


and B,”’ is equal to B,’ except that the first subscripts 
of the annihilation operators are changed from 0 to + 
and, similarly, C;”’ is obtained from C;’ by changing the 
first subscripts of the annihilation operators from 0 to —. 

The state vector for the physical nucleon is calculated 
with the method of moments.* A trial vector of the form 
P ,,(H)¢, is used, where P,, is a polynomial of degree n. 
Its coefficients are determined variationally so as to 
minimize the energy. The method of moments gives the 
following formula 


P,(H)= f,(H)/(H—-E), (8) 


where 


l 


and E is the lowest root of the equation f,(¢)=0 and 
this quantity represents the self-energy of the nucleon. 
This also gives a measure of convergence of our series. 
The self-energy of the nucleon is tabulated in Table I. 
In all cases, the convergence is no slower than those in 
I up to the third order and it is reasonable to assume an 
equally quick convergence for higher order wave func- 
tions. The symbols H; used in the above determinant 
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are defined by 


H,= QP! H ?1); (10) 


and these are called the moments. 

The moments are calculated in the manner described 
in I. The moments in all orders can be expressed in 
terms of the integrals 7,, and J,, defined by 


In=| Vi |2o2"2(k) 


— 


(11b) 


The first few moments are 
Hy=1, H 
H2,=912+12J)2, Hs; 2J3, (12) 
Ay=171724+- 3607 oJ .+31272+1255+-9/ 4. 


It is evident that the number of terms contained is much 
greater than that in the corresponding moment in I. 
Already Hs, contains as many as 30 terms, out of which 
only 7 would remain if the A-meson interaction were 
switched off. This is why those simplifications regarding 
to the coupling constants and cutoff functions were 
given importance. 


Once the trial function (in xth order) is found, 


v.=(> aH"), 


(13) 


we can calculate P(x; y,z)= probability of the core being 


TABLE II. The probability (in %) of the physical proton core being in the 16 different states 
Calculation was done with the third order trial functions 


0.2 0.4 0.6 

0.02 0.04 0.06 

47.85 43.16 

11.87 2.77 
P(n*) 11.85 12.74 13.30 
P(n}) 23.68 24.40 26.58 
P(=*) 0.78 0.97 0.99 
P(=*)) 0.97 1.24 1.16 
P(Y¥°*) 0.59 0.79 0.81 

P(¥°)) 0.0015 0.0007 0.0006 
P(Z%) 0.78 0.97 0.99 
P(Z°4) 0.97 1.24 1.16 
P(=-f) 0.59 0.79 0.81 


40.81 
13.33 


52.41 

7.62 

7.34 

14.67 16.05 
2.85 3.24 
4.66 5.08 

1.05 1.39 

1.8 10-8 1.01077 
2.85 3.24 
4.66 5.08 

1.05 1.39 1 


x: 


wm mee hw YI 
uw NM 


oo 


P(=-}) 
P (=F) 
P (4) 
P(=f) 
P(z-4) 


*F. R. Halpern, Phys. Rev. 107, 1145 (1957). 


0.0015 
0.028 
0.050 
0.0035 
0 


0.0007 
0.035 
0.067 
0.0035 
0 


0.0006 
0.040 
0.074 
0.0047 
0 


1.8 10-° 
0.28 

0.56 

2.3 10-5 
0 


4.01077 


0.38 
0.76 


9.7 10-5 


0 


1 
0 
0.86 
4.3 107° 
0 


— bo 
a 
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TABLE III. Probability (in ‘ 


(f.°)? (f/x)? 
0.2 0.02 


(0,0) 


64.74 
48.09 
38.19 


(1,0) 
31.82 
38.75 
38.31 


(0,1) 


3.45 
3.67 31 
2.66 15.54 


(2,0) 


60.65 
41.14 
32.68 


35.50 
41.82 
40.91 


3.84 
4.07 
3.48 


11.33 


0.06 58.76 
38.00 
29.36 


37.21 
42.96 
40.58 


4.03 
4.25 
3.17 


63.32 
47.41 
47.26 


23.80 
29.00 
29.12 


12.88 
14.30 
13.98 


59.60 
41.19 
40.00 


25.21 
30.92 


14.19 
15.26 
15.25 


57.88 
38.37 
37.01 


14.79 
15.78 
15.76 


in the state ¢,, surrounded by y pions and z K mesons 
(and A mesons). Table II shows the probability P(x) 
of the core being in the state @., i.e., 


P(x) (14) 


= >> P(x; y,2). 


For this table, the third order trial functions were used. 
Notice that P(pJ) is no longer equal to P(nt) because 
of the K-meson interactions, and the difference is larger 
for the stronger K-meson couplings. Table II shows the 
probability 

P(y,z)=>. - P(x; y,2), (15) 
of y pions and zs K mesons (and K mesons) surrounding 
the core. 

We can make observations similar to those made in I. 
First, the probability, when regarded as a function of 
the order of approximation, seems to have a single 
maximum and it decreases uniformly after passing it. A 
second observation is that the average number of mesons 
surrounding the core is again too large to justify the one- 
meson approximation. As the order of approximation is 
increased still further, states with larger number of 
mesons will definitely make significant contributions to 
the wave function. 


NUCLEON ANOMALOUS MAGNETIC MOMENT 


The contribution of the core to the magnetic moment 
of the physical proton is, in units of the nuclear 
magneton, 


Ure= P(pt)—P(py)+P(2*t)—P(2+4) 


—P(S-H)+P(S-)—PE*+P(Ey). (16) 
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0) of y pions and z K mesons surrounding the core of the physical nucleon in the nth order trial function. 


(2,1) 


0.027 0.0039 


0.027 0.0039 


0.037 0.0051 


8.1 10-4 4.010 1.810 1.310 


3.5X10-4 1.71074 7.7X10- 5.4 10-5 


7.6X 1075 3.4X 10-* 1.2X10-° 


That to the magnetic moment of the physical neutron is 

Mnc=P(nt)—P(n))+P(Yt)—P(¥%)) 
—P(24)+P(Z2))—P(=4*)+P(2%). (17) 

This is so because our Hamiltonian is invariant under 

the transformation 

pon, TIoYV, Dok, Pek, Po —-7z, 


rtcnt, Kto Kt, KOK, K°> KR. (18) 


This invariance property shows that pions contribute 
only to the vector part and K mesons only to the scalar 
part of the anomalous magnetic moment. The operators 
for their contributions are,’ respectively, 


M 


> : 
k wy(k) 
+a_ "a, .*+a 
and 
M 
>. “ 


k wx(k) 
+b, +*b, _*+5), Lb, ee ay +*—c¢_ = ah (20) 


TABLE IV. Calculated and extrapolated values of the scalar part 
of the nucleon anomalous magnetic moment. 


[a44*a,4—a, "“4..440.. Me 


(19) 


*a_,*—a,_a_4], 


[b,4*b,,—b, _*b, +c 


—C_4°C-+ 


n=1 2 


-0.22 
~0.24 
—0.25 
—0.18 


(fe)? (fx)? 
~0.35 
~0.38 
—0.40 


—0.19 


0.2 0.02 
0.4 0.04 
0.6 0.06 
0.2 0.1 

0.4 0.2 —0.19 —0.22 —0.22 
0.6 0.3 —0.20 —0.23 —0.23 


—0.30 
—0.34 
—0.35 
—0.19 





7R. G. Sachs, Phys. Rev. 87, 1100 (1952). 
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TABLE V. Calculated and extrapolated values of the vector part 
of the nucleon anomalous magnetic moment. 


n=1 3 


0.06 1.2 

0.04 1.6 

0.04 2.0 
0.14 
0.14 
0.14 


(fx)? 
0.02 
0.04 
0.06 
0.1 —0.04 
0.2 —0.04 
0.3 —0.04 


Extrap. 


where M is the nucleon mass and the arguments of the 
creation and annihilation operators are omitted. If yu, 
and wx are the matrix elements of these operators in the 
trial state, the scalar and vector parts of the nucleon 
anomalous magnetic moment are 


en) ee, SS 
bv=3(up. —1 Une) the. 


Our calculation shows, as in I, that the matrix elements 
of the meson operators are quite slowly convergent 
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while those of the core operators converge fairly quickly. 
Since calculation was stopped at the third order in this 
present work, a freehand extrapolation is not trust- 
worthy. But the speed of convergence is very much like 
that which occurred in I. The extrapolated values of us 
and yy in Tables IV and V are obtained by comparison 
with I. 

A curious thing that we observe is that the con- 
vergence becomes very fast as the K-meson coupling 
constant becomes large with respect to the pion inter- 
action. In this case, not only the scalar part but the 
vector part becomes much too small. Experimentally, 
py=1.85. 

A comparison with I shows that the inclusion of the 
K-meson interaction causes a change in the scalar part 
by approximately 10% and this seems to be the best 
that one can expect to do with the static-source meson 
theory. 
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Recent experimental results on nonleptonic hyperon decays 
are studied on the basis of a doublet approximation for strong and 
weak interactions, with the implied suggestion that this higher 
symmetry may be more easily discernable in such reactions in 
which K-particles do not occur explicitly. The doublet approxima- 
tion is characterized by a doublet spin J which is equal to 4, 1, 0 
for baryons, 7, K, respectively and by a K spin. It is not necessary 
to assume that the strong K interactions are weak compared to 
the strong w interactions. For the mentioned reactions it is 
necessary to assume that the strong interactions which do not 
conserve J play a minor role compared to those which conserve /. 

The following refinement of the nonleptonic AT =} rule is 
proposed. (7'=isotopic spin.) The weak nonleptonic interactions 
consist of two parts H, H™ with AJ=0, 1, respectively. In the 
doublet approximation H® and H™ separately conserve parity 
in the presence of all strong x and K interactions. H and H‘ 
together do not conserve parity, however. In addition to AJ=1, 
H™ should in general satisfy a further constraint, but there are 
classes of graphs for which AJ =1 is sufficient. 

Current X current structures for H and H™ are examined. 
Results of an earlier paper can be viewed as a special case of the 


I. INTRODUCTION 


EYOND the demonstration of the existence of 

isotopic spin (J) and strangeness (S) rules, the 
study of strong reactions has so far taught us little 
about more intimate connections between the varieties 
of strongly interacting particles. Attempts to consider 
some of the new particles as composites in terms of 
others have till now not produced any insight which 
cannot as well be reached by assuming that any one 
baryon, say, is neither less nor more elementary than 
any other. In this paper we continue! to adopt this last 
view. From this standpoint one may try to further 
interconnect particles and interactions by asking for 
stronger symmetries than those which yield T and S 
conservation. It is known that such symmetries 
cannot exist rigorously.2 Nor is there thus far any 
indication that some of the strong interactions are 
relatively weak compared to others so that expansions 
in the former might be a useful procedure. Conjectures 
that one part of the strong interactions possesses 
symmetries stronger than another therefore have had 
as yet to remain in a speculative stage. Unless we find 
some qualitative clues, the strong interaction problems 
appear to be in somewhat of a deadlock. It is the 
purpose of this paper to discuss certain weak decay 
reactions which may possibly provide us with such a 
clue about the strong interactions. 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

tJohn Simon Guggenheim Fellow. Permanent 
Institute for Advanced Study, Princeton, New Jersey. 

1A. Pais, Phys. Rev. 86, 663 (1952). 

2 A. Pais, Phys. Rev. 110, 574, 1480 (1958). 


address: 


AI =0, 1 rule. The same is true for results obtained by Feldman, 
Matthews, and Salam and by Wolfenstein. The considerations 
of these authors can be extended to wider classes of graphs. 

Odd relative helicity and the relation between rates for 
A— p+x-, Z+— p+7° are consequences of the AJ=0, 1 rule 
only. So is the prediction that = decay is strongly P nonconserving. 

The parity properties of WH, H™ are sufficient conditions. It 
is a delicate question whether they are necessary. For a subset 
of graphs they are not necessary, but this set seems arbitrary. 
If it is assumed that the parity conditions are necessary, the 
schizon scheme is ruled out. 

It is noted that the nonleptonic weak interactions may be 
generated by the strong interactions in terms of the following 
prescription. H® is generated by assuming that the r(K) fields 
have small K(x) components. An H is generated by assuming 
that the doublets V;(N2z) have small V2(N) components; likewise 
for N; and N,. Further, it is observed that one can construct a 
non-electromagnetic AT = } interaction which is small in the sense 
that it only contributes to K,.* to the extent that the doublet 
approximation is not valid. 


The reactions we have in mind are 
t+ n+-n", 
anu pt+?’, 


>-— n+, 


(. 1 tat), 
(A°,a*), 
(A-a7). 


(1.1) 
(1.2) 
(1.3) 


We shall often refer to these reactions as 24+, Zot, 2, 
respectively. Their amplitudes and asymmetry parame- 
ters will be denoted by A, a, labeled as indicated. 
Experimental results* are compatible with the require- 
ment of the AJ=4 rule that A+, A~, A®v2 shall form 
a triangle. If we neglect final-state interactions, this 
triangle can conveniently be drawn in the so-called 
(s,p) plane.‘ 

Concerning the AT=}3 rule (which to this author 
seems neither less nor more mysterious than the AT=0 
rule of the strong interactions), we shall adopt the 
same view as in a previous paper.® For the purpose of 
this study, the rule will be supposed to be rigorous for 
nonleptonic decays. At the same time we do not wish 
to prejudge the question whether deviations from AT=} 
are electromagnetic only. 

Experiment further indicates* that the 2 triangle is 
oriented in a rather special way which can be expressed 
by 
a -=0. 


at, 


(1.4) 

3 The most recent results are given by Cork, Kerth, Wenzel, 
Cronin, and Cool, Phys. Rev. 120, 1000 (1960). 

4M. Gell-Mann and A. Rosenfeld, in Annual Review of Nuclear 
Science (Annual Reviews, Inc., Palo Alto, California, 1957), 
Vol. 7, p. 454. 

5 A. Pais, Nuovo cimento, 18, 1003 (1960). This paper will be 
referred to as I. 
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AT=} implies that if 54+ is nearly pure s(p) wave, 
then 2_~ is nearly pure p(s) wave. It is presently 
not known which is which. This can be decided 
experimentally.® 

Equation (1.4) is rather remarkable. It shows that 
insofar as 24+ and X_— are concerned it may be a good 
approximation to say that 2+ and =~ each do have a 
well-defined parity relative to the w-nucleon system; 
and that the parity of =*+, whatever it is, is opposite 
to that of = 

Now either a system has a well-defined parity relative 
to another or it hasn’t, so what does ‘“‘a good approxi- 
mation” mean? To see this, note the following. It is 
easy to give examples’ of a weak interaction H which 
leads to a = triangle so oriented that at=a-=0. But 
this by no means solves the problem. 

Consider =~ decay as a first example. Let H be such 
that 2 is pure p wave, say. However, the strong 
interactions generally allow =~ to be part of the time 
a 2+, for example, 2++22-. During this time H can 
induce s-wave decay 2,*. The final nz~ state can then 
be reached by strong reabsorption of a mtx pair. 
The net result is an contribution to = 
Similarly, virtual 2o* decay would give a mixed (s,p) 
contribution to 2. In other words, even if the weak 
interactions properly orient the triangle, the strong 
interactions in general do not respect this orientation. 
That is, to stick with the example, unless we could 
provide a reason which would inhibit virtual 2- — =*+ 


S-wave 


transitions. This is possible, though not rigorously. 
As a next example consider the sequence 


2- > A+a2- > (pte) +2 at, 


where the strongly P-nonconserving A decay is in- 
volved and for the rest only P-conserving strong 
interactions. Why is the =~ nearly impervious to this 
nonconservation ? 

We would like to point out that the so-called 
doublet approximation® (DA; also known as restricted 
symmetry) provides a natural though not rigorous 
answer to these questions. Here one assumes even DA 
parity, neglects the ZA mass difference, and puts 


A=(¥°+2°)/v2, 2°=(— Y°+2°)/v2. (1.5) 

The baryons then regroup in terms of four doublets; 

see Eq. (2.2) below. The reason that 2-—> + is 

inhibited is [Sec. 2(a)] that they belong to different 

doublets which in the DA do not intercombine. The 
oa 


reason that =~ is not affected by P nonconservation 


6 See, for example, I, Eq. (15) 
7 A= g; (iy ZtdAwt+Pyrztdaxr") 


+ g2(2iyxysk-Oy0- + Prrysdtdyr") 
satisfies all requirements. See S. Bludman, Phys. Rev. 115, 468 
(1959). To avoid misunderstanding, it should be stressed that 
Bludman discusses such interactions as effective rather than as 
primitive couplings. 

® See reference 2. Also A. Pais, Phys. Rev. 112, 624 (1958), 
Sec. II. Section V of this last paper contains a formal basis for 
the (I,K) quantum numbers in terms of the orthogonal 4 group. 
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in A decay is that =~ cannot combine with Y° for the 
same reason. Thus, if the Y°, Z° ‘‘parts” of A separately 
are P-conserving in decay, then =~ will stay P-conserv- 
ing. While if Y°, Z° have opposite parity in decay, the 
physical particle A will be strongly parity nonconserving. 

These remarks may serve to indicate the general 
approach planned in this paper. [On purpose we have 
not included =+ decay in these few examples, as there 
a more delicate problem arises, see Sec. 2(b)]. We 
shall endeavor to arrange things so that we get exact 
P conservation for 2,* and 2_~ in the approximation 
where a stronger symmetry than charge independence 
is supposed to hold. As has been shown,” the DA is. the 
weakest symmetry stronger than charge independence. 
Thus the DA is the natural starting point. If we succeed 
we shall be able to assign to =~, for example, a parity 
relative to the w-nucleon system, but only to the 
extent that the DA holds. When we talk of P conser- 
vation in certain decays, we shall always refer to a 
situation where a symmetry higher than charge 
independence is assumed. It is therefore not implied 
that P conservation in 2,* and = 
it is in atomic physics for example. 

The following must be strongly emphasized. The 
quest for stronger symmetries has so far most often 
seemed a self-inflicted agony. A symmetry first set up 
has subsequently to be broken. The difference in the 
present case is that the assumed symmetry leads to 
interesting physical conclusions which, at least so far, 
are not in qualitative disagreement with experiment. 
Even so, the question always remains: What is the 
influence on the decays in question of those strong inter- 
actions which do not respect the DA? We shall not face 
this question in this paper. As long as it is not answered, 
the work does not represent a theory but a program. 

Remark. For reasons given in I we lay the emphasis 
on the near parity conservation of 2,*+ and 2 and 
consider the near equality of their rates as more of an 
accident. No doubt this equality will eventually be a 
vital clue as well. However, it does not seem to raise 
such a qualitative puzzle as the parity aspect does. 

In this paper we shall apply the DA both to m and 
K couplings. We do this mainly to emphasize that on 
the whole it is not the essential point which kinds of 
fields and interactions follow the DA. It is not relevant 
therefore whether K and 7 couplings are of the same 
order of strength or not. What is relevant, on the 
other hand, is of course the role of the interaction 
which breaks down the doublet symmetry. In Sec. 
2(a) we treat the r couplings in the DA and define the 
relevant quantum numbers. 

In Sec. 2(b) a proposed refinement of the AT=} 
rule is stated. It is suggested that the nonleptonic 
interactions consist of two parts H® and H“® which 
separately conserve parity but which clash when taken 
together. To separate any parity-nonconserving inter- 
action in two separately P-conserving parts is of 
course totally trivial. One could do the same for 8 decay. 


would be as good as 
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What is not trivial in the present case is that these 
separate parts are simultaneously subject to a condition 
in terms of a quantum number other than parity, 
namely, the doublet spin. We therefore suggest that 
doublet spin and parity properties are correlated in a 
definite way. 

The main theorems on A decay are given in Sec. 2(d), 
on = decay in Sec. 4. 

In certain instances the DA will be insufficient for 
the purpose of obtaining the desired parity properties. 
We shall then consider two (not mutually exclusive) 
approaches: (a) the use of further invariance arguments, 
see Sec. 2(c); and (b) the investigation of special 
types of virtual transitions, see Sec. 6. In this second 
approach we follow ideas due to Feldman, Matthews, 
and Salam® and to Wolfenstein” and try to generalize 
their results. 

In the work of FMS® some emphasis is laid on the 
differences of the dispersion approach as compared to 
the Lagrangian methods used by others. Rather than 
to underline such differences, the present work aims 
to emphasize above all what such varied techniques 
actually have in common. As has been stated in I, the 
essence of the problemi seems to be the establishment 
of shared symmetries of weak and strong interactions. 
In Sec. 6(c) the connection between the FMS results 
and the present argument will, in fact, be established 
through the analysis in terms of symmetry arguments 
of the weak vertices used by these authors. 

In Sec. 5 we discuss K-particle effects in the DA. In 
particular we show in Sec. 5(d) that such reactions as 
K—-n, K*°—2nr, K+-—+ 3m can be described in the 
DA terms of the weak interactions H, H™ introduced 
in Sec. 2(b) even though these interactions separately 
conserve parity. Here we meet with a very essential 
point that has been brought out by the work of 
Wolfenstein.” There are, in fact, specific graphs, see 
Sec. 6(a), which give pure opposite parity contributions 
to 2,+ and Y_~. These graphs follow the doublet rule 
A/=0 or 1. But for these Wolfenstein graphs the 
condition that H, H™ are P conserving [see Sec. 
2(b) ], though sufficient, is not necessary. On the other 
hand, we shall also see in Sec. 6(a) that we can retain 


Wolfenstein’s results but extend them to a larger class- 


of graphs if indeed, as proposed in Sec. 2(b), H and 
H“™ separately conserve parity. 

The great importance of this question lies in the 
following. By an argument given in I, if H® and H™ 
separately do conserve parity, then an incompatibility 
exists between the rule proposed in Sec. 2(b) and the 
schizon scheme"; see also Sec. 3(f). 

While most of the arguments summarized before do 
not have reference to specific structures of the weak 
interactions beyond their doublet spin properties, a 


®G. Feldman, P. Matthews, and A. Salam, Phys. Rev. 121, 302 
(1961). We refer to this paper as FMS. 

0 L, Wolfenstein, Phys. Rev. 121, 1245 (1961). 

T. D. Lee and C. N. Yang, Phys. Rev. 119, 1410 (1960). 
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certain interest attaches to the question, how can 
these interactions be brought in current X current form. 
This problem is dealt with in some detail in Sec. 3 
where it is shown that the present work goes beyond I 
in two respects: (a) In I we used global symmetry 
from the start, in this paper the weaker DA is sufficient 
in many instances; (b) the (js,jt) coupling used in I 
represents a special choice for H®, H™, Other 
possibilities are noted. 

The concluding Sec. 7 is mainly devoted to a few 
general remarks on (a) the possible generic connection 
between weak and strong interactions, (b) possible 
nonelectromagnetic deviations from AT=4, (c) the 
question of the leptonic decays. We shall state which 
remarks made in I apply to the particular (js,jt) 
coupling scheme used there, and which remarks have 
a wider validity. 

If the present approach is correct, a new question 
arises. Why should the DA manifest itself as a useful 
symmetry in nonleptonic hyperon decay but not in the 
reactions studied previously ?? These last reactions all 
involve real K’s, the decays virtual K’s only. We are, 
therefore, led to surmise that where K particles appear 
only as a virtual cloud, the DA is more easily discernible. 
Results on w-hyperon scattering” may perhaps shed 
further light on this point. 


2. THE DOUBLET APPROXIMATION (DA) 
(a) Strong =x Interactions 


The DA for this coupling has been discussed else- 
where.? We briefly state the main points. It is necessary 
for the existence of this approximation that the (2,A) 
parity be even. The w couplings are considered under 
the neglect of the (2,A) mass difference and are of the 
typical form, 


we = (GN eysN l + G(NowysNot+NseysN3) 
+ GN yrysN a), (2.1) 


where 


> Zz 0 
Ni= (*), ve=( ), vi=( ), v= ( ) (2.2) 
n ig = = 


and where Y°, Z° are given in Eq. (1.5). The space-time 
structure of the couplings is immaterial for the argu- 
ment, as long as the pseudoscalar nature of = is 
guaranteed. In fact, we are not even committed to the 
form (2.1). What then is the essence of the DA? 

First of all, Eq. (2.1) implies that we are free to 
rotate the 7 spin together with 7. + is the isotopic spin 
for N;, Ng but not for 2, A. We call it the doublet spin, 
to which we refer in general as J. For x we have 
T=I=1. Secondly, we are free to rotate in the “(N2,N3) 


12 Alston et al., Phys. Rev. Letters 5, 520 (1960). 
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plane.” We can unite V, and N; to 


(2.3) 


and assign to this “doublet” (each component of which 
is multicomponent itself) a spin K=}, with K;=+}4 
(—4) for Nz (N3). The relation between T, I, and K is 


T=I+K. (2.4) 
We shall see later (Sec. 5) that if K particles participate 
in the DA we have for them /=0, T=K=}. We call 
K the K spin. The DA for strong w coupling is now 
defined generally by the statement that (/,K,J3,K3) 
are good quantum numbers. One may simultaneously 
and independently apply to J and K the usual rules of 
the vector addition model. 

Observe that H, not only conserves baryons, but 
also conserves individual doublets. Thus the DA 
guarantees that virtual transitions 5+ — 2*+2 mesons 
are forbidden. This is just the inhibition we are after. 


(b) AT=} and AJ=0, 1 


We shall now suppose that the nonleptonic decay 
interactions do not only satisfy ATJ=4 but more 
specifically that they also have AJ properties. To see 
what such a statement means, it is instructive to 
reason by analogy with the AT=} rule itself. 

If we say that nonleptonic decay reactions satisfy 
AT=}3, we may also say that the decay interaction 
satisfies AT= 4. This trivial statement is, of course, 
due to the fact that the strong interactions satisfy 
AT=0, so that they cannot modify the AT properties 
of the weak interaction. Electromagnetic corrections 
are of the ATJ=1 type and make the AT=} rule 
impure. Likewise, if we say that a weak interaction 
has a certain A/, this is only meaningful to the extent 
that the strong interactions have AJ=0—that is the 
DA. “Corrections” to the DA will make the AJ rules 
for weak interactions impure. (As we have stated in 
the Introduction, we shall not discuss here the influence 
of such distortions on the decay processes.) 

If we assign a AJ to a weak interaction, the latter 
should be expressable in terms of doublets, inasfar as 
baryons are concerned. We are therefore working in an 
approximation in which the weak and strong inter- 
actions share the doublet symmetry. 

All nonleptonic, A, 2, = decays have | AK;| =}. It 
is easily seen that actually AK=}. As AT=}, it follows 
that AJ=0 or 1, according to the vector relation 


AT=AlI+ AK. (2.5) 
The most general decay interaction H, therefore, is of 
the form, 


H=H®+H™, (2.6) 
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where H®, H™ are 
respectively. 
For = decays the A/; assignments are as follows: 


Al=0, 1, 


characterized by 


> 


=-— nate | AJ3| =1, 


+ — n+" 
AI;=0. 
ae p+r° 


We note that according to Eq. (2.7), H allows =+ 
decays but forbids = H™ allows, in general, all 
three decays, because AJ=1 implies A7;= +1, 0. Thus 
we can generally write H" as 


HY =H, +H_ +H", (2.8) 


where the subscript refers to the A/; value. 

As H™ allows all 2 modes, the first question is 
whether we could (a) restrict ourselves to the H™ term 
in Eq. (2.6), and (b) choose the parity structure of Hy 
to differ from H,,"” in such a way that 24+ (which 
proceeds via Hy") has opposite parity compared to 
2~_~ (which proceeds via H_,"). This in itself is indeed 
feasible but it would be in violent contradiction with 
AT=}4. For clearly 29+ would now also be parity 
conserving. Instead of a = triangle we would therefore 
have two amplitudes aligned along the s(or p) axis, 
the third aligned along the p(or s) axis in the (s,p) plane. 

Let us digress for a moment from the main program 
which is to understand the parity properties of = 
decays if AT=} is assumed to be strictly valid. It may 
be worth while to note that the discussion of Eq. (2.8) 
shows that one can conceive of (nonelectromagnetic) 
violations of the AT = 4 rule of such a nature that the 
> triangle does no longer exist rigorously, while yet the 
parity conservation in the mr* channels remains intact. 
Such violations should be relatively small, however, 
as deviations from AT=}3 do not seem to be large. 

We now return to the main program and try a 
different tack. Suppose that we could find an argument 
additional to the AJ=1 specification of H“?, in such a 
way that H would contribute to 29+ but not to 247. 
Then 24+ would go via H® only; 2 goes anyway 
via H™ only; while 29+ would go via both H® and 
H™), We shall come back at length to the construction 
of this additional argument. Accepting for the moment 
that this can be found, we can clearly achieve the parity 
properties of 2 decays by the following hypothesis. 

Al=0,1 rule. The weak nonleptonic interactions 
consist of two parts H, H® with AJ=0, 1, respec- 
tively. H® and H™ separately conserve parity, but 
clash when taken together. That is to say, H+H” 
does not conserve parity. For H“, =,* is to be inhibited 
by an argument additional to Al=1. 

This rule interlocks doublet spin and parity. As we 
shall see in Sec. 3, the js, jt couplings of I are special 
examples of H®, H®. The parity condition on H®, 
H™ is a sufficient condition. There may perhaps be 
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accidents where this condition would not be necessary, 
for examples see Sec. 6. 

The next task is to find the additional argument 
concerning H“), This is a more subtle problem and 
there are at least two avenues of approach which are 
by no means mutually exclusive. (1) While AJ=1 
specifies H® insufficiently, nevertheless AJ=1 is 
adequate by itself if in the calculation of =+-decay 
probabilities there are specific virtual transitions which 
are strongly predominant. This is conceivable, see 
Sec. 6. (2) For H™ we need a stronger symmetry than 
the DA to reach our goal. On the one hand, it is 
distinctly unsatisfactory to employ strong symmetries. 
On the other hand, the particular symmetry we shall 
invoke in the next subsection will allow us at once to 
tie parity conservation in 24+ and =_— to parity 
nonconservation in A decay. 


(c) Further Discussion of H‘’ 


It does not affect H® if we subject H™ to an 
additional symmetry argument. Indeed it is typical for 
the weak processes which concern us here that without 
loss of rigor we may subject H® and H to different 
invariance requirements as long as H“” (or H®) 
shares that invariance with the strong interactions. 
This is true as H™ and H™ can never interfere because 
weak interactions are considered to first order only. 

We can even go further. By the same token H,:“ 
and H» do not interfere. We seek for an argument 
which inhibits 2+, a reaction which can proceed via 
H,™. We shall state the argument in terms of a 
symmetry shared by H,“? and the strong interactions. 
By our reasoning it is entirely immaterial whether 
H,, shares this additional symmetry or not. (As it 
happens, it does not.) Now 2_~ proceeds via H_, 
only. Therefore, it remains true that this reaction is 
P-conserving in the DA without any additional 
argument. 

In general we may say that the shared invariance of 
strong interactions and a partial weak interaction is a 
legitimate tool because we deal with problems linear 
only in the weak interactions. 

The additional argument on Hy is now that it 
shares with the strong interactions invariance for 


rm — —en*, 


a® —> —en*, 


N, > LéoT2No, 

: ; , (2.9) 

N 2 ieT2N\ ly 

where the e’s are phase factors equal to +1. Equation 

(2.9) leaves Eq. (2.1) invariant provided we neglect 
the V,— Nez mass difference while 


G\= +G., 


This alternative for « corresponds in essence to G* 
symmetry defined” and discussed in I. In addition we 


e=+1, for (2.10) 


18 See reference 5, Eq. (12). Gt symmetry implies G;= +G=G,. 
Here we do not always need to state the relative magnitude of 
G,. It is possible but unnecessary to consider more general phase 
factors in Eqs. (2.9-10). 
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must rotate N; and N, appropriately and, for e=—1 
but not for e=+1 we must apply V;3<> N,. For what 
follows in this section we need not say more about the 
doublets 3 and 4. 

If Ho shares the invariance under Eq. (2.9), then 


(S+| nxt) = eene(n|Eta-)™, (2.11) 


where the superscript (1) indicates that we refer to the 
transition brought about by H»™ (in the presence of 
H,). We require 

(2.12) 


€e€= —1, 


and now apply an argument (already used in I) which 
was first employed by Treiman” in a similar context. 
Namely, under the neglect of final state interactions 


(n|Eta-) = (S+| nxt)®, (2.13) 


Hence it follows from Eqs. (2.11-13) that (2+|mrt)® 
vanishes under the stated conditions. The argument 
thus amounts to the following. The amplitude in 
question is a function of my, my and the momentum 
transfer A=(gz—g,)*. Under the conditions stated 
(m,= mz) this function is equal to minus itself for all 
values of A. 

It is by no means obvious that H™ can be constructed 
so as to satisfy Eqs. (2.9) and (2.12). In fact we shall 
see in Sec. 3 that several expressions for H, specified 
by AJ=1 only, will have to be discarded if Eqs. (2.9) 
and (2.12) hold true. Thus the argument restricts the 
dynamical form of the weak interactions. There are, 
however, several possibilities for H® which do satisfy 
the requirements. From now on I call these the allowed 
forms of H®, 


(d) Two Theorems on P-Nonconservation 
in A Decay 


(A) It follows from the AJ=0, 1 rule that parity is 
not conserved in A decay in the same approximation 
that parity conserved in 2,*+ and 2_-, provided H™ is 
of the allowed form. Proof: Equation (2.9) also implies 


(Y°| px-) = exene(p| Vxt)®, (2.14) 


Hence the argument which led to (2+|nr+)=0 also 
gives (Y°| pr-)=0. Thus Y°— p+7-~ proceeds only 
via H, On the other hand, Z°— p+ isa AI;=—1 
transition and can therefore proceed only via H, 
But H® and H™ clash in parity. Therefore from Eq. 
(1.5) it follows that P is not conserved in A decay. 
Actually this result can be sharpened considerably. 
(B) It follows from the AJ=0, 1 rule and for allowed 
H® that 
a’ = —aa, (2.15) 


where the left (right) side of this equation refers to 
the helicity of the proton in =+— pz, (A— pr). 


4S. B. Treiman, Nuovo cimento 15, 916 (1960). I am indebted 
to Professor Treiman for discussions on this point. 
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To prove this statement, we note that by (A) the 
transition Y°— px proceeds via H® only. But H® 
has AJ=0 and therefore satisfies doublet 
symmetry, as a result of which 


charge 


(Y°| pr-)= (E+| nxt). (2.16) 


This result is a consequence of the DA only. Equation 
(2.16) was also obtained in I but under much more 
restrictive conditions. 

The second part of the proof consists in showing that 


| mar), (2.17) 


(Z°| pr-)= (= 


provided H is of the allowed form. Equation (2.15) 
follows from Eqs. (2.16) and (2.17) by an argument 
given in I. 

The verification of Eq. (2.17) has to wait till Sec. 
3(d). We have now, in fact, pushed the argument as 
far as is feasible independently of the structure of H® 
and H“, The next task is to consider these dynamical 
structures more closely.'® Concerning the symmetries 
used, we shall arrive at the following conclusions. 
(a) For =~ to be P conserving, the DA is sufficient. 
(b) The same is true for Eq. (2.16) which makes up 
half of the relation (2.15). (c) For 24+ to be P conserv- 
ing, the additional argument [see Eqs. (2.11-13) ] goes 
beyond the DA but the Z-nucleon mass difference may 
retain its actual value. (d) The same is true for Eq. 
(2.17). Not until Sec. 6 shall we see that the conditions 
mentioned under (c), (d) may also be weakened to the 
DA symmetry if certain virtual transitions predominate. 


3. DOUBLET SPIN STRUCTURES FOR 
WEAK INTERACTIONS 


(a) Baryon Currents. Examples 


To begin with, we consider AT=}4, | AS|=1 inter- 
actions of the form (baryon current, AS=0) X (baryon 
current, |AS|=1). The results so obtained are im- 
mediately applicable to more general situations. In 
this section we shall have no need to specify the 
space-time structure of currents. 

Consider first AS=0, T=1 currents without any DA 
assumption. These are bilinear in (N,,N,); 
(2,A); or (4,4) and are easy to write down. We shall 
now use the following device. Even in the presence of the 
2, A mass difference we shall express the currents in 
terms of N,, ---, Ng of Eq. (2.2). We consider Y°, Z° 
as mathematical constructs defined by Eq. (1.5) in 
terms of the real particles A, 2°. 

Of course, we shall use expressions in terms of 


(Zn): 


15 See reference 5, Eqs. (32) and (33) 

16In I we consider an instance (called the first possibility) 
where Eq. (2.15) holds true, even though at=a~=0 is not 
explicitly realized. This is the case for G~ symmetry and pure js 
coupling. This shows that if Eq. (2.15) were to be in agreement 
with experiment, it would not be possible to conclude with 
definiteness that the weak interactions are of the form H®+H™, 
Nevertheless it is gratifying that this form of H leaves no 
ambiguity in the value of this relative helicity. 
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doublets with the ulterior motive to go to the DA. It 
is, however, quite essential to realize the following. If 
we assume the A7=3 rule to be rigorous (barring 
electromagnetism), then any weak interaction should 
satisfy AT =} not only in the DA but also in the actual 
split (2,A) situation. The device just mentioned 
guarantees from the outset that this requirement is 
met. The need to bear this point in mind was first 
emphasized by Treiman." 

With the exclusion of a remark to be made in Sec. 7, 
we shall ignore in this paper the question whether the 
procedure just mentioned is strictly necessary. This 
question is tied to whether or not deviations from 
AT=} are indeed purely electromagnetic. 

The most general form for AS=0, 7 
currents is 
T=1: 


aNyr2N, 


1 baryon 


+ N.«N3) tasNarJ\ st a’y’, 

where ¢ is again the doublet spin. We shall use the 
5 I 

notation 


j’ is given by 
(3.3) 


Consider next the |AS|=1, T= current. Write it 
first in terms of the physical baryons, then transcribe 
to the doublet language. The most general result is 


? 


815i +B25e+B3s5st+Bass, (3.4) 
with 


—Nir N3—N, 


For any s we shall often use the 


(3.6) 


-( 


The method of first writing down currents in terms 
of the usual baryons and then transcribing to doublets 
is too roundabout. A simpler procedure is the following. 


(b) Baryon Currents. General Method 


Just as * acts on the doublet spin components we 
introduce o which acts on the K-spin components of 
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N, see Eq. (2.3); 


9 { Q —1 1 0 
tae 
1 0 1 0 0 —1 
1 


- (pizkipz). 
v2 


(3.7) 


Note the minus sign in the definition of p;. We can 
now write Eq. (3.3) in the compact form, j’=NoN. 

Thus we can look upon the T= 1 current of Eq. (3.1) 
as follows. The first three terms correspond to /=1, 
K=0; we can in fact write the a term of Eq. (3.1) as 
aN<N. The j’ term has J=0, K=1. This is an example 
of the general rule that we will get all currents by a 
vector addition procedure of all possible I and K to 
the desired T. This formal procedure is independent of 
the (2,A) mass difference. (Of course, only then can 
I and K serve as good quantum numbers if this 
difference is neglected.) The following lemmas will be 
obvious: 


(1) Any bilinear baryon current; whether AS=0 or 1 
can only have J=0 or 1. 

(2) S-conserving currents have K=0 or 1. 

(3) |AS|=1 currents have K=}. 


Thus one can write down the following complete list of 
currents. 


AS=0: 


T=9Q; [=K=0: 


= mNiNit+nNN 
+nNiN,, 


(3.8) 


I=K=1: p'=NoxN, (3.9) 


[=1,K=0; j= a,NitN t+aNeN 
t+awNueN 4, (3.10) 
fe=0, K=1: 
I=K=1. Current is v7*, where 
v= Np-7-N, 
v= —(1/V2)N (p-rst+psr)N, 
v= (\/3)N[psts—}(0-7r++ptr-) N, 
v= (1/v2)N (ptrstpsrt*)N, 


j'=NoN, (3.11) 


T=2; 


S=BiSi + Boo, 
s’=Bssst+Basa, 
[See Eq. (3.5). ] 
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T=3; IJ=1, K=4. Current is u7*={yu,7+{4ug"?; 


ui=—Nyr-N,, udi=—Nyr-N2, 
uit=/§3(N arsN — (1/V2)Nor-N i], 
usd=/3[NarsN ot (1/v2)Nar-N os], 
uyt=4/3[NorsN i+ (1/v2) Nort], 
ue t= /3[—NarsN st (1/v2)Nart No], 


uy '=NortN,, ug i= —NurtN3. 


(3.15) 


All currents have the indicated T properties for the 
actual values of the 2, A masses. We next discuss the 
possible structures of H and H® in terms of these 
currents. As H®, H® have definite J properties, we 
shall now have to use the currents in their true doublet 
form. 


(c) Structure of H 


Let (Jo,Ko) denote the (J,K) values of the AS=0 
current; likewise (/;,K,) refers to AS=1. To construct 
an H® we need J>=J,=0 or 1. In either case Ko can 
be equal to zero or one. Thus there are four possibilities. 


Ip=1;=Kyo=0: p(s°-+8). (3.16) 
[See Eqs. (3.6), (3.8), (3.13).] 
K,=1: 
NotNs~—(1/v2)Np3N+h.c. 
[See Eqs. (3.7), (3.11), (3.13).] 


Io= I,=0; 
(3.17) 
Ih=1,=1; K,=0: jt, 

t=$1 (tit ter) +54(tsat+ tas), 
t.;=N Nj. 


(3.18) 


(3.19) 


Here we meet a typical recoupling problem. Couple 
the currents of Eqs. (3.10) and (3.15) together to 
AT=}. The answer is 


jt— (v2/3)\ jts’-— (1/V2)j°s”"+h.c.), 


where the term in brackets itself has AT=}; see Eq. 
(3.14). Equation (3.18) is the j¢ coupling discussed in I. 


Ip= 1,1, Ko=1: 


NopteN (8,N32N i+ BoNatN > ) 


—(1/V2)Np3eN (8:1N2tN1—B2NitN3)+h.c. (3.20) 


There is an obvious structural connection between 
Eqs. (3.17) and (3.20). 


(d) Allowed Structure of H” 


As was stated in Sec. 2(c), we mean by this an inter- 
action with AJ=1 and which shares with the strong 
interactions the invariance under Eq. (2.9) with the 
condition (2.12). 

The transformation (2.9) is the product of an J-spin 
rotation and a 1++2 substitution. The currents of 
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Eqs. (3.9), (3.11), (3.12) all contain N2N; and N3N>2. 
Such terms cannot possibly respect 1+> 2. Hence, p’, 
j’, and » cannot appear in the allowed structures of 
H™, There remain three possibilities, all of which with 
K,=0. 


Ip=1,1,;=0: jts-—(1/v2)p°s°+h.c. (3.21) 
This is the interaction called (js) in I. 

Ip=1,1,;=1: jts’-—(1/v2)7°s+h.c. (3.22) 
We shall call this interaction (js’). 
1)=0, I1=1: p(s+8”), (3.23) 


We denote this coupling by (ps’). It is easily shown 
that the interactions (3.21-23) do share the invariance 
for the transformation (2.9) and do obey the condition 
(2.12) provided that 


a,= +a] 


(js): 
(js’): 

, } 
(ps): m= 


a= Fa> for «=+1. (3.24) 


Thus, see Eq. (2.10), allowed structures for H“? exist 
for both G+ and G~ invariance. 

We are now ready to derive Eq. (2.17) and thus 
complete the proof of Theorem (B), Sec. 2(d). One 
shows, in fact, that under the conditions (3.24), H_,™ 
shares with H, the invariance under 


q=-—> —en', 


a —> er", 


N a0 te;/ToN ls 
N, => i€3' ToN3, 
provided the phases satisfy 


(3.26) 


; , 
€; €; €=—1. 


Equation (2.17) follows from Eqs. (3.25-26) by the 
same argument used in connection with Eqs. (2.11-13). 
Hence, Eq. (2.17) has been derived both for G+ and G- 
invariance.'® 

It may be useful to state the conditions under which 
the helicity relation (2.15) holds. For Eq. (2.16) the 
DA is sufficient. For Eq. (2.17) it is insufficient. 
Following the various transformations, one concludes 
that Eq. (2.17) nevertheless holds in the presence of 
the true Z-nucleon mass difference for G+ symmetry. 
G~ necessitates full global symmetry. 


(e) x Currents. Space Parity and G* Symmetry 


The baryon currents of the foregoing sections may 
be completed with meson currents. Here we consider 
the x field only. (Currents involving K’s occur in Sec. 5.) 
For x we have /=1, K=0. The only baryon current to 
which w terms may be added is j of Eq. (3.10). 
Representatives are (0 denotes a spatial derivative) 


linv=nXdn. (3.27) 


The AJ=0, 1 rule and all that follows hold true for 


\(r)A=9R; 
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ja Jatjie)a; vy  Jvti)cev as long as the DA only 
is invoked. But for the stronger G* symmetries used 
in Eq. (3.24) something new happens. According to 
Eq. (3.24) the j current which enters in the G* case is!” 


j* -_ NytN i ANeN+N Ni. (3.28) 


Under the transformations (V,«> No; N3< N4); 
(Ni, N3; No N,) we have j* — +)* while for G+: 
iia fina; \ov > Je). Hence for G+ we may 
add jir)a to ja* and still all arguments of Sec. 3(d) 
hold true. But while we can add j,,)y to jy (for G*), 
we cannot add j:+)y to jy (for G~). This indicates that 
we can further restrict the allowed structure of H™ by 
arguments concerning conserved currents. 

The phenomenon just described is due to the fact 
that with respect to the group G~ (not G*) a nontrivial 
parity is introduced in isotopic space. For m currents 
this isotopic parity is linked to the space parity. 


(f) Structure of the Nonleptonic 
Decay Interaction 


This completes the survey of the doublet spin 
structure of H® and H“. The next question is how 
one guarantees that these two interactions separately 
are P-conserving but clash when taken together. In I 
this question has been discussed for the particular 
choice H®=jt, H“=js [see I, Eq. (48)] but all 
arguments apply equally well to any allowed H, H®, 
The same is true for the possibility mentioned in I that 
all S-nonconserving currents are either all pure V or 
all pure A. Furthermore, a general argument was 
given in I that showed the parity clash idea and the 
universal Fermi interaction (total current) X (total 
current) to be incompatible. In particular the AJ=0, 1 
rule and the schizon scheme are mutually exclusive. 
See, however, the remarks on this question in Sec. 6(a). 

The particular coupling scheme discussed in J is 
clearly not unique. It is not the purpose of the present 
paper to express preferences for one or another form of 
H®, H™, It is remarkable, however, to note the 
following. The AJ=0, 1 rule and a coupling of (AS=0, 
T=1)X(|AS|=1, T=4) currents are actually com- 
patible provided the S-conserving current does not 
only contain J=1, K=0 but also /=0, K=1. In fact, 
from Eqs. (3.17) and (3.21) we derive the following. If 
we couple the 7=1 current, 


NineN tN y(e+constoys)N+NayateNs, (3.29) 


to the | AS| =1, 7=4} current s given by Eq. (3.13), then 
all requirements of the AJ=0, 1 rule can be fulfilled. In 
Eq. (3.29) we have exemplified a space-time structure 
to which corresponds a pure (V or A) S-violating 
current. It is interesting to note that in such a coupling 
scheme (unlike the one discussed in 7) the S-noncon- 
serving current is purely of the 7=} kind. 


7 For simplicity we put ay=ay. 
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Finally, we note that the relation given in Eq. (4) 
of I between the rates of 5+ and A decay is a consequence 
of the AJ=0, 1 rule rather than of the more specific 
form of coupling used in that paper. 


4. THEOREM ON P-NONCONSERVATION 
IN = DECAY 


In accordance with the DA we consider the amplitude 
for =~ — A+ as the sum of the amplitudes for 


= — V+, Al;=—1, Al=1, 
z- D+, Al;=0. 


(4.1) 
(4.2) 


The AJ;, AJ as far as specified are also obvious. But 
the AJ for reaction (4.2) cannot be fixed by an argument 
similar to the one given for Y°—> p+7- in Sec. 2(d). 

However, let us ask if it is possible to relate Z decay 
to the = decays. For this we should relate (Z~| Y°r~), 
(Z-|Z°x-) to (Z+|nmw*+), (Z-|nw-). Such relations are 
possible if and only if we consider situations more 
degenerate than the DA. The general method for 
judging what the possibilities are is the following. The 
DA implies that the J group may be used. Additional 
degeneracy implies additional invariance for substitu- 
tions between such doublets as are taken degenerate. 
We ask for the possible and minimal degeneracies which 
relates Z to = decay. These are the following. 

(a) Let the strong interactions share with H“ the 
invariance for 

Na &3N3, r— €@. 


N:=£,N1, (4.3) 
It follows that 
(=-| Y°x-) (4.4) 
(b) Let the strong interactions share with H® the 
invariance for 
N3— té)'t2M, 


rw — —er; 


N, eo its'T2No, 


(4.5) 
nt — —ert, 


then 
(=- | Zr ) = ef,’ 4" (s+ | nn), 


(4.6) 


As (2*+|nxt) obeys AJ=0, it follows from Eq. (4.6) 
that the reaction (4.2) proceeds via AJ=0 under the 
stated conditions. Thus, according to Eq. (1.6) the 
minimal conditions which relate Z to = decay imply 
that parity is violated in =~ — Am in the same approxi- 
mation that parity is conserved in 24+ and >_. 

This is the counterpart of theorem (A) for A decay, 
see Sec. 2(d). Theorem (B) has no analog. That is, 
unlike the phases in Eqs. (2.16), (2.17), those in Eqs. 
(4.4), (4.6) are not uniquely fixed. 

We show this by one counter-example. Let H be 
of the type jt. Then one easily shows: e&)'&’=-+1 for 
f:=+4 [see the definitions in Eq. (3.19)]. Let H™ 
be of the type js. One proves: ef:;=+1 for Bs=+o. 
Apparently one needs not only an argument about the 
structure of the interaction, but an even more detailed 
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argument about the structure of the S-nonconserving 
current. At any rate we have |az| = aa] for full global 
symmetry. 


5. INFLUENCE OF K-PARTICLE EFFECTS 
(a) Strong K Couplings 


It is the purpose of this section to study the extent 
to which the AJ=0, 1 rule and all subsequent statements 
can be upheld in the presence of strong K interactions, 
but only inasfar as the latter respect the DA. Thus 
we need in particular those strong K couplings which 
satisfy AJ=0, just like H, of Eq. (2.1). For the present 
we do not speculate on whether these specific K 
couplings do or do not form a major part of all K 
interactions. Rather do we ask, if they exist what is 
their influence. 

To start with, we follow a procedure similar to the 
one of Sec. 3(a). Let Hx be the most general K coupling 
bilinear in baryons,'* linear in K. Transcribe this 
general coupling in terms of doublets, without implying 
any mass degeneracy. Write K as a spinor, 


Kt 
K-(_.). 

K® 
Hx=Hx +H, 


Hx=8K+sK, (Al=0), 
Hx =s'K+5'R, (AJ=1). 


Then 


(5.1) 
(5.2) 
(5.3) 


Here s and s’ are the same structures as already 
introduced in Eqs. (3.13-14). (Of course the constants 
8 in those equations have a different magnitude here.) 
The products in Eqs. (5.2- 3) are in the usual sense of 
spinor multiplication, sK = s~K~+3°R®, etc. 

If we now go to the DA, then these two couplings 
have distinct AJ properties, as indicated. To verify 
this, remember the assignments of Eqs. (3.13-14) for 
s, s’ and use J=0; T= K=} for the K particles. 

Thus Hx® respects the DA and is an interaction 
discussed previously."® (The S;, S: of previous work? 
are equal to $S+K;; 3S—Ks3, respectively.) Hx 
breaks the DA through interference with itself and 
with Hx. These are consequences of the AJ assign- 
ment, not of the particular trilinear structure which 
has only been mentioned to exemplify the argument. 

We now ask if the previous results hold true if we 
include Hx® in the strong interactions and to what 
extent the answers depend on the characteristic relative 
parities of K-particle physics. These are (1) the parity 
P(K*) of charged K’s relative to A nucleon, (2) the 
parity P(=) of cascade relative to nucleon, and (3) the 
parity p(K) of charged relative to neutral K particles.’ 

It is therefore necessary to write out the interaction 


18 See reference 2, Eqs. (6)—(9). 
19 See reference 2, Eq. (12). 
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a in some more detail. We have 


KO=[F WN OiN2t+ FN :0uN i Ko 
+[F iV 10i3\ ‘3—F oN of Jog , |K +h.c., 
where all O operators in essence represent either 1 or 
iys. The parity possibilities are completely specified as 
follows: 


(5.4) 


O13= P( K+ 


Os4, 


tys(1) for ) odd (even), 
P(Z) even: Oj2= 
P(Z) odd: 
p(K) even: Ot 
p(K) odd: O, 


O13= On, 
O18 Ons, 
Oun=Ox, 
OnXOrs. 


OoF~ Os, 
O13, 
2F~Oj3, 


Note that in principle one 
over P(=) and p(K). 

We now observe that the assignment AJ=0 to Hx® 
is independent of P(K+), P(=), p(K). This is true 
because each of the four terms of Eq. (5.4) satisfy 
Al=0 individually. Hence, as explained in Sec. 2(b), 
it remains a meaningful procedure to assign a Al toa 
weak interaction, whatever the parities are which 
enter in Hx 

It follows, therefore, that the AJ=0, 1 rule of Sec. 
2(b) can be maintained as additional 
argument for H“ can be upheld in the presence of 
Hx®. We shall see presently that this argument can 
be fully maintained if P(Z) is even, but that some 
P-nonconservation may occur if P(Z) is odd. All 
arguments will turn out to be independent of p(K), 
however. 

A remark on this latter parity is in order here. If 
p(K) is odd, then J is still a good quantum number, 
but K is not. As has been noted elsewhere,’ odd p(K 
implies deviations from AT=0 in strong interactions, 
hence from AT=}4 in weak interactions. Thus, odd 
p(K) could only then be a possibility if the virtual 
K interactions would play only a minor role in 
nonleptonic hyperon decays. 


can dispose independently 


long as the 


(b) Nonleptonic Hyperon Decays 


In this section we discuss the additional argument 
for H™ in the presence of Hx and also the extension 
of the argument for A and = decays in the presence of 
this J-conserving strong K interaction. In all these 
instances the reasoning the same pattern. 
Wherever we have used symmetries stronger than the 
DA, we ask if these symmetries can be extended to 
include shared invariance for Hx® 


follows 


(a) Equation (2.11). Complete Eq. (2.9) as follows: 
Ns =o Lé3T2NV 35 K° aney €:6K°, Kt ap 
€:€3K +, €,€3= €2€4. Equation (2.11) remains true in the 
presence of Hx if Fi=F,2 and P(Z) is even. For odd 
P(=) charged K couplings cause a deviation. The same 
applies to Eq. (2.14). 

(b) Equation (2.16) remains valid. 


N =? lesTolV 4, 


AIS 


with 
Kt— 


even, Eq. 


(c) Equation (2.17). Complete Eq. (3.25) 
Neo teq’ToN 4, Nsro 1€o' To », KA®°— — €)'€0'K°, 
€1'€3'K-, With F, Fo, P(z) 
(2.17) remains valid. K® couplings cause a deviation for 
odd P(z). 

(d) Equation (4.4). Complete Eq. (4.3) with . 
&4N4, Nim No, At &:83:AKt, A bibs 
Equation (4.3) remains valid for F,=Fo, 
For odd P(=) the A* couplings cause a deviation. 

(e) Equation (4.6). Complete 6, (4.5) with 
are ei eee >» —£,'t,/K°, Kt 

'ts'K-, &)'£3'= &'&4’. Equation (4.6) remains valid for 

the K° couplings cause 


oo , 
€) €3 = €2 €4 


K » f1Es= Eoks. 


even P(z 


- send even P(=). For odd P(= 


a deviation. 


All results stated in section are independent 


of p(K 


this 


K-x Currents 


Direct Az transitions can be brought about through 
Kz terms in the currents which enter the weak inter- 
actions. This mechanism is additional to the 
already met in the foregoing. Their inclusion does not 
change the essence of the previous argument. 

We have specified 7=1, K=O for x, /=0, K=}3 for K. 
Hence the only baryon currents to which Am terms 
be added are ¢ and s’; see Eqs. (3.14) and (3.19): 


one 


t— t-+tk, 


, 


S > s’ 
where (up to a constant) 


t 


| tk 


K++ K°rtv2 
Sx’ = ° 
Kta-V2 — K°r' 
Note that tx involves neutral AK particles only 
discussion of K? currents follows similar lines 


x(K°+K°), 


The 


(d) Weak Nonleptonic K Transitions 


Now that strong K and 7 interactions as well 
decay couplings have been defined with respect to the 
DA, nonleptonic K decays can be discussed in this 
approximation. Once again, we do not insist that such 
a description of the reactions represents the complete 
picture. Rather do we pose the following conditional 
problem. What can be said about H and H™ if 
were true that deviations from the DA modify only 
slightly the description of nonleptonic K decay? 

Note that a transition K*— system with S=0O is 
necessarily of the type AJ=1. For if it were a AJ=0 
transition, then the final state would have Q=0. 
In particular 


K+— 2xt+n- or wt+27° have AJ=1, (5.8) 


K-27, K°*—7 have Al=1. (5.9) 
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On the other hand, 


K—2xt+n- or 29° have A/=0. 


(5.10) 


Thus the @ and r* modes proceed via H® and H, 
respectively. (K2® goes via H.) Representative 
graphs are shown in Fig. 1. For each of the two reactions 
one graph goes via nucleons, the other via cascades. 

Let us now continue to assume that H® and H® 
conserve parity. Then, in general, the AJ properties of 
these couplings are no sufficient guarantee for actually 
aliowing the reactions (5.8) and (5.10) to occur. Using 
the O operators of Eq. (5.4), we find 


K,3* and K — z allowed via 
O,;=1(iys) for H =1(iys), 
Oo=1(iys) for H =1(tys5). 


nucleons if 
cascades if 
These conditions are evidently general and 
depend on the particular graphs shown in 
Likewise for K,2° we have 
K,2° allowed via 
nucleons if Oj.=1(iys) for H =iy;5(1), 


, ; (5.12) 
Oz3,=1(iys) for H =7y;(1). 


cascades if 


To see when K,2° and K,3* are both allowed in the DA, 
we must distinguish two cases. 
(a) P(Z) even. The conditions are: 


if O1=Ow=1, then H=iy,,H=1; (5.13) 
H®=iys; (5.14) 


then H=H”, (5.15) 


if Oye=Oj3= 175, then H® =1, 
if O01, 


Equation (5.15) implies that if p(K) were odd it 
would be impossible to assume that all four decays: 


Hie) 


Fic. 1. Examples of graphs which contribute to @ and to r 
decay. A, 0, O denote effective strong K, strong 7, weak vertices, 
respectively. 


HYPERON 


DECAYS 


Fic. 2. K contributions which conserve parity if 
H®, H® violate parity (Wolfenstein). 


K 2°, K,3*, 24+, and }_— are well approximated by the 
DA. While Eqs. (5.13), (5.14) show that for even p(K) 
the assumption of P-conserving but clashing H, H® 
is adequate to describe all these decays in the DA. 

(b) P(Z) odd. The transitions (5.8-10) are always 
allowed. Thus even P(Z) excludes odd p(K); odd P(&) 
does not exclude odd p(K). 

We conclude the following. It is possible to endow 
H®, H® with all the properties stated in the AJ=0, 1 
rule of Sec. 2(b) and have both K,s° and K,3+ allowed 
in the DA. For this last purpose it is of course totally 
unnecessary to assume that these two separate weak 
interactions do conserve parity. The parity properties 
of H®, H™ become only manifest in the general 
discussion of decays given in the foregoing. 

But even in this last respect we must make a proviso. 
It is conceivable that also for 2 decays we could allow 
H® and H“™ to be parity nonconserving provided that 
certain dynamical accidents happen. 

It cannot be anybody’s purpose to give a complete 
theory of accidents. Let us nevertheless consider some 
specific examples in the next section. 


6. QUESTIONS OF DOMINANT VIRTUAL 
TRANSITIONS 


(a) Dominance of K, and K,» 


Consider the contribution to 2_~ and 24+ from the 
graphs drawn in Fig. 2. The =~ graph was first con- 
sidered by FMS. The possibility to have P conservation 
if K, and K,2 dominate was first noted by Wolfenstein, 
who also stated the relevance of the DA with regard 
to the 2+ — Y° graph. We add the following comments: 


(1) From the present point of view we deal here with 
special H® and H transitions as indicated in the 
figure, see Eqs. (5.9-10). 

(2) These graphs provide examples of P-conserving 
contributions even if H and H“ do not separately 
conserve parity, see the discussion of Sec. 5(d). Thus 
if such graphs would entirely dominate 24+ and 2, 
the argument given in J concerning the incompatibility 
of the schizon scheme with the parity structure of the 
nonleptonic weak interactions would not apply. 

(3) We consider next examples of graphs which enter 
in the same order as those of Fig. 2 but which give P 
violation if H®, H® are P-nonconserving. Consider 
the weak K, and K,» transitions of Eqs. (5.9-10) as 
brought about by 


K~ — n+ (weak) ; 
K°® — n+7i(weak); 


n+p — x (strong), 


(6.1) 


n+n — 2++2- (strong). 





Fic. 3. Contributions to K~ — np(AI=1) and to 
°—+ nfi(AT=0). 


This is only one of many ways in which K, and K,» 
vertices can be generated but Eq. (6.1) will suffice to 
illustrate the point. The weak links of Eq. (6.1) are 
drawn in Fig. 3. These links do not only suffice to 
generate the graphs of Fig. 2 but also those of Fig. 4. 
It is obvious that these last graphs give in general 
(that is, barring still further accidents) P-nonconserving 
contributions to the decays if H, H™ do not conserve 
parity. 

(4) However, it follows from the argument given in 
Sec. 5(d) that it means no restriction to the Wolfenstein 
argument to let H® and H“ be P-conserving. But in 
turn, if this parity condition is satisfied, we are also 
guaranteed that the graphs of Fig. 4 conserve parity. 

(5) Consider the graphs of Figs. 2 and 4 from the 
point of view of the AJ=0, 1 rule. As explained in Sec. 
2(b), we need im general an additional argument 
concerning H“), But for the graphs under consideration 
no argument beyond the DA is necessary. 

(6) We conclude the following. To achieve P- 
conservation in 24+ and =~, the Wolfenstein graphs 
are acceptable whether or not H® and H™ separately 
conserve parity. If they do conserve parity, we can 
extend without further ado the Wolfenstein argument 
so as to include the graphs of Fig. 4. The DA is not 
only necessary but also sufficient for this subset of 
transitions. 


The connection between the Wolfenstein model and 
the AJ=0, 1 rule has thus been established by focusing 
the attention on the properties of the weak vertices. 
A similar argument will make clear the connection 
between this rule and the results of FMS. 


(b) Single Baryon Dominance 


The considerations of this section were entirely 
stimulated by the results of FMS. Following these 
authors, we consider the particular chains of weak and 
strong interactions drawn in Fig. 5. The strengths of 
the strong vertices are expressed in terms of G; and G, 
see Eq. (2.1). In the spirit of FMS, one may consider 
G, and G as renormalized constants, however. As is 
evident from the real and virtual baryon states in- 
dicated in Fig. 5, we study the problem in the DA only. 
This is no restriction as compared to FMS. 

The vertices have in general a momentum structure. 
With FMS we shall ignore this for the strong vertex 
but not for the weak vertices X; (i= 1,2,3). The reason 
for insisting on this dependence is that most models 
for nonleptonic decays depend very sensitively on the 


PAIS 


hyperon nucleon mass difference. For example, an 
effective interaction Aya(1+~s)pd.m gives an aa~0.9 
but would give a,=0 if we neglect m,s—m,. Such mass 
difference effects are not fully exhibited for constant 
X;, as we shall see. 

The AT=} rule implies 


X3=X2—Xi, (6.2) 


and relates the transition matrices 9M as follows. 
M- =I —INv2. 
Put 
X ;=a;+b7s, 
a;=A;+iyqCi, 
b:=B;+iyqDi, 


(6.4) 


where A-—D are functions of the 4-momentum transfer 
—g*. Apart from common factors, we have then 


+ 


n 


, (6.5) 
M+1 


5 
M-—1 
a 7° 
VIM =75— 
M-1 


—, (6.6) 
M+1 


gr— § n*—7 


yo ’ 
M-1 M+1 


(6.7) 


(6.8) 
(6.9) 
(6.10) 
(6.11) 
(6.12) 


t+= A,(M®)—€A2(1)—MC(M2)+C2(1), 

nt = B,(M?®)+ €B2(1)—MD,(M®)+D,(1), 
i= A,(M?)—€A1(1)—MC,(M2)+ Ci (1) 

n= B,(M?)+«B,(1)—MD,(M?)+eD;,(1), 
«=G/Gi. 


The nucleon mass has been put =1, M is the = mass. 

So far we have only used the DA for the strong 
vertices. We ask what happens if we let the weak ones 
share this symmetry. This establishes a relation between 
X, and Xo, but this relation depends on the AI structure 
of the weak interactions. 

Consider first a general H interaction. This shares 
with the strong interactions the doublet charge sym- 
metry property. Thus (=*| p)=(V°|), that is 


X,=Xo, 


(0) 


(AI=0). (6.13) 


For H the situation is more complex as can be seen 
with reference to the three kinds of AJ=1 couplings 
of Eqs. (3.21-23). One finds 


X\ =< Xo, 


no simple relation. 


for js, ps’ (Al=1): 
for js’ (AI=1): 


(6.14) 


A further investigation of js’ did not reveal any chance 
reason why X¥,=+X_ might be valid for this case. We 
exclude js’ from the following, not because there is any 
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argument against this interaction but because we have 
nothing to say about it. 
Equations (6.8-11) now give 


for AJ=0: 
f= = A,(M*)—€A\(1)—MCi(M?)+eCi(1), (6.15) 
nt == B,(M*)+€B,(1)—MD,(M*)+D,(1); (6.16) 
for AJ=1 (not js’): 
&+= A,(M*)+€A,(1)—MC,(M?)—€C,(1), 
nt = B,(M?)—«B,(1)—MD,(M*)—«D,(1), 
while £, 7° are still given by Eqs. (6.10-11). 


] 


(6.17) 
(6.18) 


(c) Further Comments. The FMS Model 
(1) Consider the special case 
All C, D=0, 


All A, B independent of @’, 
e=+1. 


(6.19) 


This last restriction is just the one to G+ symmetry. 
It follows now from Eqs. (6.5-12) that M° is pure s(p) 
wave for «=+1(—1), in either case in contradiction 
with the large asymmetry observed in ot. Equation 
(6.19) is one of the assumptions of FMS. Hence these 





Fic. 4. K contribu- 
tions which generally 
violate parity if H®, 
H violate parity. 
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Fic. 5. FMS graphs for transitions via a single baryon. 





authors need further decay mechanisms, for which 
they choose the K, graphs discussed in Sec. 6(a). 

(2) In the FMS treatment, the contributions to the 
>~ graph of Fig. 5 are zero. It can now easily be traced 
back how this comes about. FMS assume that the 
weak vertex has the form ay+dyys where ay, by are 
constants and are taken to be the same for all graphs. 
In the present language, FMS assume that Eq. (6.13) 
is true, that is, at least for baryon contributions they 
make the assumption of a pure AJ=0 interaction. To 
this there is of course no objection. It is important to 
note, however, that it is therefore implicitly contained 
in the work of FMS that not all weak vertices can be 
iterates of a pure (J=1, AS=0)X (J=},| AS| =1) cou- 
pling, in accordance with the more general reasoning 
of previous sections. 

(3) To obtain a parity-pure answer for I+, FMS 
proceed by using the same AJ=O vertex as was men- 
tioned before. We know from the general discussion 
that, if H conserves parity, then SM*+ does the same. 
Here FMS follow a different course which is probably 
somewhat more restrictive. On the one hand, they do 
not assume that H® conserves parity; on the other, 
they assume Eq. (6.19) to be true. This indeed leads to 
a P-conserving M+, namely, s(p) wave for e=+1(—1), 
see Eqs. (6.15-16) and (6.19). 

(4) Thus the FMS model is equivalent to an effective 
H® of the type K, and an effective H of the type 
N.N. 

(5) It is instructive to note that there are other 
solutions to Eqs. (6.5-12) which give the desired 
properties of N+. These are obtained by dropping 
Eq. (6.19). 

Example: Take an effective H® with A;=B,=C,=0 
and a nonvanishing constant D;, denoted by D,. 
Take further an effective H® with Bs=C,;=D,=0 
and a nonvanishing and constant A, denoted by 
A,™, Put e=—1. Then we obtain from Eqs. (6.15-18) 

wt om D,, M-=— 2A hs v5(M— 1) . (6.20) 


Hence, without using K,, we have obtained a non- 
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vanishing P-conserving IN* with the required opposite 
parities. Note moreover that the rates for 4+ and =_ 

are of the desired same order of magnitude if D,” 
~A,". In fact these rates equal each other for A,“ = 
1,3D,. 

Equation (6.20) is given as an example, not as a 
proposal. It shows that even if single pole dominance 
is correct, it is not at all obvious what one should 
conclude from that. 

Moreover, Eq. (6.20) provides a second example of 
a situation where the DA is enough for H“. Indeed, 
under the conditions stated to obtain Eq. (6.20) the 
contributions of H,“” to =,* vanish, see Eqs. (6.17-18). 
Hence there is once more no need for the additional 
argument referred to in Sec. 2(b). 


7. CONCLUDING REMARKS 


The previous sections have dealt with the structure 
of weak nonleptonic interactions in a purely descriptive 
way. The question arises, if the AJ=0, 1 rule is correct, 
could one see why these interactions consist of two 
parts, H and H“? 

We would like to present a speculation on this 
question. The strong interactions (2.1) and (5.2) which 
make up the DA can be written as 


jn+ (8K+4 sK). (7.1) 


where j denotes the isotopic structure of the 2-field 
source. Assume that the r(K) fields have small K (x) 
components,” 


2 — 2+0,K,”. K=(K+,K-,K,’), 


° K+ ( rt 
— +2, 
K° K° 2-4 x 


where 22,, 22 may be operators proportional to a weak 
coupling constant, but are independent of 7, J, or K. 
Then 
jz generates jQ)K, 
8K+sK generates 
stQert +s Qer + (1/V2) (99+ 3) Qor". 


These couplings are both of the type js, hence, H™, 
see Eq. (3.21). We might say that the Eqs. (7.2) 
generate a° 

We can generate H by 


‘schizon scheme!! without schizons.”’ 


N, —T NitQpN 2, \ ; 
Nez =v NotQo,AN Be \ “* 


4 NetQgiN 4, 
4 NotQ,y N3. 


(7.4) 


In this way 
jx generates tz, (7.5) 
which is a jt coupling, hence, #1, see Eq. (3.18). 
(magnetic) 
(electric) 


* Similar to the way small nonstatic electric 
phenomena accompany almost pure static magnetic 
phenomena. 
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One can proceed likewise with the K-couplings and 
finds 


8K+sK generates N.(N.K°+N;3Kt)+---, 


(7.6) 


where the term written out is a representative of several 
terms, all of the type H. 

Thus far we have only considered AT =}. The small 
electromagnetic deviations from this rule give AT=3 
and larger. The doublet picture provides another way 
of inhibiting AT = 4. This is perhaps of interest for reac- 
tions such as K+—> x*++-7° for which AT=3 (or ; 
Consider, namely, a decay interaction with AK= 
AI=1, AT=3 which is possible in accordance with Eq. 
(2.5). This still does not allow K,:* decay in the DA, 
as there AK = 3, AJ=2. If the DA gets broken, however, 
only the A7-rules survive, however, so that K,2* can 
now take place. In this sense we may perhaps be justified 
to call this nonelectromagnetic AT = effect a ‘“‘small” 
effect. A dimensionless parameter which characterizes 
the DA is d= (Mzs— M,)/M3j. In the DA, 6=0, its actual 
value is 6~0.067. If we consider 6 as a measure for the 
amplitude ratio A,2t/K,2' 
would be ~6?= 0.005, a suggestive order of magnitude. 

The weak 
processes suggests a common generic mechanism of 
leptonic and nonleptonic decay couplings. If the latter 
are generated by the strong interactions, one may ask 
if the same should not be true of the leptonic decays. 
I do not think that such a question can be answered 
in a theory which does not account for the law of 
baryon conservation. 

Finally, we summarize what is 


) 
3 
> 


’ 


then the ratio of rates 


common orders of magnitude of all 


general, what is 
special about the conclusions obtained in I, where the 
particular choice H“)= js, H =jt, was studied. 

In I we obtained parity clash for Gt symmetry. In 
this paper we have shown that this is also possible for 
G~ invariance, while at the same time Eq. (2.15) 
holds true.’ 

In I we explored the consequence of two further 
assumptions, namely, (a) The S-nonconserving baryon 
currents are either all pure V or pure A 
(i.e., Yx¥s). (b) The same S-nonconserving currents 
intervene in both leptonic 
with | AS|=1. 

It was shown in I that (a) implies odd P(Z). This 
conclusion is not specific for the (js,jt) coupling scheme. 
It was shown in I that (a) and (b) imply 
the occurrence of leptonic AT=$ This 
last conclusion is more specifically true only if H® 
contains jf. 


(i.e., Ya) 


and nonleptonic decays 


also 
transition. 
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Time-Ordered Green’s Functions and Perturbation Theory* 
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A formulation of field theories based on the generalized unitarity condition and parametric dispersion 
relations is presented. In the perturbation theory we discuss the connection between the present scheme and 
the Lagrangian theory and derive the renormalizability condition in our formulation. Finally we show for 
typical processes in the first, second, third, and fourth orders that our theory can reproduce the renormalized 


Feynman perturbation theory. 


I. INTRODUCTION 


N the conventional renormalizable field theories we 
start from a symbolic Hamiltonian involving diver- 
gent counter-terms such as the self-energy to cancel 
divergences inherent in the theory, and by the applica- 
tion of the renormalization prescription we get con- 
vergent expressions for the scattering matrix and expec- 
tation values of observable quantities. It is, however, 
unavoidable that we meet various divergences in the 
course of the calculation. For this reason we reformulate 
renormalizable field theories in such a way that one can 
reproduce the renormalizable field theories without 
encountering any divergences in the course of the calcu- 
lation. One possible way to develop this idea is to find 
and exhaust all possible relationships among finite 
renormalized expressions. The essential part of this pro- 
gram has been undertaken in a previous paper by one of 
the authors,' and we shall show in this paper that we can 
really reproduce the renormalized Feynman calculation 
in our scheme. 

Our formulation is, as we shall see later, essentially a 
kind of S-matrix approach proposed by Heisenberg.’ 
When Heisenberg first discussed the properties of the S$ 
matrix, he gave as the fundamental properties of the S 
matrix (1) the unitarity and (2) the Lorentz invariance. 
Although all the S matrices satisfy these two properties, 
they do not exhaust all the properties of the S matrix 
that we need. Recently it has been suggested by 
Mandelstam*’ that the combination of the dispersion re- 
lations (or the analyticity properties) and unitarity 
would determine the dynamical structure of the S- 
matrix elements in the lower configurations. This is 
indeed a very powerful approach for practical calcula- 
tions as stressed by Chew,‘ but we propose here a differ- 
ent approach for the following reasons: (1) In order to 
fix the Born terms in the dispersion relations we need a 
more fundamental theory than the combination of 


* This research was supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

1K. Nishijima, Phys. Rev. 119, 485 (1960). This paper will be 
referred to as A hereafter. 

2 W. Heisenberg, Z. Physik 120, 513, 673 (1943) ; Z. Naturforsch. 
1, 608 (1946). See also C. Mgller, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 23, No. 1 (1945); 24, No. 19 (1946). 

3S. Mandelstam, Phys. Rev. 112, 1344 (1958); 115, 1741, 1752 
(1959). 

4G. F. Chew, to be published), 


unitarity and dispersion relations. (2) It is very hard to 
exhaust all the dispersion relations that are needed to 
determine the complete dynamics. 

In order to overcome these difficulties we generalize 
the S matrix so as to include the matrix elements off the 
mass shell. Then it is possible to find a simple set of 
dispersion relations, and the virtues of this approach are 
(1) that we need not assume Born terms, and (2) that we 
can always write down a dispersion relation for the S 
matrix element in an arbitrary configuration. Further- 
more, under certain conditions unitarity and this new 
set of dispersion relations seem to exhaust all the possible 
relationships among the renormalized S-matrix ele- 
ments. This can be verified by reproducing the re- 
normalized perturbation theory from our scheme. 

We shall first discuss the two fundamental postulates 
of our theory on which we base our calculations. First in 
Sec. II we introduce the unitarity condition which is 
generalized to accommodate those matrix elements 
which are off the mass shell. In Sec. III we introduce the 
parametric dispersion relations which determine the 
dynamics of the system. In Sec. IV we discuss the 
physical meaning of the subtractions in the parametric 
dispersion relations and the renormalizability condition. 
Finally, in Sec. V we shall discuss the reproduction of 
the Feynman perturbation theory. It will be shown by a 
direct calculation that the conventional perturbation 
theory can be reproduced to the fourth order. 


II. GENERALIZED UNITARITY CONDITION 


The unitarity condition is certainly one of the most 
important properties of the S matrix in any theory, and 
in this paper we try to further generalize the unitarity 
condition in order to exhaust all the available properties 
of the S matrix. 

Put S=1+T, then the unitarity condition is given by 


T+T{t+TTt=0. (2.1) 
To be more precise, let us consider the elastic scattering 
of two particles below the threshold energy for other 
inelastic channels; then Eq. (2.1) is written more pre- 
cisely as 
T (p'q': pq) + Tt (p'q': pa) 
4. > T(p'q': pq") Tt (p"'q": pq’) =(), (2.2) 
p’'q’’ 


331 





332 M. MURASKIN 


where the four-momenta ’s and q’s satisfy the mass 
shell conditions 
P+ m= p+ m?= p'?+m'=0, 
Ptw=¢q?+y=9'2+y=0. 
We can generalize Eq. (2.2) by lifting the mass shell 
conditions for four momenta occurring in the initial and 


final states but still retaining this condition for inter- 
mediate states, i.e., 


p+ m= g/"@+ 2 =0. 


(2.3) 


(2.4) 


We call this modified condition the generalized uni- 
tarity condition. Since the generalized unitarity condi- 
tion is one of our fundamental postulates, we shall 
briefly show that it is always satisfied in the con- 
ventional theory.® 

First, the S-matrix elements either on the mass shell 
or off the mass shell are given by the Fourier transform 
of a set of functions of the form 


(—i)"Kx---Kzr,(0| TL g(x): ++ e(xn) }/0), 


(2.5) 


where K is the Klein-Gordon operator for the field ¢. 
We have taken for simplicity the neutral scalar field. 

If we define the generalized S-matrix elements in this 
way, we can prove the generalized unitarity condition 
from the asymptotic condition. For this proof we start 
from an algebraic identity 


LD (—i)*i"™*TLe(x1’)--- o(xx')] 


comb 


XT e(xeys’)- + 9(xn’)]=0, (2.6) 


where 7 is the antitime-ordered product symbol, and we 
sum over all possible combinations to divide n variables 
¥1, V2, «++, X, into two groups x1/++ <a,’ and Xp_ya’ dn’ 

For the sake of completeness we shall give the 
derivation of Eq. (2.6). We first define a functional U’ by 


U=T exp( -i f eo(rs), 


where Q is a real c-number source. Then U’ is a 
generating functional of the T products and we get 


ee) 
80 (x1) + + -8O(xn) 7 uo 


= (—i)"TLe(x1)---¢(x,)]. (2.8) 


U is unitary and its Hermitian conjugate U’ is given by 


Ut=T exp(if e(s)Q(a)ar). 


Differentiating the unitarity equation, 


UU'=1, 


(2.9) 


(2.10) 


® A similar condition was discussed by Cutkosky based on the 
graphical technique. R. E. Cutkosky, J. Math. Phys. (to be 
published) ; Phys. Rev. Letters 4, 624 (1960). 
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with respect to Q(x), 
enables us to get Eq. (2.6). 

If we take the vacuum expectation value of Eq. (2.6), 
we get 


Q(*,) and putting Q=0 


(—i)™0| TL ¢(x1)--- o(x,) || 0) 
+i%0| TL e(a)--- 
+>’ ¥ (-i)*i" 


comb a 


¢(x,) || 0) 


_ , ’ \ 
(O T| o(x1 j++ O(X_ ) || a) 


Xa TL o(x, a1 )e ++ o(x,’) 0)=0, (2.11) 
where >>’ denotes summation over all possible combi- 
nations excluding k=0 and k=n. Next we use the 
asymptotic condition in order to express the vacuum —a 
element of T products in terms of the vacuum expecta- 


tion values. Namely we make use of 


{0 TLE ¢(x1)- ** Q(Zq) Pi; p2, "Ss Pm; 


= (—i)™ § d'z,- - -d42m(O| o(z1)| pi)- - -(O| o(%m) | Pm) 


XK K2-+- Kz, (0 TL ¢(x1)-- 
XK O(Xn) G(21)°* + G(Sm) || 0). 


A similar relation for 7’ products is obtained by taking 
the complex conjugate of the above equation. 
We now define the r functions by 


7(x1,***,4n) 


= (—i)"Kx---Kr,(0| TL o(x1)*++e(x0)]/0); (2.1: 


then the Fourier transform of a 7 function expresses an 
S-matrix element. Now, inserting Eq. (2.12) into Eq. 
(2.11), we find a set of coupled equations for 7 functions: 
r(x: . Xn) +7*(x1- ~*X,) 


I 


er e- 


comb l=0 1! 


(du) (dv)r(x,'--+x,! 


KA (uy—9,) >» - AM (u,—2,) 


Kr* (Xen Xn'1°*°0,)=0, (2.14) 


where (du) =d*u,- --d*u,, (dv) =d*v,- - 
complex conjugate of 7, and 


-d*v;, and r* is the 


iA (u—v)=>°(0| o(u)| p)(p| o(v)| 0) 
> 


1 


(27)? 

Equation (2.14) stands precisely for the generalized 
unitarity condition. If we take its Fourier transform and 
put all the four-momenta on the mass shell we find the 
ordinary unitarity condition, but if this mass shell con- 


§ K. Nishijima, Phys. Rev. 111, 995 (1958). See also reference 1, 
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dition is lifted we obtain the generalized unitarity 
condition. 

The generalization of this condition to systems con- 
sisting of many kinds of particles is obvious. In such a 
case we give a field operator to each stable particle no 
matter whether that particle is elementary or composite. 
In the latter case we understand the field operator in the 
sense of Zimmermann,’ Haag,* and one of the authors.® 


III. PARAMETRIC DISPERSION RELATIONS 


The generalized unitarity condition is certainly useful 
and fundamental, but it is kinematical in nature and 
does not allow one to determine the dynamical structure 
of the S matrix if there were no other conditions. As a 
matter of fact, if we know the S matrix up to a certain 
order in the coupling constant, the unitarity condition 
would allow one to determine the absorptive part of the 
S matrix in the next order. In order to determine the 
dispersive part of the S matrix in this order, however, 
we need another condition, i.e., dispersion relations. We 
study here what kind of dispersion relations would be 
sufficient for this purpose. A universal kind of dispersion 
relations is obtained by extending the S matrix to those 
values of four-momenta which are off the mass shell. 

In the previous paper A, an auxiliary set of functions 
was introduced in addition to the r functions. Namely, 
the Feynman diagrams contributing to a 7 function are 
in general disconnected, and we call the contributions 
from connected Feynman diagrams the p function. 

The relation between two sets is given by 


7(x01+ + Xn) =p(xx- + Xp) 


+ plxxy’++-xy!)r (ways +4’), 


comb 


(3.1) 


where the summation is extended over all possible ways 
to divide #1--+-x, into two groups excluding k= n. This 
formula enables us to express 7 in terms of p’s and vice 
versa. Thus it is possible to write down the generalized 
unitarity condition in terms of p functions as discussed 
in A. In the case of a free field, p’s are given by 


p(%1%2) = 7 (XX) = (—i)*K 2 KA p(x1— x2) 
=— 1K 26(x, — Xe), 


(3.2) 


p(x1X2**+*,)=0, for n>2. 
The unitarity condition in terms of the p’s looks like 


p(X1" + Xn) +p* (a1: + +X) 
= it 
+> ¥ — | (du) (do) [ir (ay’- + -xy’my- + +1) 


comb l=1 l! 


XA (1 —01) +» -A® (u,—2)) 


Xr* (xp, Be : “Xq'D1" ; 01) bona =O, (3.3) 
where the subscript “conn” means to omit all the contri- 
7 W. Zimmermann, Nuovo cimento 10, 597 (1958). 

8 R. Haag, Phys. Rev. 112, 669 (1958). 
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butions to the vacuum expectation value arising from 
disconnected Feynman diagrams. Now let us study how 
one can solve this equation in the perturbation theory. 
If we know the p functions up to a certain order in the 
perturbation expansion one can immediately calculate 
p+ p* to the next order. So the determination of p in this 
order can be gotten by giving a prescription of how to 
calculate Imp when Rep is known. The solution of this 
problem was studied in a previous paper A. First, intro- 
duce the Fourier transform of p by® 
p(xy+*+X,) 
—i 


fan dp, O(pit-+++pn) 


K ei(pizrt- +t Pn2nO( py a Pn). (3.4) 


Then in general G is a function of scalar products of p’s 
and has the following integral representation : 


a (Cas,M?)dcea3dM? 
s(papa)= f pT ioe mes ; y 
(> CasPaPs+M*—ie)% 





(3.5) 


where a is a real weight function of real variables c’s and 
a positive variable M?. From this integral representation 
one, can derive 


P x 0 di’ 
ReG(paps:t)= | ( -f |= 
rl", J_de—e 


ImG (paps: t’), (3.6) 


where £ is a common scaling parameter to be multiplied 
into all the scalar products. We call this equation the 
parametric dispersion relation. The integral representa- 
tion (3.5), however, is not the most general form and one 
has to add a polynomial of scalar products to (3.5). In 
such a case we have to make subtractions, i.e., 


d\* 
(-) ReG (paps: 8) 
dé 
P «© 0 
-s-| f _ f 
TT 0 v7 _« 


dt’ 
= — ImG(paps-t’). (3.7) 
od (’—E)" 
As we shall see in the next section, the number of sub- 
tractions in each dispersion relation fixes the dynamics 
of the system under consideration. 

We have shown that the two conditions, (1) gener- 
alized unitarity and (2) parametric dispersion relations, 
are the consequences of the present field theory, but 
from now on let us take these conditions as the funda- 
mental postulates; that is we shall not try to establish 
these conditions based on another set of axioms. Then 
what we have to do is to show that these two postulates 
under certain conditions exhaust all possible relation- 
ships among finite renormalized expressions. This will be 

® From this definition the Fourier transform of Imp (or Rep) is 
given by ReG (or ImS). 
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illustrated by reproducing the renormalized perturba- 
tion theory from these two postulates. 

Finally, let us briefly discuss the connection between 
the present postulates and the others. First, the gener- 
alized unitarity condition is the substitute for the 
asymptotic condition as is clear from its derivation. 
Next the Lorentz invariance and microscopic causality 
condition are already assumed implicitly in the assump- 
tion that G is a function of scalar products of p’s, since 
p or r would be an invariant function of the x’s only 
when the T product can be defined independently of the 
choice of time axis. Therefore, in the derivation of our 
basic postulates we have already assumed the current 
postulates in the conventional axiomatic field theory. 
Once these two postulates are employed, however, one 
can forget the definition of the 7 functions (2.13), 
through which our approach is related to the con- 
ventional field theory. If we do so, our theory turns out 
to be an S-matrix theory and we no longer have field 
operators. 


IV. SIGNIFICANCE OF SUBTRACTIONS 


The subtractions in the parametric dispersion rela- 
tions are necessary in order to introduce interactions. In 
this section we shall discuss the correspondence between 
the subtractions and the Lagrangian theory. This 
problem has already been discussed in the previous 
paper A, but for the sake of completeness we shall 
recapitulate the results. 

We first pick out terms linear in the coupling constant 
from the p equations. Then the generalized unitarity 
condition assures us of the equation 

Rep, (41° + -x%,)=0, (4.1) 
since the nonlinear terms vanish in this order due to the 
relation 


fa po(x,u)A (u—v) = —iK ,AW (x—2)=0. 


In the momentum representation we get 
ImGi(f1: +: pn) =9. 

The nonsubtracted dispersion relation leads to 
ReGi(pi- + pn) =9, (4.3) 


and we cannot introduce interactions as far as perturba- 
tion theory is concerned. 

In order to introduce interactions we have to use 
subtracted parametric dispersion relations for certain G 
functions. If we make one subtraction for the n-point G 
function, we get from Eqs. (3.7) and (4.2) the equation 


1 


— ReGi(paps-t)=0. (4.4) 
dé 
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The solution of this equation is given by 


const, 


ReGi (paps: £)=g, 
and consequently 


Gi(Paps) =. (4.5) 


There is another possible set of solutions like 


CasPaPs’ E da Papa &, 


which is certainly independent of £ and hence satisfies 
(4.4). We exclude, however, solutions like (4.6) for the 
reason to be stated below. 

We get the same result as (4.5) from the conventional 
theory if we take an interaction of the form 


Rei (Paps: £) (4.6) 


(4.7) 


(g/n!)e(a 


whereas the solution (4.6) can never be reproduced by 
the conventional local field theory. This means that the 
solution (4.6) certainly violates the microscopic causality 
condition and gives rise to certain unphysical singu- 
larities in the scattering amplitude. For this reason we 
employ only the simplest solution (4.5). 

Thus we have introduced interactions through sub- 
tractions. In general, when higher order corrections are 
taken into this constant of 
integration by an appropriate boundary condition. For 
the three-point function, for instance, we use the 
boundary condition 


account we determine 


ReG(pr=—m’, p2 (4.8) 


-m*, p= —m 


which defines the conventional renormalized couplir 
constant. 

Next let us examine two subtractions, 
from the equation 


Co 
1g 


then we get 


a 
— ReGi(paps: 
1z? 


as 
the general solution 


ReGil(paps—)=gthi dX paps tthe d pat. (4.10) 


a>p x 


This solution corresponds, apart from trivial nu- 
merical factors, to the following interactions in the 
conventional field theory: 


ge”, hie” 2(dg dx,)°, hoo" | le. (4.11) 


From these results we draw the conclusion that the 
subtractions in the parametric dispersion relations serve 
to introduce interactions and that the number of sub- 
tractions determines the type of interactions in the 
corresponding conventional field theory. 

In particular, for two-point functions it is clear that 
we have to make two subtractions free 
Lagrangian is quadratic and involves second order 
derivatives. This is seen from (4.11) with n=2. This 
same conclusion is drawn from the Kallén-Lehmann 


since the 
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representation." The boundary condition in this case is 


; G(p") 
lim ——= 


—=—1, 
p?+m? +0 P+n? 


(4.12) 


So far we treated only scalar theory and it would be 
instructive to give a simple example of interacting fields 
with spin. For this purpose let us take a nucleon 
interacting with a neutral pseudoscalar field. 

We first introduce the three-point p function by 
p(x,y,2)=(—i)KziD, 

-(—i)D0| TLe(x)¥ (v4 (2) J) 0), 
where D,=y0,-+m, D,=y"0.—m, and m is the nucleon 


mass. The first thing we do is to expand p into a sum of 
all possible invariants" : 


(4.13) 


a) 
p(xy2) =1yspa(xyz)+iysyu—pos(xyz2) 
OX, 
. 3° 
+750 p»—— p- (xyz). 
OV,02, 


(4.14) 


Now introduce the Fourier transforms of p functions, 
Ga, Go, and G.. If we make one subtraction for G, and 
fix the constant of integration by 


Ga(q?= — vw’, pr = —m?*, p?=—m*)=f, (4.15) 
this corresponds to the pseudoscalar coupling if Pys¢. 
On the other hand, one subtraction for G, with the 
boundary condition 
Gio(g=—K, pr=—m*, p2=—m*)=—g (4.16) 
will introduce the pseudovector coupling igdys7v,¥- Ou¢. 

In this way we can distinguish between different types 
of interactions through the subtracted parametric dis- 
persion relations.” This result refines the conclusion 
drawn above. 

We have clarified the correspondence between the 
present approach and the Lagrangian theory and are 
going to push forward this program. In the Lagrangian 
theory we have a criterion as to whether a theory is 
renormalizable or not, so that we shall try to find out a 
corresponding criterion in the present scheme. For this 
purpose we first have to study the réles played by the 
subtractions. As we have seen, the subtractions serve to 
introduce interactions on one hand, and once interac- 
tions are introduced they serve to eliminate divergences 
on the other hand. 


10G. Kallén, Helv. Phys. Acta 25, 417 (1952); H. Lehmann, 
Nuovo cimento 11, 342 (1954); M. Gell-Mann and F. E. Low, 
Phys. Rev. 95, 1300 (1954). 

11Pue to the translational invariances, i.e., (0/0x,+0/0y, 
+0/dz,)p(xyz)=0, only two of the derivatives are linearly 
independent. 

12 Tn the S-matrix approach in which only matrix elements on 
the mass shell are considered, one cannot distinguish between 
pseudoscalar and pseudovector couplings. On the mass shell, two 
invariants are no longer independent. 
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When we proceed to higher order calculations we 
combine the generalized unitarity condition with the 
parametric dispersion relations. In the former equation 
there occur no divergences, but in the latter the dis- 
persion integrals do not converge sometimes and imply 
subtractions in order to make the integrals converge. 
This subtraction procedure corresponds to the renormal- 
ization procedure in the conventional field theory. If we 
need more subtractions than are assumed in the be- 
ginning, the theory is called unrenormalizable, other- 
wise the theory is renormalizable. In what follows we 
shall study this condition in the perturbation theory, 
and for the sake of simplicity we take the neutral scalar 
theory here. 

First we can readily notice that the function p(x%2) is 
decoupled from all others. Namely the unitarity condi- 
tion for three- or more-point functions do not involve 
the two-point function. Once all other p functions are 
known, one can calculate p(x:*2) from the unitarity. 
Therefore in this scheme, unlike in the conventional 
theory, it is not necessary to know p(x:%2) to solve all 
other functions. 

In order to verify this statement, we shall refer to the 
following formula: 


fx 2K Apr’ (x—u)- A (u—v)d4u=0, 


(4.17) 
fote—wa (u—v)atu=0. 


For this reason we shall not be worried about the two- 
point function and study only three- or more-point 
functions. The problem now is concerned with the 
convergence of the dispersion integrals in the perturba- 
tion theory. Take the n-point function G‘” (paps). We 
are interested in the behavior of G‘” for large values of 
the p’s. As far as the parametric dispersion relations are 
concerned, we need not distinguish between different p’s. 

We assume that the singularity of SG‘ at p= is 
simply given by a certain power of 9, i.e., 


SC” (paps)~p% (p> ~) (4.18) 


The singularity Inp is counted as p°. This assumption 
is valid in every order of the perturbation expansion. We 
denote this power a as c(m) since this power depends on 
the number of variables ». When we need subtractions 
the power of the dispersive part would in general be 
higher than that of the absorptive part. In order to de- 
termine the powers we utilize the unitarity condition. 
Take Eq. (3.3) and expand 7’s into p’s, then the non- 
linear part would consist of bilinear terms in p, trilinear 
terms and so on. We first retain only bilinear terms and 
compare the powers of the equation. 
c(n)+4(n—1)> Max [c(k+l)+c(n—k+l) 


k +1 >2 
n—k+l>2 


+4(n+21—2) ]—6l, 


(4.19) 
(n> 2). 
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The inequality sign > is the consequence of the fact that 
the power of the absorptive part given by the unitarity 
is in general lower than the dispersive part which is 
involved in the n-point Green’s function G‘”. 4(n—1) 
comes from the definition of G from p, Eq. (3.4). “Max” 
means that we have to pick up the highest power from 
the sum over the various k’s, excluding k+/=2, n—k+1 
= 2. 61 comes from du, dv and A (u—v). 

If we take trilinear terms, we get another inequality 
involving three c’s on the right-hand side, but this 
inequality is always satisfied provided that (4.19) is 
satisfied. Therefore we shall discuss only (4.19). 

Put 

d(n)=c(n)+n—4, 
then (4.19) is transformed into 
d(n)> Max{[d(k+1)+d(n—k+) ]. 
The solution is easily obtained as 


c(3)<1, c(4)<0, c(5)<—1, 


(4.20) 


(4.21) 


% (4.22) 


This means that one subtraction for either one of SG 
and G™ or both is sufficient to eliminate divergences if 
there is a consistent solution in perturbation theory. 
This also means that one cannot introduce additional 
interactions through subtractions for five- or more-point 
functions. Furthermore if such a solution exists one can 
prove c(2)=2 and consequently two subtractions for 
G™ are sufficient. This result is consistent with the con- 
clusion of the conventional theory that only ¢* and ¢* 
interactions are renormalizable. The theorem proved 
here is essentially equivalent to Dyson’s power counting 
theorem." 


V. PERTURBATION THEORY 


In this section we shall show how the Feynman per- 
turbation theory can be reproduced based on the two 
fundamental postulates: (1) generalized unitarity con- 
dition, and (2) parametric dispersion relations. We 
understand that the Lorentz invariance and local com- 
mutativity are implicitly involved in the latter. The 
purpose of this section is to show that these two 
postulates really exhaust all possible relationships among 
the finite renormalized expressions under the assumed 
expandability of the S-matrix elements in powers of the 
coupling constant. In this section we shall discuss a 
simplified model of the meson-nucleon system. We as- 
sume the nucleon is a charged scalar particle and the 
meson is a neutral scalar particle, and they are denoted 
by ® and g, respectively. 

We start from a nontrivial order. 


Meson Propagator 


From the unitarity condition we find in the second 
order 
ReK ,K ,0| TL ¢(x) ¢(y) ]| 0) 
=g* Re[iA (r—y, M)-iA® (x—y, M)], 


13 F, J. Dyson, Phys. Rev. 75, 1736 (1949). 


(5.1) 
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where we have assumed the simplest coupling gb*@ ¢ in 
the sense discussed in the previous section.'* M denotes 
the nucleon rest mass. If we utilize the formula 


tA (x,m,) iA (x,m») 
1 wn 


=— dx? 1A (x,«) 


(40)? 


-COE-CE) 


we find 


ReK ,K ,0| TL. ¢(x) ¢(y) }| 0) 


(mi -+m>)? 


9 D 


g? 
a eee f dx? Re(iA (x—y, )) 
(4ar)? Jane 


2M \?}3 
{1-(—) J. 6» 
K 


The proof of Eq. (5.2) is given in Appendix A. By the 
formula 


iA (x) =4[A™ (x) +iA(x) ], (5.4) 


the right-hand side of Eq. (5.3) turns out to be 


2 - 2M \?}3 
f dk 14%(0-y,0)|1-/ ) | . ear 
(4ar)? Jae: k 


Now we assume the Kallén-Lehmann representation, 


(0| TL ¢(x) e(y) }| 0) 
=Ar(x—y, m+ f dx? Ar(x—y, x)o(x*). (5.6) 
4M 


From this representation we find 


ReK ,K ,(0| TL ¢(x) ¢(y) ]|0 


=f dx? 3A (x— y, x) (x? — m?)2a(x*), (5.7) 
42 


where m is the meson rest mass entering in K, and K ,. 
By comparing Eq. (5.5) with Eq. (5.7), we find 


g? [1—(2M/x)?}! 

a(x?) =- 6(x°>—4M?). 

(4a)? (x2 — m?)? 
Thus the propagation function is determined. Of course, 
we could use the subtracted parametric dispersion rela- 
tions, but the above method yields the same result 
somewhat simpler. The two subtractions in the para- 
metric dispersion relations correspond to mass and 
charge (or Z) renormalizations. 


4 (—i)®*K,“K "K.™(0 TlH v)b* (y) o(z) ]|0) 
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Finally if we transform the integral (5.6) by 


n= M?*/a(1—a), (5.9) 


we find the Feynman expression for this propagator if 
a denotes the Feynman parameter to unify the de- 
nominators. 

We can calculate the nucleon propagator in a similar 
way. 


Second Order Scattering 


As the simplest example of the use of the non- 
subtracted parametric dispersion relation let us discuss 
the Green’s function for nucleon-nucleon scattering 


p(X1X2%344) = (-— i)*K x MK xo MKr3@ Kary! 


x (0 | T[®(x1)* (22) (a3)* (24) ] | (5. 10) 


where the subscript “conn” means to omit all the 
contributions to the vacuum expectation value arising 
from disconnected Feynman diagrams. 

By picking up the second-order terms from the 
unitarity condition for p(x:%2x3%4), we find 


p(x Xoxgr4) + p* (Vex yX4) 
=— gD' 1) ( sae x3) [6(x) — Xo )6 (%3— x4) 


t 5 (x1 — 24)8(x3— 2X2) |, (5.11) 


where D“ refers to the contraction function for the 
exchanged meson. In the derivation of the above equa- 
tion, use has been made of 


i[D™ (x)+D (—x)]= D(x), (5.12) 


as well as our previous result for the first-order three- 
point p function. 

Introducing the Fourier transform of p2 by means of 
Eq. (3.4), we get after inserting the momentum 
representation of D® into Eq. (5.11) 

ImGo= — 7g’L6((pi+p2)?+m?) 


+6((pitpa)?+m?)]. (5.13) 
Then using the parametric dispersion relation 


P " %> dé’ 
ReGulbaps-d)=—| [ -f |: -ImG2(Paps:t’), 
wld ase —§ 
1 


we find 
| a 
(p 
Go 


1 1 
~— -e|_—— ss | (5.15) 
(pitp2)*+m'*—ie (pitps)?+m*—ic 


ReQ.=—g 


or 





Next going back to the position space, we get 


po (X1Xox3X4) = — FD vr (x1— 4X3) [6 (41 — 42) 5 (x3— 4) 


+6 (x1— 24) (x3— x2) ]. (5.16) 


In a similar way we obtain the p function for meson- 
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= 


Fic. 1. Feynman diagram for 
the third order vertex function. 
The straight lines represent 
nucleon lines; the wavy line is a 
meson line. 


~ 
nucleon scattering in the second order 
(- 1)*K 2! Ko Kag™K x4” 
Xx (0; T(® (x1 )b* (x2) ¢ (x3) ¢(xs) | | 0)conn 
=— g’A P (x1 —_ x2)[5(x1 oe: x3)6 (%2— x4 


+6(x%1—%4)5(x2—23) ]. (5.17) 


Third-Order Vertex Function 
The next Green’s function we are interested in is 
p(xyz)= (—i)®K “K,“K,.™ 
X(0| TLP(x)H*(y) e(2) 0). (5.18) 


The first-order expression for p is trivial and can be 
written down immediately by using the prescription 
given in the previous section. Here we try to find out the 
third-order expression of this function. In particular, we 
shall study the contribution of the Feynman graph 
given by Fig. 1. This contribution will be denoted by 
pa(xyz). If we know all the p functions up to second 
order, we can immediately write down an equation for 
the absorptive part of pa(xyz) by just picking up terms 
corresponding to this graph from the unitarity condition. 
The explicit form of this equation is given by 
pa(xy2)+pa*(xyz)+(ig? 2) Dr(x—y)A® (x—2) 
cycl 


XA (y—z)-++comp. conj.)=0, 
or 


Repa(xyz) 
=g Im > Dr(x—y)At 


cycl 


(5.19) 


(e— 2)A“ (y—2), 


where D refers to the meson field and A to the nucleon 
field. The Green’s functions are defined and related to 
each other by 
Ar(x)=4A (x)—iA(x), 
iA (x)=3[A (x)+iA(x) ], 
A(x) = —4e(x) A(x). 
From the above relations we find 
Im[Dr(x—y)A® (x—2) A (y—2) ] 
=}(D(x—y)A® (x—2) A (y—2) ] 
—1(D(x—y)A(x—z)A(y—2) ] 
—4[A® (x—2)-3D® (x—y)A(y—2) ] 
—}[A® (y—2)-4D© (x— y)A(x—2)]. 
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Fic. 2. A typical fourth 
order Feynman diagram for 
the nucleon-nucleon scattering. 
The straight lines represent 
nucleon lines; the wavy lines 
are meson lines. 


Therefore we find for the sum the expression 


LD ImDp(x—y) A (x—2) A (y—2) 
eycl 
=1 F D(x—y)A (x—2)A® (y—2) 
cycl 
—1 5 D(«x—y)A(x—2)A(y—z). (5.22) 


cycl 


The last two terms in Eq. (5.21) cancel each other when 
summed over the cyclic permutations. Furthermore, 
Eq. (5.22) can be written as 

E D(«—y)- 44 (x—2)-44 (y—z)—D(x—y) 

cycl 


KA («— z)A(y— z) 7 € (xp— Z0)€(yo— Zo). 


cycl 


(5.23) 


If we use the relation 


€ (x¢ om Zo)e ( = Z0) + € (Vo —NXo)e ( 20 Xo) 


- €(Z0— Yo)€(Xo— Yo) = . (5.24) 


it is easy to show that the expression (5.23) is equal to 
—Im(Dr(r—y)Ar(y—2)Ar(z—2)). 
Thus we have proved 


Repa(xyz) 
= —g? Im[ Dr(x—y)Ar(y—2)Ar(s—2) ]. 


(5.25) 


T his means that our method gives the same absorptive 
part of p.(xyz) as that given by Feynman’s method. 
Since in both theories the Fourier transform of pa 
satisfied the same parametric dispersion relation with 
one subtraction, we have verified the equivalence be- 
tw een two theories in this case. 

There is one interesting remark in order, namely, if 
we carry out this calculation in momentum space we run 
into a complication. The vertex function in momentum 
space is a many-valued function of p,’, p., g and we 
have to find the correct Riemann sheet. This is due to 
t he occurrence of anomalous thresholds in this prob- 
lem.'® The calculation in the position space as done 
h ere, however, shows that the result is unique and that 
t he complication in the momentum space is not es- 
s ential, and there certainly would be a correct way of 
h andling this problem in momentum space. 

1s We have to study the vertex function for all possible real 
values of p,*, p:*, g*. For certain values we encounter anomalous 
thresholds. See in this connection S. Mandelstam, Phys. Rev. 
Letters 4, 84 (1960); R. Blankenbecler and L. F. Cook, Jr., Phys. 
Rev. 119, 1745 (1960); Y. Nambu and R. Blankenbecler, Nuovo 
cimento (to be published). 


AND &. 


NISHIJIMA 


Thus we have verified the equivalence of our scheme 
to that of Feynman for typical processes up to the third 
order. The result here also shows the significance of the 
position space in some problems. In the Appendix B we 
shall discuss some properties of p function in the position 
space. 

Fourth Order Scattering 

As a representative of the class of diagrams associated 
with p(xi%2x3%4) defined by Eq. (5.10) in the fourth 
order, we consider the diagram shown in Fig. 2. Let us 
denote the contribution of this diagram to p(x v2"324) by 
Po(xi%2x3x4). Using the generalized unitarity condition 
we can immediately write down an equation for the 
absorptive part of the function pp(x)x2x3x4): 

Rep o(x1%2%3%4) 

= gt Re[ Dre(x1— x2) A (x2.— 273) AM (4) — 04) Dp*(x3— 44) 
+A pr(x1—44)D© (%4—43)D™ (41 — x2) A p* (43— x2) 
— Dr(x1—x2)Ar(x1—24)D4 
— Dr(x1—%2)Ar(x2—2x3)D" 
— Dr(xs— x4) Ar(x4—241) DO 
— Dr(*3—x4)Ar(x3— x2) DO 
—AM (x,;—4,)A™ (x3— x2) 

XD (x3 


—2%4)D™ (x41—X2) |. (5.26) 


The first two terms arise from that part of the unitarity 
equation which is of the form p2p2*. The next four terms 
arise from pip3* and p3p;*,'* and the last term has its 
origin in four disconnected first-order diagrams, i.e., the 
term of the form pipip;*p:* as shown in Fig. 3. 

We can show by a straightforward calculation that 
Rep» is given by 
Rep» (x1x2%3x4) = gt Rel Dr (x1—2x2)D p(x3— x4) 

XK Ar(x2—x3)Ar(xs—X1) |, 


(5.27) 
when use is made of identities (5.20) and 

— €(%1—X2)€(%2— 43) €(x3— axe (x4 

€(. 
e€(: 
+ €(%1— xX2)e(x1— 44) +(x 


Xi — Xa) €(X2— 2X3) + €(X1— Xe) 


4- 
+ 


V4—X3)€(Xo—X3) + € (4X4 


(5.28) 


which is an analog of Eq. (5.24). e(x) here denotes (x9). 
It must be stressed that the last term on the right- 
hand side of Eq. (5.26) as well as other four terms 
except for the first two terms—can hardly be included 
in the ordinary unitarity condition on the mass shell and 
that these terms play an important rdle in the presence 
of an anomalous threshold.'’ In our method these terms 


16TIn evaluating the third-order five-point function, we use the 
Feynman result. Here again the Feynman method and our 
methods can be shown to give identical results although we do not 
go into details about this point 

17 VY. Nambu, Nuovo cimento 9, 610 (1958): R. Karplus, C. M. 
Sommerfield, and E. H. Wichmann, Phys. Rev. 111, 1187 (1958); 
114, 376 (1959); L. D. Landau, Nuclear Phys. 13, 181 (1959); N. 
Nakanishi, Progr. Theoret. Phys. (Kyoto) 22, 128 (1959); 23, 284 
(1960). See also reference 15. 





GREEN’S FUNCTIONS AND 


Fic. 3. The Feyn- 
man diagram for the 
last term in Eq. 
(5.26). The straight 
lines represent nucle- 
on contraction A; 
the wavy lines repre- 
sent meson contrac- 
tion D™ ; the dashed 
line indicates the in- 
termediate state. 





can be included in the unitarity condition in a natural 
way. 

Finally it will be clear that the combination of Eq. 
(5.27) with the nonsubtracted dispersion relation yields 


Pb( XX ¥3%4) = g'D F (x1 ae x2)D F (x3— x4) 
x A F (a2 —_ x3)A F (a4 ined x1) ° 


Thus we have reproduced the Feynman result in this 
example. 


(5.29) 
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APPENDIX A. PROOF OF EQ. (5.2) 
The A‘ function is defined by (2.15) and we get 
iA (x,m,)-t1A (x,me) 
1 ° 
ae f cikadt f dq 6(ko—40)0(qo) 
(2)® 
Xd (k—g)?+-m?? ]6(¢?+m.”). 


We first carry out the g integration, i.e., we evaluate 
[= feo 6(ko— Go)0(qo)5(k2?— 2kqg+-m,?— m?)5(q?+-m-2”). 


Since the integrand survives only for time-like & with 
ky>0O, we choose the direction of & as the time axis; 
then from the first 6 function we find 


go= — (k?-+m—mz2’)/2ko, 


where k?= —k,?. Consequently we get 


—) 


6(ko— qo) =0( tot mene 
2ko 


= 6(2k+k?+m2—m.’) 
=6(—k’+m?—m~?), 
and 
6(qo) =0(—k?—m2+m-’). 
Therefore we find an expression for 66 independent of q, 


6(Ro— go)9(go) = 6(ko)A(— Re | m~— m2? | a 
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Apart from the @ factors, the integral J is given by 


1 k?+-m?— m2? \? 
S fae ae 
2ky 2ko 


1 we , (k2-+m?—m-2)*+4m2k? 
= rf qe 0 ¢+— ——__—_—_—— | 
2(—k)! 4k? 
where g=|q|. This integral is readily carried out to 
yield 
v ‘ 
; {(k2+ (m+mz)? |[k?+ (m,— mz)? }}}. 
*) 


Hence we finally get 


1 =0(ky)6(—k?— | m?—m,? |) 


T 
Xp C+ mt (mm) 


db (k?+-K?) 


(mi +m)? 


«fC E-CLY 


Inserting this result into the original expression, one 
finds 


T 
= -8(ko) 
2 


iA (x,m 1) iA (x,me2) 


1 2 ([ m+me\ 7 
= —f dk }1-(“=—*)| 
(41)? m,+my?)? | kK 
M,—mM2\7})3 
[1-(“=) |] 
K 


1 
a 


(29r)* 


1 s 
= j dx? iA? (x,k) 
(49)? mi+my)? 


fC 


APPENDIX B. PARAMETRIC DISPERSION 
RELATIONS IN POSITION SPACE 


f dth e**=6(ky)8(k?-+x2) 


We start from the study of the integral 


a 5 m 
F(A) -if exp| —i( art) fa 
Jo 4a 


This integral has the following interesting property: 


for A<0O. 


ImF (A)=0, 
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Next let us observe the function F(Aé) as a function of & 
and denote it as f(€). Then we clearly get 
Im/f(é)=0, for AE<O. 


As a function of &, f(¢) is analytic in the lower half 
plane when A>0, and we get 


1 os f(é)dé’ 
s)=-— f 2 ie 


2wi J_.. t’—E+%e€ 


A>0. 


When A <0, f(£) is analytic in the upper half plane and 


we get 
1 * f(é’)dé’ 
2ri t’—t—ie 


—x 


f(&) \<0. 


We can write these two equations in a unified manner as 
Ppt fede! 
f()=ie(d) f — 
evo &—§ 
Now take the imaginary part of this equation; then we 
get 
P * Ref(t’)dé’ 
e(A) Imf(é)=- f —., 
rd, tt 
From the property of Im/(£) discussed above, the left- 


hand side now may be written as e(£) Im/(&), or we may 
write 


Im f(&) = €(&)— 


T 


- f Ref(é)dé 


/ 
x g—€ 


This is the basis for the parametric dispersion relations 
for the p functions. The same argument can apply to a 
slightly more general class of functions defined by 


® 


° da 7 m 
se=if 5 yaa exp| —i(ore+~) | 
o (ta)” do 


Next we shall recall the integral representation of the 
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Feynman propagator in the position space: 


1 . m* 
Ar(x)=—- f exp|i(ax*— - ) a: 
47? 0 4a 


If we insert this representation into the Feynman 
formula and use the integral formula, 


tr? 
f exp (tax*)d‘x _ . 
a\a 


then it is not difficult to show that the p functions obey 
an integral representation of the following form'®: 


p(x,:- 84) =t f derd Mo (Cn M" 


da M 
xf exp ~i( at+ I 
(ia) % da ; 


where A= —) +s. Crs(X%7—X;), Crp>0, and o is a real 
weight function. V is an integer which depends on the 
structure of the Feynman diagram under consideration. 

Comparison of this integral representation with f,(£) 


yields immediately the dispersion relation 


P * Rep(x_Xa° t’) 
Imp(%ax%g° £) = €(£) J dé’. 


sf 
= 
T Pg 


b 
—t 
s S 


p is a function of scalar products x_%3 alone, and ¢ is a 
common parameter to be multiplied into all the scalar 
products. In general one needs subtractions in the above 
dispersion integrals, but it is yet an unsettled question 
how to make the proper subtractions. 

From the above integral representation, one can 
recognize that if all the m points lie on a space-like 
surface, then A<0 holds, and therefore we get 


Imp(x1- + -*%,)=9. 


The dispersive part of a p function vanishes when all the 
nm points are separated from each other by space-like 
distances. This is a manifestation of the microscopic 
causality condition. 


18 Y. Nambu, Nuovo cimento 9, 610 (1958 
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K meson decay into electron, neutrino, and photon is analyzed in the lowest order perturbation with 
respect to weak and electromagnetic interactions, but without making any approximation regarding the 
strong interaction. The weak interaction is assumed to be transmitted by a single charged intermediate 
vector meson, which interacts with the weak current in the conventional way. It is pointed out here that a 
certain angular and momentum distribution of decay particles could reveal almost unequivocally whether 
the intermediate vector meson does exist. It is shown also that other lepton decays of the K meson, which 
includes 4 mesons and x mesons, cannot be used for the same purpose. 





I. INTRODUCTION 


NE of the current problems in weak interactions is 

whether the intermediate vector meson (called 
B meson hereafter) is really responsible for the weak 
interaction.' We investigate in this paper three-body 
decays of the K meson into leptons to answer this 
question. The reasons for this choice are as follows: 
8 decay and pion decay are not suitable, since the energy 
available in decays is not quite high enough. Two-body 
lepton decays of the K meson do not reveal anything 
regarding the B meson. Decays of hyperons and non- 
leptonic decays involve either unknown details of weak 
interactions or severe complications with respect to 
strong interactions. Thus, only three-body lepton 
decays of the K meson are left as long.as we disregard 
decays which may be discovered in the future. The 
relevant experiments are not quite feasible at this 
moment, but will be manageable in the near future 
when higher intensity K meson beams are attained, for 
example after the completion of the new Argonne 
machine. 

The decay of the K meson takes place, according to 
most of the schemes presumed so far, through a group 
of particles interacting strongly. Therefore, the main 
difficulty in this problem is how to separate the informa- 
tion on the B meson from the unknowns due to strong 
interactions. In all the previous works** on the decays 
of the K meson (and pion) there are presented only 
theoretical conjectures and/or assumptions concerning 
the unknowns in question. In fact, as we shall see later, 


*This work was supported in part by the National Science 
Foundation and the U. S$. Atomic Energy Commission. 

+ On leave of absence from Physics Department, Hokkaido 
University, Sapporo, Japan. 

t Temporary address for 1960-1961 is Istituto di Fisica Teorica 
dell’ Universita di Napoli, Mostra dell’ Oltremare, Napoli, Italy. 

! Some of the recent works are T. D. Lee and C. N. Yang, Phys. 
Rev. 119, 1410 (1960), and Phys. Rev. Letters 4, 307 (1960). 

2S. B. Treiman and H. W. Wyld, Phys. Rev. 101, 1552 (1956) ; 
V. G. Vaks and B. L. Ioffe, Nuovo cimento 10, 342 (1958); S. A. 
Bludman and J. A. Young, Phys. Rev. 118, 602 (1960). 

3S. Oneda and J. C. Pati, Phys. Rev. Letters 2, 125 (1959). 


it is not possible to separate the effect of the B meson 
from the unknowns due to strong interactions. We 
found, however, that there is one way which almost 
unambiguously allows us to extract the information on 
the speculated vector meson. The purpose of the 
present paper is to report the details of the proposed 
analysis (Sec. 3). 

The basic assumption which we make is to introduce 
a single charged vector meson which interacts with the 
weak current of the usual type, and to assume that this 
is solely responsible for weak interactions. We then 
evaluate the decay matrix element in the lowest order 
perturbation with respect to both weak and electro- 
magnetic interactions, without making any approxima- 
tion regarding strong interactions (Sec. 2). We explain 
also why decays other than K —e+v+y¥ cannot be 
used for the same purpose (Sec. 4). 


2. GENERAL EXPRESSION FOR DECAY 
MATRIX ELEMENT 


We assume the following interaction Lagrangian: 


L'= {—g(f,.+-j, )ou*+H.c.} 
+e(J +5, 4+F,.)A p+ adie (1) 


where only the weak (first term) and the electro- 
magnetic (second term) interactions are given; ¢, 
represents the charged B meson with mass M, and the 
jy’s and J,’s are the weak and electromagnetic currents, 
respectively. The superscripts /, s, and B stand for 
leptons, strongly interacting particles, and B meson, 
respectively. We further assume that 7, includes a 
lepton current P.sy,(1+vys)y,, where y. and y, are 
electron and neutrino fields, respectively. We, however, 
do not have to assume any form for j,“*. All we require 
is that the interaction Lagrangian (1) be invariant 
under time inversion. 

Let us consider a decay K+ — e++v-+y7, the four- 
momenta being q, p, p’, and k, respectively, and ¢ being 
the polarization vector of the photon. The S-matrix 
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Fic. 1. Three diagrams for K »>e*+v+y¥ are shown which 
give rise to three terms of (2), respectively. The unknown constant 
f is due to the shaded box in the first two diagrams, while the 
unknown functions /; and /2 come from the shaded area in the last 
diagram. 


element (e+,v,y| K+) is given, to the lowest order with 
respect to e and g in the frame of reference where the 
K meson is initially at rest and assuming Coulomb 
gauge, by 


(et yy | Kt 
eg-m 
=1(2r)'6(q— p— p’—k) 
2M? (kogo)! 


(y-e)(qg-—q-k) 


xu p’) ( pac’ Sara yes f 


| (q—k)?+M? 


M? g-k 
- r-dntir-e)( he ire), 


m- 


(q—k)+M2 
(2 


where u(p’) and v(p) are Dirac spinors of v and et, ko 
and qo are the energies of & and gq, and ¢’ is another 
polarization vector parallel to the vector product of k 
and ¢. We have put the electron mass equal to zero in 
(2). The unknowns due to strong interactions are f,a 
constant, and /; and fe, both of which are functions of 
ky only. These are defined by 
m 
(O| 74°" (0) K+ we dul, 
(2qo)! 
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and 


if dee *0| PEI...) K+) 


m q:k 
€,/1 tie,’ 
2g)? m 


where m, the mass of the AK meson, is introduced to 
make f, 4, and 2 dimensionless, and all operators and 
states on the left-hand sides refer to the Heisenberg 
representation. P in (4) is the chronologically ordered 
product. The three terms in (2) 
which the photon is emitted, respectively, by electron, 


come from diagrams in 


B meson, and something else, as shown in Fig. 1. 

The approach yielding (2), (3), and (4) is virtually 
the same as in work by previous authors.? The essential 
differences are as follows: First, 
B meson, while they assumed the direct four-Fermion 
scheme. Consequently, we have a new term, the second 
term in (2) or the middle diagram of Fig. 1. This, 
however, does not add any new unknown in the lowest 
order of weak and electromagneti: 


we have introduced the 


interactions. 

Secondly, we have used Low’s technique to obtain 
(2), (3), and (4), while their arguments were based upon 
the Dyson-Feynman technique. Therefore, our last 
diagram of Fig. 1 includes both (b) and (c) of Fig. 2 of 
Treiman and Wyld’s paper.? The advantage of our pro- 
cedure is that it leads to expressions like (3) and (4). 
These expressions can immediately be used to prove the 
reality of the unknowns when the weak interaction is 
invariant under time inversion. These could also be used 
to carry out the dispersion-theoretical estimation of 
these unknowns. 

Finally, it is the pion decay that was investigated in 
the previous works.? However, the same approach can 
be used in case of K meson decay, as long as we assume 
the weak interaction scheme (1). 

It is important to notice that all these unknowns do 
not depend upon the B meson. They could, however, 
depend upon whether the decaying particle is a pion or 
a K meson. Previous authors’ have argued in the pion 
case that hy and fy’, defined by 


fth=—m"(q-k)hy, 


could very well be constant with respect to the photon 
energy ko. We presuppose a similar behavior also in the 
case of the K meson, and seek a method to check this 
conjecture empirically without 
theoretically on this matter. 


elaborating further 
3. PROPOSED EXPERIMENTAL ANALYSIS 


The differential decay probability W (k,@) as a func- 
tion of photon energy k (denoted as ko previously) and 
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the angle @ between photon and electron is given by 
e gt 
4x3 M* m{m—k(1—cos6)] 

X { (?+h?)[(m— k(1—cos0)— p sin?6 | 


— 2hh.[m cosd+k(1—cosé) |}, (6) 


B(k) 2 B38 
W (k,0) = = 


where 
B(k) = M*/(M?—m?+2mk)’, ” 
/ 
h=h,'+(m/M)*f, 


m(m— 2k) 


p= ee 
2[m—k(1—cos@) | 


is the electron energy when the electron mass is ignored. 
We have taken all the unknowns to be real in (6) since 
we can prove that the relative phases of f, /1, and /2 are 
zero if (1) is invariant under time inversion. 

It is clear from (6) and (7) that the information on 
B meson is included only in B(k), and, consequently, it 
is impossible to see the effect of B(k) only, irrespective 
of the unknown behaviors of # and hp. It is, however, 
possible to eliminate B(k). For example, consider the 
photon energy spectrum W (k) [the angular integral of 
W (k,@) | and W(k, @=7) [the photon energy spectrum 
when the electron is emitted backwards with respect to 
the photon }. These are, from (6), 


e gt 
— —B(k)k®?(m—2k)(h?+h.7), (8) 


W(k)=- 
127* M4 


e g' 
W(k, 6=z)=- —B(k)k®'m(h+hyz)?. (9) 
167° M4 


Therefore, the ratio becomes 


W(k) 4 (1 2k 
Wk, 0=) 3 (h+h)?\ m ) 
which does not include B(k). 

The expression (10) suggests the following empirical 
check on the possible constant behavior of /# and /z as 
functions of k (see the discussions at the end of Sec. 2): 
Plot W(k)/W(k, 6=2) against & and see if the data fall 
on a straight line. Suppose they do over a certain energy 
range. This implies that the ratio of # to /z is constant 
in the same region, unless either / or hz vanishes. It is 
then likely that # and hk» are constant individually 
because they are originally due, respectively, to the 
axial vector and vector parts of the weak current (or 
vice versa depending upon the K meson parity) and, 
consequently, would not be simply related. The only 
conceivable reason for the possible constancy is the 
extreme high energy involved in the last shaded box of 
Fig. 1. If so, 4 and 2 should be independently constant. 

If, therefore, the data concerning the ratio (10) 


(10) 
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ic. 2. The function B(&) in (7) is plotted against k, the photon 
energy, in units of the maximum photon energy (m/2), for some 
values of WM, the mass of the B meson. m is the K meson mass. 


actually fall on a straight line at least over a certain 
energy range, we then plot, for example, W (k)/k*(m—2k) 
against &. Any deviation from the horizontal behavior in 
the same energy region is now attributable to B(k). In 
Fig. 2 are shown B(k) as functions of k for some values 
of M. This analysis could check the intermediate vector 
meson hypothesis and even determine the mass of the 
B meson. 

If the ratio (10) happens to exhibit linear behavior 
over the entire range of & and consequently #4 and hz may 
be regarded as constant for all k, then the peak of W (k) 
will occur at k= (3/4)Rimax (Rmax=m/2) if M=o and 
will be shifted towards the lower energy side as M 
approaches m, the likely minimum limit of M. Some 
forms of W (k) are shown in Fig. 3 for some values of M. 
If the over-all shape of W(k) is consistent with (8), M 
may be determined most accurately by observing the 
ratio R defined by 


kmax/2 kmax 
R= f W(k)dk / W (k)dk, 
0 k p 


" 19 
max/< 


(11) 


since R is very sensitive to M as is shown in Fig. 4, as 
long as M is not too large. 
If the data indicate too small W(k, @=2), which 
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Fic. 3. The energy spectrum W (4), Eq. (8), for a photon with 
energy k, is plotted against & in units of the maximum photon 
energy (m/2) for three values of M, the mass of the B meson, 


assuming that all unknowns (/ and /z) are constant. The ordinate 
is in arbitrary units. m is the K meson mass. 


would be the case if h+/2=0, we suggest using 
W (k, x>0> 7/2), the photon energy spectrum when the 
electron is emitted into the backward hemisphere, 
which is given by 


' e sg m— 2k 
W (k, x>0>2/2)=- Be) mi ( ’ ) 
24n* M4 m—k 


k(m— 2k) 3 4m—2k 
| (1-— )e+he)+ (- — Yj (12) 
4(m—k)? 2\ m—k 


If we plot [(m—k)W(k, r>6>2/2)/W(k)] against 
(m—2k)/(m—k), then we expect, if # and /yz are really 
constant, nearly linear behavior [note that the coeffi- 
cient of /#?+h? in (12) is nearly unity within a few 
percent error |. 

It is added that W(k, @=0) cannot be used, even 
though it assumes a very simple form. The reason is that 
those terms, which are proportional to electron mass in 
W(k,@) and therefore have been dropped in (6), may 
become non-negligible only near the forward direction. 

As is clear by now, the entire analysis collapses if 
the data for the ratio (10) fail to exhibit linear behavior 
over an appreciable energy range. Even if the data for 
the ratio (10) fall on a straight line, the previous 
analysis breaks down if the data on W (,6) given by (6) 
indicate that either / or /2 is negligibly small compared 
with the other. 
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Fic. 4. The ratio R defined by (11) is plotted against M, the 
mass of the B meson, in units of the K-meson mass, m. The arrow 
corresponds to the nucleon mass, my. 


4. OTHER THREE-BODY LEPTON DECAYS 
OF THE K MESON 


So far we have discussed only Kt — e++v+y. We 
have investigated all the three-body lepton decays of 
the K meson and found that K+ — e++»+/7 is the only 
one which aliows an analysis of the type explained in 
Sec. 3. 

When the » meson is involved (K+ — uwt+v+y7 and 
Kt — p*+v+7"), the decay probability becomes too 
complicated to allow any practicable analysis, simply 
because the terms proportional to the charged lepton 
mass are no longer negligibly small. On the other hand, 
the decay probability for K* — e++v+7° becomes too 
simple to allow any analysis. To illustrate this situation, 
suppose that the term with //2 in W(k,@) given by (6) 
is missing. Then two unknowns B(&) and (h?+/h,”) are 
always combined into a single factor, and we can never 
see the behaviors of these unknowns separately. A 
calculation similar to those outlined in Sec. 2 leads to 
such an expression in the case of A+ — r°+et+». In 
the paper by Oneda and Pati,’ the authors simply 
assume that the unknowns involved are constant to 
make definite predictions on the B meson. We, however, 
don’t see much validity in their assertion, since there is 
no empirical way of checking this conjecture. 
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It is suggested that the nucleon mass arises largely as a self-energy of some primary fermion field through 
the same mechanism as the appearance of energy gap in the theory of superconductivity. The idea can be put 
into a mathematical formulation utilizing a generalized Hartree-Fock approximation which regards real 
nucleons as quasi-particle excitations. We consider a simplified model of nonlinear four-fermion interaction 
which allows a +5-gauge group. An interesting consequence of the symmetry is that there arise automatically 
pseudoscalar zero-mass bound states of nucleon-antinucleon pair which may be regarded as an idealized pion. 
In addition, massive bound states of nucleon number zero and two are predicted in a simple approximation. 

The theory contains two parameters which can be explicitly related to observed nucleon mass and the 
pion-nucleon coupling constant. Some paradoxical aspects of the theory in connection with the y; trans- 


formation are discussed in detail. 


I. INTRODUCTION 


N this paper we are going to develop a dynamical 
theory of elementary particles in which nucleons and 
mesons are derived in a unified way from a fundamental 
spinor field.' In basic physical ideas, it has thus the 
characteristic features of a compound-particle model, 
but unlike most of the existing theories, dynamical 
treatment of the interaction makes up an essential part 
of the theory. Strange particles are not yet considered. 
The scheme is motivated by the observation of an 
interesting analogy between the properties of Dirac 
particles and the quasi-particle excitations that appear 
in the theory of superconductivity, which was originated 
with great success by Bardeen, Cooper, and Schrieffer,’ 
and subsequently given an elegant mathematical formu- 
lation by Bogoliubov.* The characteristic feature of the 
BCS theory is that it produces an energy gap between 
the ground state and the excited states of a supercon- 
ductor, a fact which has been confirmed experimentally. 
The gap is caused due to the fact that the attractive 
phonon-mediated interaction between electrons produces 
correlated pairs of electrons with opposite momenta and 
spin near the Fermi surface, and it takes a finite amount 
of energy to break this correlation. 
Elementary excitations in a superconductor can be 
conveniently described by means of a coherent mixture 
of electrons and holes, which obeys the following 


* Supported by the U. S. Atomic Energy Commission. 

+ Fulbright Fellow, on leave of absence from Instituto di Fisica 
dell’ Universita, Roma, Italy and Istituto Nazionale di Fisica 
Nucleare, Sezione di Roma, Italy. 

1A preliminary version of the work was presented at the 
Midwestern Conference on Theoretical Physics, April, 1960 (un- 
published). See also Y. Nambu, Phys. Rev. Letters 4, 380 (1960) ; 
and Proceedings of the Tenth Annual Rochester Conference on 
High-Energy Nuclear Physics, 1960 (to be published). 

2 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 106, 
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3N. N. Bogoliubov, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 58, 
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Method in the Theory of Superconductivity (Academy of Sciences of 
U.S.S.R., Moscow, 1958). 


equations*'*; 
Eb p= Wor +oy_p—"*, 
Ep_y*= —eph-p-*+ do, 

near the Fermi surface. yp; is the component of the 
excitation corresponding to an electron state of mo- 
mentum # and spin + (up), and y_,_* corresponding to 
a hole state of momentum p and spin +, which means 
an absence of an electron of momentum —/? and spin 
— (down). €, is the kinetic energy measured from the 
Fermi surface; @ is a constant. There will also be an 
equation complex conjugate to Eq. (1), describing 
another type of excitation. 

Equation (1) gives the eigenvalues 

E,==+(e"+¢")!. (1.2) 
The two states of this quasi-particle are separated in 
energy by 2| E,|. In the ground state of the system all 
the quasi-particles should be in the lower (negative) 
energy states of Eq. (2), and it would take a finite 
energy 2|E,| 22|@! to excite a particle to the upper 
state. The situation bears a remarkable resemblance to 
the case of a Dirac particle. The four-component Dirac 
equation can be split into two sets to read 
k= a: phitm., 
Ey.= —a- photmy,, 
E,=+(p?+m’), 
where y; and yz are the two eigenstates of the chirality 
operator Y5= Y1V2Y3Y4- 

According to Dirac’s original interpretation, the 
ground state (vacuum) of the world has all the electrons 
in the negative energy states, and to create excited 
states (with zero particle number) we have to supply an 
energy > 2m. 

In the BCS-Bogoliubov theory, the gap parameter ¢, 
which is absent for free electrons, is determined es- 
sentially as a self-consistent (Hartree-Fock) representa- 
tion of the electron-electron interaction effect. 


(1.1) 


(1.3) 


4 J. G. Valatin, Nuovo cimento 7, 843 (1958). 


345 





346 Y. NAMBU AND 
One finds that 
o~w exp[ —1/p |, 


where w is the energy bandwidth (= the Debye fre- 
quency) around the Fermi surface within which the 
interaction is important; p is the average interaction 
energy of an electron interacting with unit energy shell 
of electrons on the Fermi surface. It is significant that 
depends on the strength of the interaction (coupling 
constant) in a nonanalytic way. 

We would like to pursue this analogy mathematically. 
As the energy gap ¢ in a superconductor is created by 
the interaction, let us assume that the mass of a Dirac 
particle is also due to some interaction between massless 
bare fermions. A quasi-particle in a superconductor is a 
mixture of bare electrons with opposite electric charges 
(a particle and a hole) but with the same spin; corre- 
spondingly a massive Dirac particle is a mixture of bare 
fermions with opposite chiralities, but with the same 
charge or fermion number. Without the gap @ or the 
mass m, the respective particle would become an eigen- 
state of electric charge or chirality. 

Once we make this analogy, we immediately notice 
further consequences of special interest. It has been 
pointed out by several people**-* that in a refined 
theory of superconductivity there emerge, in addition 
to the individual quasi-particle excitations, collective 
excitations of quasi-particle pairs. (These can alter- 
natively be interpreted as moving states of bare electron 
pairs which are originally precipitated into the ground 
state of the system.) In the absence of Coulomb inter- 
action, these excitations are phonon-like, filling the gap 
of the quasi-particle spectrum. 

In general, they are excited when a quasi-particle is 
accelerated in the medium, and play the role of a back- 
flow around the particle, compensating the change of 
charge localized on the quasi-particle wave packet. 
Thus these excitations are necessary consequences of the 
fact that individual quasi-particles are not eigenstates 
of electric charge, and hence their equations are not 
gauge invariant; whereas a complete description of the 
system must be gauge invariant. The logical connection 
between gauge invariance and the existence of collective 
states has been particularly emphasized by one of the 
authors.® 

This observation leads to the conclusion that if a 
Dirac particle is actually a quasi-particle, which is only 
an approximate description of an entire system where 
chirality is conserved, then there must also exist col- 
lective excitations of bound quasi-particle pairs. The 
chirality conservation implies the invariance of the 
theory under the so-called ys gauge group, and from its 
nature one can show that the collective state must be a 
pseudoscalar quantity. 


(1.4) 


5D. Pines and J. R. Schrieffer, Nuovo cimento 10, 496 (1958). 
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It is perhaps not a coincidence that there exists such 
an entity in the form of the pion. For this reason, we 
would like to regard our theory as dealing with nucleons 
and mesons. The implication would be that the nucleon 
mass is a manifestation of some unknown primary inter- 
action between originally massless fermions, the same 
interaction also being responsible for the binding of 
nucleon pairs into pions. 

An additional support of the idea can be found in the 
weak decay processes of nucleons and pions which indi- 
cate that the ys invariance is at least approximately 
conserved, as will be discussed in Part II. There are 
some difficulties, however, that naturally arise on fur- 
ther examination. 

Comparison between a relativistic theory and a non- 
relativistic, intuitive picture is often dangerous, because 
the former is severely restricted by the requirement of 
relativistic invariance. In our the energy-gap 
equation (4) depends on the energy density on the Fermi 
surface; for zero Fermi radius, the gap vanishes. The 
Fermi sphere, however, is not a relativistically invariant 
object, so that in the theory of nucleons it is not clear 
whether a formula like Eq. (4) could be obtained for the 
mass. This is not surprising, since there is a well known 
counterpart in classical electron theory that a finite 
electron radius is incompatible with relativistic in- 
variance. 

We avoid this difficulty by simply introducing a 
relativistic cutoff which takes the place of the Fermi 
sphere. Our framework does not yet resolve the diver- 
gence difficulty of self-energy, and the origin of such an 
effective cutoff has to be left as an open question. 

The second difficulty concerns the mass of the pion. If 
pion is to be identified with the phonon-like excitations 
associated with a gauge group, its mass must necessarily 
be zero. It is true that in real superconductors the col- 
lective charge fluctuation is screened by Coulomb inter- 
action to turn into the plasma mode, which has a finite 
“rest mass.” A similar mechanism may be operating in 
the meson case too. It is possible, however, that the 
finite meson mass means that chirality conservation is 
only approximate in a real theory. From the evidence 
in weak interactions, we are inclined toward the second 
view. 

The observation made so far does not yet give us a 
clue as to the exact mechanism of the primary inter- 
action. Neither do we have a fundamental understand- 
ing of the isospin and strangeness quantum numbers, 
although it is easy to incorporate at least the isospin 
degree of freedom into the theory from the beginning. 
The best we can do here is to examine the various ex- 
isting models for their logical simplicity and experi- 
mental support, if any. We will do this in Sec. 2, and 
settle for the moment on a nonlinear four-fermion 
interaction of the Heisenberg type. For reasons of 
simplicity in presentation, we adopt a model without 
isospin and strangeness degrees of freedom, and pos- 
sessing complete 7s invariance. Once the choice is made, 


case, 
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we can explore the whole idea mathematically, using 
essentially the formulation developed in reference 8. It 
is gratifying that the various field-theoretical techniques 
can be fully utilized. Section 3 will be devoted to intro- 
duction of the Hartree-Fock equation for nucleon self- 
energy, which will make the starting point of the theory. 
Then we go on to discuss in Sec. 4 the collective modes. 
In addition to the expected pseudoscalar “pion” states, 
we find other massive mesons of scalar and vector 
variety, as well as a scalar “deuteron.” The coupling 
constants of these mesons can be easily determined. The 
relation of the pion to the ys gauge group will be dis- 
cussed in Secs. 5 and 6. 

The theory promises many practical consequences. 
For this purpose, however, it is necessary to make our 
model more realistic by incorporating the isospin, and 
allowing for a violation of ys invariance. But in doing 
so, there arise at the same time new problems concerning 
the mass splitting and instability. This refined model 
will be elaborated in Part IT of this work, where we shall 
also find predictions about strong and weak interactions. 
Thus the general structure of the weak interaction cur- 
rents modified by strong interactions can be treated to 
some degree, enabling one to derive the decay processes 
of various particles under simple assumptions. The 
calculation of the pion decay rate gives perhaps one of 
the most interesting supports of the theory. Results 
about strong interactions themselves are equally inter- 
esting. We shall find specific predictions about heavier 
mesons, which are in line with the recent theoretical 
expectations. 


II. THE PRIMARY INTERACTION 


We briefly discuss the possible nature of the primary 
interaction between fermions. Lacking any radically 
new concepts, the interaction could be either mediated 
by some fundamental Bose field or due to an inherent 
nonlinearity in the fermion field. According to our 
postulate, these interactions must allow chirality con- 
servation in addition to the conservation of nucleon 
number. The chirality Y here is defined as the eigen- 
value of ys, or in terms of quantized fields, 


(2.1) 


X= f Vyiywd*x. 


The nucleon number is, on the other hand 


N = fa wd*x. 


These are, respectively, generators of the y;- and ordi- 
nary-gauge groups 


¥— expLieys¥, ¥— wv expLiays], 
y—explialy, —Pexp[—ia], 


where a is an arbitrary constant phase. 


(2.3) 
(2.4) 


ELEMENTARY 


PARTICLES 347 

Furthermore, the dynamics of our theory would re- 
quire that the interaction be attractive between particle 
and antiparticle in order to make bound-state formation 
possible. Under the transformation (2.3), various tensors 
transform as follows: 


ity — itr, 

Axial vector: iWyyyw — Wy, 

W — W cos2at+ipysy sin2a, 
Pseudoscalar: ivysy — iPysy cos2a— Wy sin2a, 
Vou — Vow cos2at+ipysc,y sin2a. 


It is obvious that a vector or pseudovector Bose field 
coupled to the fermion field satisfies the invariance. The 
vector case would also satisfy the dynamical require- 
ment since, as in the electromagnetic interaction, the 
forces would be attractive between opposite nucleon 
charges. The pseudovector field, on the other hand, does 
not meet the requirement as can be seen by studying the 
self-consistent mass equation discussed later. 

The vector field looks particularly attractive since it 
can be associated with the nucleon number gauge group. 
This idea has been explored by Lee and Yang,*® and 
recently by Sakurai." But since we are dealing with 
strong interactions, such a field would have to have a 
finite observed mass in a realistic theory. Whether this 
is compatible with the invariance requirement is not yet 
clear. (Besides, if the bare mass of both spinor and 
vector field were zero, the theory would not contain any 
parameter with the dimensions of mass.) 

The nonlinear fermion interaction seems to offer 
another possibility. Heisenberg and his co-workers" 
have been developing a comprehensive theory of ele- 
mentary particles along this line. It is not easy, however, 
to gain a clear physical insight into their results obtained 
by means of highly complicated mathematical ma- 
chinery. 


Vector: 


Scalar: 


(2.5) 


Tensor: 


We would like to choose the nonlinear interaction in 
this paper. Although this looks similar to Heisenberg’s 
theory, the dynamical treatment will be quite different 
and more amenable to qualitative understanding. 

The following Lagrangian density will be assumed 
(A=c=1): 


L=—Wy.0+ gol (W)—(dr)?]. (2.6) 


The coupling parameter go is positive, and has dimen- 
sions [mass}*. The ys invariance property of the 
interaction is evident from Eq. (2.5). According to the 
Fierz theorem, it is also equivalent to 


=e, gol (VY W)?— (Wruvey)*]. (2.7) 


This particular choice of ys-invariant form was taken 
without a compelling reason, but has the advantage 


*T. D. Lee and C. N. Yang, Phys. Rev. 98, 1501 (1955). 

10 J. J. Sakurai, Ann. Phys. 11, 1 (1960). 

11 W. Heisenberg, Z. Naturforsch. 14, 441 (1959). Earlier papers 
are quoted there. 
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that it can be naturally extended to incorporate isotopic 
spin.” 

Unlike Heisenberg’s case, we do not have any theory 
about the handling of the highly divergent singularities 
inherent in nonlinear interactions. So we will introduce, 
as an additional and independent assumption, an ad hoc 
relativistic cutoff or form factor in actual calculations. 
Thus the theory may also be regarded as an approxi- 
mate treatment of the intermediate-boson model with a 
large effective mass. 

As will be seen in subsequent sections, the nonlinear 
model makes mathematics particularly easy, at least in 
the lowest approximation, enabling one to derive many 
interesting quantitative results. 


Ill. THE SELF-CONSISTENT EQUATION 
FOR NUCLEON MASS 


We will assume that all quantities we calculate here 
are somewhow convergent, without asking the reason 
behind it. This will be done actually by introducing a 
suitable phenomenological cutoff. 

Without specifying the interaction, let = be 
unrenormalized proper self-energy part of the fermion, 
expressed in terms of observed mass m, coupling con- 
stant g, and cutoff A. A real Dirac particle will satisfy 
the equation 


the 


iy: p+ mot = (p,m,g,A)=0 (3.1) 


for iy: p+m=0. Namely 


m—Mo==X(p,m,g,A) | iy pp-m—o- 


The g will also be related to the bare coupling go by an 
equation of the type 

g/go=T'(my,g,A). (3.3) 
Equations (3.1) and (3.2) may be solved by successive 
approximation starting from mp and gp. It is possible, 
however, that there are also solutions which cannot thus 
be obtained. In fact, there can be a solution m#0 even 
in the case where m)=0, and moreover the symmetry 
seems to forbid a finite m. 

This kind of situation can be most easily examined by 
means of the generalized Hartree-Fock procedure*-" 
which was developed before in connection with the 
theory of superconductivity. The basic idea is not new 
in field theory, and in fact in its simplest form the 
method is identical with the renormalization procedure 
of Dyson, considered only in a somewhat different 
context. 

Suppose a Lagrangian is composed of the free and 
interaction part : L= Lo+JL,. Instead of diagonalizing Ly 
and treating 1; as perturbation, we introduce the self- 


12 This will be done in Part II. 
13N. N. Bogoliubov, Uspekhi Fiz. Nauk 67, 549 (1959) [trans- 
lation: Soviet Phys.-Uspekhi 67, 236 (1959) ]. 
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energy Lagrangian L,, and split L thus 


+ (L;-L 


For L, we assume quite general form (quadratic or 
bilinear in the fields) such that Lo’ leads to linear field 
equations. This will enable one to define a vacuum and a 
complete set of “quasi-particle” states, each particle 
being an eigenmode of ly’. Now we treat L,’ as per- 
turbation, and determine L, from the requirement that 
L,’ shall not yield additional self-energy effects. This 
procedure then leads to Eq. (3.2). The self-consistent 
nature of such a procedure is evident since the self- 
energy is calculated by perturbation theory with fields 
which are already subject to the self-energy effect. 

In order to apply the method to our problem, let us 
assume that L,= —myy, and introduce the propagator 
Spr“ (x) for the corresponding Dirac particle with mass 
m. In the lowest order, and using the two alternative 
forms Eqs. (2.6) and (2.7), we get for Eq. (3.2) 


Y= 2g TrS e™ (0)—ys TrS p\™ (0) ys 
—}$y, Try,Sr ™ (O)+ 2 u¥s TryyysS r’™ (0) 
in coordinate space. 


This is quadratically divergent, but with a cutoff 
be made finite. In momentum space we have 


Sgot m 
f d'p F(p,A), 
(2x) J p+? —te 


where F(p,A) is a cutoff factor. In this case the self- 
energy operator is a constant. Substituting = from Eq. 
(3.5), Eq. (3.2) gives (mo=0 


gomi 
m= — 
2r' P 


d‘p 
F(p,A). (3.6) 


+-m"?—1€ 


This has two solutions: either m=0, or 


Bot lp 
- i F(p,A). 
2x‘ p’+m’*—ie 


The first trivial one corresponds to the ordinary per- 
turbative result. The second, nontrivial solution will 
determine m in terms of go and A. 

If we evaluate Eq. (3.7) with a straight noninvariant 
cutoff at |p| =A, we get 


r m* 1m A? we | 

—= +1) ——In +1) +- 

goA? A’ A? m? m 
If we use Eq. (3.5) with an invariant cutoff at p?=A? 
after the change of path: py — ipo, we get 


A* 
+ i). 
n> 


(3.8) 


(3.9) 
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Since the right-hand side of Eq. (3.8) or (3.9) is positive 
and <1 for real A/m, the nontrivial solution exists only 
if 

O<2n/goA?<1. (3.10) 
Equation (3.9) is plotted in Fig. 1 as a function of 
m’*/A*. As goA® increases over the critical value 22°, m 
starts rising from 0. The nonanalytic nature of the solu- 
tion is evident as m cannot be expanded in powers of go. 

In the following we will assume that Eq. (3.10) is 
satisfied, so that the nontrivial solution exists. As we 
shall see later, physically this means that the nucleon- 
antinucleon interaction must be attractive (go>0) and 
strong enough to cause a bound pair of zero total mass. 
In the BCS theory, the nontrivial solution corresponds 
to a superconductive state, whereas the trivial one 
corresponds to a normal state, which is not the true 
ground state of the superconductor. We may expect a 
similar situation to hold in the present case. 

In this connection, it must be kept in mind that our 
solutions are only approximate ones. We are operating 
under the assumption that the corrections to them are 
not catastrophic, and can be appropriately calculated 
when necessary. If this does not turn out to be so for 
some solution, such a solution must be discarded. Later 
we shall indeed find this possibility for the trivial solu- 
tion, but for the moment we will ignore such con- 
siderations. 

Let us define then the vacuum corresponding to the 
two solutions. Let Y and ¥‘™ be quantized fields 
satisfying the equations 


1.0. (x) =0, (3.11a) 


(yu0,+m)y™ (x) =0, 


Y(x)=p™ (x) for 


(3.11b) 


According to the standard procedure, we decompose 
the y’s into Fourier components: 


1 
va‘? (x)=— +? 


2 


[ua (ps)a° (pys)e” 


Pp, § 
po=(p? +m?) 


+0." ? (p,s)b' nd (p,s)e =, al 


Val? (x)= 2 [ata *(p-s)a“ "(p,s) 


* po = (ptt mt 
Ke iP zy, (p,s)b™ (p,s)et?’* ], 
i=0 or m, 
where w#,‘°(p,s), Va‘?(p,s) are the normalized spinor 


eigenfunctions for particles and antiparticles, with mo- 
mentum # and helicity s=-++1, and 


{a (p,s),a" (p’,s’)} 


= {b(p,s),b©*(p’,s’)} =SppSee, etc. (3.13) 
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m?*/A? 
Fic. 1. Plot of the self-consistent mass equation (3.9). 


The operator sets (a,b) and (a,b) are related by 
a canonical transformation because of Eq. (3.11c): 


a™ (p,s)= > Cua’ *(p,s)ua (p,s’)a (p,s’) 


+ ta” *(p,s)t2 *(—p, s’)b©(—p, s’) ] 
b™ (p,s)= > [va *(p,s)va (p,s’)b (p,s’) 


, 
a,s 


” (3.14) 


+ 0q!"*(p,s)u*(—p, s’)a'(—p, s’) ]. 
Using Eq. (1.3), this is evaluated to give 
a™ (p,s)=[3(14+8,) a (p,s) 
+[3(1—-6,) }4#'(—p, s), 
b™ (p,s)=[3(14+86,) ]4b (p,s) 
—[3(1—B,) }'a'(—p, s), 
B>= |p| /(p?+m?)!. 


The vacuum 2 or Q™ with respect to the field Y or 
y‘™ is now defined as 


(3.15) 


a” (p,s)2 = (p,s)2 =0, (3.16) 


(3.16’) 


Both y, y and y'™, y™ applied to 2 always create 
particles of mass zero, whereas the same applied to 2™ 
create particles of mass m. 

From Eqs. (3.15) and (3.16) we obtain 


om =TT{(5(1+8,)} 
p.s 


a™ (p,s)2™ = b™ (p,s)X™ =0. 


—[3(1—B,) a t(p,s)b(—p, s)}Q. (3.17) 


Thus Q is, in terms of zero-mass particles, a superposi- 
tion of pair states. Each pair has zero momentum, spin 
and nucleon number, and carries +2 units of chirality, 
since chirality equals minus the helicity s for massless 
particles. 

Let us calculate the scalar product (Q,Q™) from 
Eq. (3.15): 


(2,0™)=T]T (4(14+8,) ]}! 
¥ 


=exp{ } In[3(1+8,)]}. (3.18) 
ps 


For large ~p, Bp~1—m’/2p’, so that the exponent 
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diverges as Vrm? {dp/(2x)*® (V =normalization volume). 
Hence 

(2,2) 


0. (3.19) 


It is easy to see that any two-states ¥ and ¥™, ob- 
tained by applying a finite number of creation operators 
on 2® and 2 respectively, are also orthogonal. 

Thus the two “worlds” based on 2® and Q™ are 
physically distinct and outside of each other. No 
interaction or measurement, in the usual sense, can 
bridge them in finite steps. 

What is the energy difference of the two vacua? Since 
both are Lorentz invariant states, the difference can 
only be either zero or infinity. Using the expression 
H™ => (p?+m?)!{ at (p,s)a™ (p,s) 

ps 


—b™ (p,s)bo™* (p,s)}, 
|p| a" (p,s)a (ps) 
p.s 


—>* (p,s)b° ' (p,s)}, 


(3.20) 


H® 


we get for the respective energies 


? 


(3.2 


1) 
which is negative and quadratically divergent. So Q°™ 
may be called the “true” 

There remains finally the question of ys invariance. 
The original Hamiltonian allowed two conservations X 
and NV, Eqs. (2.1) and (2.2). Both 2 and 2™ belong 
to V=0, and their elementary excitations carry V=-+1. 
In the case of X, the same is true for the space 2, but 
Q™ as well as its elementary excitations are not 
eigenstates of X, as is clear from the foregoing results. If 
the latter solution is to be a possibility, there must be 
an infinite degeneracy with respect to the quantum 
number X. A ground state will be in general a linear 
combination of degenerate states with different X=0, 
+2, eee? 


E™ —E®=—2>5°,[(p+m’*)'—|p] ], 


ground state, as was expected. 


(3.22) 

Equation (3.17) is in fact a particular case of this. The 

Ys-gauge transformation Eq. (2.3) induces the change 
a (p, +1) — e* a 
b (p, +1) — eF 
at (p, +1) > e+ 
bOT(p, +1) — et 


(p, +1), 
#5 (p, +1), 
«gt (p, +1), 
“hT(p, +1), 


and the coefficients of Eq. (3.22) become 


Ces — ¢2nia( "On: 
In particular 
(m) 


Q(m) 


ik" — OD. 


=exp[ —iaX ]a™ 
_ II {3 (1+8,) }*— (3(1 —B>) }} 
P+ 


KetiagOt(p, +)b(—p, +)}Q. (3.25) 
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The Dirac equation (3.11b), at the same time, is trans- 
formed into 


> 


2a+imy; sin2a W=0. (3.26) 


[yuOutm cos 
The moral of this is that the self-consistent self-energy = 
is determined only up to a ys transformation. This can 
be easily verified from Eq. (3.4), in which the second 
term on the right-hand side is nonvanishing when a 
propagator corresponding to Eq. (3.26) Al- 
though Eq. (3.26) seems to violate parity conservation, 
it is only superficially so since Q2,'" an 
eigenstate of parity. We could alternatively say that the 
parity operator undergoes transformation together with 
the mass operator. Despite the odd form of the equation 
(3.26), there is no change in the physical predictions of 
the theory. We shall see more of this later. 
Let us calculate, as before, the scalar product of 
Q.™ and Qa. From Eqs. (3.17) and (3.25) we get 


is used. 


is now not 


Q) 


sha 


= IT (2(1+8,)— 


(m) — (m)) 
ya’ 


1 > ] 
3(1—B>p) | 


~—1)3(1—8B,) ] 


= TE [1+ (e# 


=exp{ >> Inf i+ ( 
pt 


| 


For large |p|, the exponent goes like 


D 


V ad 1 
(2r)* 4 J 4p? 
The integral is again divergent. Hence 


—i(a’—a)X an‘™ ) 


m) (—) 


a’ 


(Q4' ™)=(Q™), exp 


0, a’Xa(mod2rz), 


and, of course 
(2 ,2,™) =0. 
We can evaluate (Q,°",Q.) alternatively from Eqs. 
(3.22) and (3.24). Then 
= 2} 
7 its 


— - 


n "en" Q, axa’ (mod2r), 


m=--2 
implying that 
Cis ree =U, (3.30) 


Thus there is an infinity of equivalent worlds described 
by Q.°", OS a< 2x. The states Q2, of Eq. (3.22) are then 
expressed in terms of 2,'” as 


1 
2r 


Since the original 
have no matrix 


which form another orthogonal set. 
total H commutes with X, it will 
elements connecting different “worlds.” Moreover, as 
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was the case with 2™ and 2, no finite measurement 
can induce similar transitions. This is a kind of super- 
selection rule, which effectively avoids the apparent 
degeneracy to show up as physical effects.’* The usual 
description of the world by means of 2” and ordinary 
Dirac particles must be regarded as only the most 
convenient one. 

We still are left with some paradoxes. The X con- 
servation implies the existence of a conserved X 
current : 

(3.32) 


(3.32’) 


jus=thy yw, 
Oujus a Q, 


which can readily be verified from Eq. (2.6). On the 
other hand, for a massive Dirac particle the continuity 
equation is not satisfied : 


IV yh” = 2mpmry sp. 


If a massive Dirac particle has to be a real eigenstate of 
the system, how can this be reconciled? The answer 
would be that the X-current operator taken between 
real one-nucleon states should not be given simply by 
iy Ys because of the “radiative corrections.” We expect 
instead 


(3.33) 


("| juslp)=a(P)Xu(Pp)u(p), (3-34) 
where the renormalized quantity X,; should be, from 
relativistic invariance grounds, of the form 

Xp (p’,p) wee Fi(P)ivuyst F2(¢)¥5u 
q=P—?, P=p®=—n". 


The continuity equation (3.32’), together with Eq. 
(3.33), further reduces this to 


(3.35) 


F\ =F .q*/2m=F, 
(3.36) 


2m 54 
Xu (p',p)=F(P) ( ivwyst —). 
g 


The real nucleon is not a point particle. Its X-current 
(3.36) is provided with the dramatic “anomalous” 
term. 

To understand the physical meaning of the anomalous 
term, we have to make use of the dispersion relations. 
The form factors F; and F», will, in general, satisfy 
dispersion relations of the form 


a 
F (¢)=F (0)-—— f 


T 


ImF ;(—x?) : 
en, (3.57) 
(g+Kn—ie)K? 
assuming one subtraction. Each singularity at «* corre- 
sponds to some physical intermediate state. Thus if 
F(0)#0, Eq. (3.36) indicates that there is a pole at 
g=0 for F2 (and no subtraction), which means in turn 
that there is an isolated intermediate state of zero mass. 

4 This was discussed by R. Haag, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 12 (1955). See also L. van Hove, 
Physica 18, 145 (1952). 
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Fic. 2. Graphs corresponding to the Bethe-Salpeter equation in 
“ladder” approximation. The thick line is a bound state. 


To see its nature, we take a time-like g in its own rest 
frame and go to the limit g— 0. The anomalous term 
has then only the time component, and is proportional 
to the amplitude for creation of a nucleon pair in a J=0- 
state. Hence the zero mass state must have the same 
property as this pair. It belongs to nucleon number zero, 
so that we may call it a zero-mass pseudoscalar meson. 
In order for a ys-invariant Hamiltonian such as Eq. (2.6) 
lo allow massive nucleon states and a nonvanishing X 
current for q=0, it is therefore necessary to have at the 
same lime pseudoscalar zero-mass mesons coupled with the 
nucleons. Since we did not have such mesons in the 
theory, they must be regarded as secondary products, 
i.e., bound states of nucleon pairs. This conclusion 
would not hold if in Eq. (3.36) F(qg?)=O(q*) near g?=0. 
A nucleon then would have always X=0. Such a 
possibility cannot be excluded. We will show, however, 
that the pseudoscalar zero-mass bound states do follow 
explicitly, once we assume the nontrivial solution of the 
self-energy equation. 


IV. THE COLLECTIVE STATES 


From the general discussion of Secs. 2 and 3, we may 
expect the existence of collective states of the funda- 
mental field which would manifest themselves as stable 
or unstable particles. In particular we have argued that, 
as a consequence of the ys; invariance, a pseudoscalar 
zero-mass state must exist. We want now to discuss the 
problem in detail, trying to determine the mass spec- 
trum of the collective excitations (at least its general 
features) and the strength of their coupling with the 
nucleons. These states must be considered as a direct 
effect of the same primary interaction which produces 
the mass of the nucleon, which itself is a collective effect. 
We will study the bound-state problem through the use 
of the Bethe-Salpeter equation, taking into account ex- 
plicitly the self-consistency conditions. We first verify 
in the following the existence of the zero-mass pseudo- 
scalar state. 

The Bethe-Salpeter equation for a bound pair B deals 
with the amplitude 


(x,y) =(0| T(W(x)(y)) | B). 


As is well known, the equation is relatively easy to 
handle in the ladder approximation. In our case we have 
a four-spinor point interaction and the analog of the 
“ladder” approximation would be the iteration of the 
simplest closed loop (see Fig. 2) in which all lines repre- 
sent dressed particles. We introduce the vertex function 


(4.1) 
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related to ® by 
b(p)=Se™ (pt+4q)l (p+4q, p—dq)Sr" (p—4q). (4.2) 


All we have to do then is to set up the integral equation 
generated by the chain of diagrams, looking for solutions 
having the symmetry properties of a pseudoscalar state. 
This means that our solutions must be proportional to 
ys. This requirement makes only the pseudoscalar and 
axial vector part of the interaction contribute to the 
integral equation. We have 


M(p+39, P—29) 


2igo 


asf TrLysS re” (p’+3q) 


(27) 
XI (p’+49, p’-—43¢)Sr\™ (p’—4q) |d*p’ 
120 
+ 
(2r)* 


mf TrlysyuS™ (p’+39) 


XI (p’ +439, p’—49q)S r™ (p’—4q) |d*p’. (4.3) 
For the moment let us ignore the pseudovector term on 
the right-hand side. It then follows that the equation 
has a constant solution [= Cys if g?=0. To see this, first 
observe that for the special case g=0, Eq. (4.3) reduces 


to 


which is nothing but the self-consistency condition 
(3.7), provided that the same cutoff is applied. Since the 
pseudoscalar term of Eq. (4.3) gives a function of ¢° 
only, the same condition remains true as long as g’?=0. 

When the pseudovector term is included, we have still 
the same eigenvalue g=0 with a solution of the form 
l'=Cys+tDysy-q, which is not difficult to verify (see 
Appendix). 

We now add some remarks. First, the bound state 
amplitude for this solution spreads in space over a region 
of the order of the fermion Compton wavelength 1/m 
because of Eq. (4.2), making the zero-mass particle only 
partially localizable. We want also to stress the role 
played by the y; invariance in the argument. We had in 
fact already inferred the existence of the pseudoscalar 
particle from relativistic and y; invariance alone, and at 
first sight the same result seems to follow now essen- 
tially from the self-consistency equation. However, we 
must notice that only the scalar term of the Lagrangian 
appears in this equation while only the pseudoscalar 
part contributes in the Bethe-Salpeter equation. It is 
because of the y;-invariant Lagrangian that the Bethe- 
Salpeter equation can be reduced to the self-consistency 
condition. 

Along the same line we could try to see whether other 
bound states exist in the “ladder” approximation. How- 
ever, besides calculating the spectrum, it is also im- 


8igo 
fa 


(27)! 


d'p 


; (4.4) 
p’+m*—ie 
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portant to determine the interas tion properties of these 
collective states with the fermions. For this purpose the 
study of the two-“nucleon”’ scattering amplitude ap- 
pears much more suitable, as we shall realize after the 
following remark. Once we have recognized that in the 
ladder approximation the collective states would appear 
as real stable particles, we must expect to the same 
degree of approximation poles in the scattering matrix 
of two nucleons corresponding to the possibility of the 
virtual exchange of these particles. For definiteness we 
shall refer again as an example to the pseudoscalar zero- 
mass particle. Let us indicate by /,(q) the analytical 
expression corresponding to the graph whose iteration 
produces the bound state [ Fig. 3(a) |. We construct next 
the scattering matrix generated by the exchange of all 
possible simple chains built with this element. This 
means that we consider the set of diagrams in Fig. 3(b). 
The series is easily evaluated and we obtain 


1 


2201Ys 


where the ys5’s refer to the pairs (1,1’) and (2,2’), re- 
spectively. The meaning of this result is clear: because 


Eq. (4.5) is 


equivalent to a phenomenological exchange term where 
| 


of the self-consistent equation /,(0)=1, 


the intermediate particle is our pseudoscalar massless 
boson (Fig. 4). The coupling constant G can now be 
evaluated by straightforward comparison. Before doing 
this calculation we need the explicit expression of J p(q). 
Using the ordinary rules for diagrams, we have 


2igy 
Te 4 
ZT ) 


«J 


It is however more convenient to rewrite J p in the form 
of a dispersive integral, and if we forget for a moment 
that it is a divergent expression, a simple manipulation 
gives 


4(m?+ p*)—g 
— d‘*p. (4.6) 
[(p+3q)?+ m? || (p— 4q)°+ m- 


* K2(1—4m?/x?)! 


J p(q)= (4.6’) 


4? 


ly. 


rf? 
(b) 


Fic. 3. The bubble graph for Jp and the scattering matrix 
generated by it 
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In order for this expression to be meaningful, a new 
cutoff A must be introduced. There is no simple relation 
between this and the previous cutoffs. The dispersive 
form is more comfortable to handle and accordingly we 
shall reformulate the self-consistent condition J p(0) = 1, 


or 
42 


un ‘ 
1= 2 - f (1—4m?/x?) Md. (4.7) 
4? Sgn? 

It may be of interest to remark at this point that Eq. 
(4.7) can be obtained also if we think of our theory as a 
theory with intermediate pseudoscalar boson in the 
limit of infinite boson mass. We are now in a position to 
evaluate the phenomenological coupling constant G. 
From Eqs. (4.6’) and (4.7) we have 


 (1—4m?/x?)! 


Ip(P)=1-¢ f - (4.8) 
4r° 4m? P+ 


————-—(k", 


which leads immediately to the result 


Gp’ (1—4m?/x?)! 
~ anf f de ‘ 
* 


m 


(4.9) 


This equation is interesting since it establishes a con- 
nection between the phenomenological constant Gp 
and the cutoff independently of the value of the funda- 
mental coupling go. This fact exhibits the purely dy- 
namical origin of the phenomenological coupling Gp. 
Actually go is buried in the value of the mass m. 

So far we have exploited only the ys vertex. What 
happens then if the scalar part is iterated to form chains 
of bubbles similar to those we have already discussed? 
The procedure just explained can be followed again, and 
a quantity J s(q) can be defined similarly with the result 


I 3(q)=— 


2 


—dx*. (4.10) 


£0 a (x?— 4m") (1— 4m? x)} 
4 


2 Ptr 
It is immediately seen that because of Eq. (4.7) 


J s(—4m?*)=1, (4.11) 
which causes a new pole to appear in the S matrix for 
gq? = —4m’. This means that we have another collective 
state of mass 2m, parity + and spin 0! We observe that 
it is necessary to assume the same cutoff as in the 
pseudoscalar case in order that this result may be 
obtained. The choice of the same cutoff in both cases 
seems to be suggested by the ys invariance as will be 
seen later. We also notice the peculiar symmetry ex- 
isting between the pseudoscalar and the scalar state: the 
first has zero mass and binding energy 2m, while the 
opposite is true for the scalar particle. So in the bound- 
state picture the scalar particle would not be a true 
bound state and should be, rather, interpreted as a 


ELEMENTARY 


PARTICLES 


Fic. 4. The equiva- 
lent phenomenological one- 
meson exchange graph. 


correlated exchange of pairs in the scattering process.'® 
The ‘“‘nucleon-nucleon” forces induced by the exchange 
of the scalar particle are, of course, of rather short range. 
The general physical implications of these results will be 
discussed more thoroughly later. 

The phenomenological coupling constant Gs for the 
scalar meson is given by 


G; @ (1—4m?/x?)) 7} 
=f fae] 
4x tm? (x°—4m?) 


m 


(4.12) 


Let us next turn to the vector state generated by 
iteration of the vector interaction. In this case we obtain 
for each “‘bubble” a tensor 


J vs (Ou»— Gud» g*)J\ 


20 ¢ At dx? 
ince 
dr 3 4m? g+K 


2m? 
x ( 1+—) (1am x)}, 
x2 


Perhaps a remark is in order here regarding the evalua- 
tion of Jy. It suffers from an ambiguity of subtraction 
well known in connection with the photon self-energy 
problem. The above result is of the conventional gauge 
invariant form, which we take to be the proper choice. 
Equation (4.13) leads to the scattering matrix 


1 Jy 
sre Yu-V°9 
J 


(4.14 
es; Jy ge o} 


a © 


where the second term is, of course, effectively zero. It 
can be easily seen that the denominator can produce a 
pole below 4m? for sufficiently small A’. In fact, from Eqs. 
(4.7) and (4.13), we find 


(8/3)m? <py*. (4.15) 


The coupling constant is given by 


Gy* e+ 2m? 
- =| f dx°>—— 
4 dm? apy a 


-imee)s] . (4.16) 


It must be noted that the mass of the vector meson now 
depends on the cutoff, unlike the previous two cases. 
Finally we are left with the pseudovector state. We 


'6 Of course this and other heavy mesons will in general become 
unstable in higher order approximation, which is beyond the scope 
of the present paper. 
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find for the bubble'® 


J ipy— —Jy wt J _ 


2 dx? 
f ——(1—4m?/k?)}, 
4m? +k 


In view of the self-consistency condition (4.7), it can be 
seen that this does not produce a pole of the scattering 
matrix for —qg’?<4m’, corresponding to a pseudovector 
meson. 

So far we have considered only iterations of the same 
kind of interactions. In the ladder approximation there 
is actually a coupling between pseudoscalar and pseudo- 
vector interactions as was explicitly considered in Eq. 
(4.3). However, the coupling between scalar and vector 
interactions vanish because of the Furry’s theorem. 

This coupling of pseudoscalar and pseudovector inter- 
actions does not change the pion pole of the scattering 
matrix, but it affects the coupling of the pion to the 
nucleon since a chain of the pseudoscalar can join the 
external nucleon with an axial vector interaction. In 
other words, the pion-nucleon coupling is in general a 
mixture of pseudoscalar and derivative pseudovector 
types (Appendix). 

We would like to inject here a remark concerning the 
trivial solution of the self-energy equation, against 
which we had no decisive argument. So let us also try to 
apply our scattering formula to this solution. For the 
pseudoscalar state we now find Jp(q=0)>1, provided 
that the cutoff A is kept fixed and m is set equal to zero 
in Eq. (4.6). (The pseudovector interference vanishes.) 
In other words, there will be a pole for some g?>0 (u? <0). 
This is again a supporting evidence that the trivial 
solution could be unstable, capable of decaying by 
emitting such mesons. The final answer, however, de- 
pends on the exact nature of the cutoff. 

Finally we would like to discuss the nucleon-nucleon 
scattering in the same spirit and approximation as for 
the nucleon-antinucleon scattering. In order to make a 
correspondence with the previous cases, it is convenient 
to rewrite the Hamiltonian in the following way: 


Nh=— gly — how] 
a solr Yr — yi yy Pars 2 ] 
= — dg vy.CWC yb — Wyss CWC yy], (4.18) 


(4.17) 


gom 
B ry -_ 


2r 


where y*, ¥° are the charge-conjugate fields. 

The last form of Eq. (4.18) is suitable for our purpose. 
We note first that the vector part of the interaction is 
identically zero because of the anticommutativity of y. 
Thus only the pseudovector part survives. A “bubble” 
made of this interaction then is seen to give rise to the 
same integral J4, Eq. (4.17). Since the interfering 
pseudoscalar interaction is missing in the present case, 

'6 We meet here again the problem of subtraction. Our choice 


follows naturally from comparison with the vector case, and is 
consistent with Eq. (3.33). 
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TABLE I. Mass spectrum. 


Spectroscopic 
notation 


Spin 
parity 


Nucleon 
number 
0 
0 
0 
+2 


Mass 7 


r, 1S9 
3Po 
3P, 


1S 


0 
0 
(8/3)m? <u? | 

l< 0 


0 


2m 


rm? < py? 


we get the complete scattering matrix by iterating J 4: 
| Sue Gudr, g Gud» g° 
“a + 
1—J4 


1 


1—J 4’ 


=e 


Ja=Ja'—Jy. 


The first term, corresponding to a scattering in the 
J=T1" state, does not have a pole. The second term can 
have one below 4m? for 1=J 4’. With Eqs. (4.7) and 


(4.17), this determines the mass yup: 


2m? < up. (4.20) 


In this second term of the scattering matrix, the wave 
function is proportional to Cy-gys, so that the bound 
state behaves like a scalar “deuteron” (a singlet S 
state). The residue of the pole determines the nucleon- 
“deuteron” coupling constant (derivative) Gp’, which 
is positive as it should be. 

Table I summarizes the main results of this section. 
Although our approximation is a very crude one, we 
believe that it reflects the real situation at least quali- 
tatively, because all the results are understandable in 
simple physical terms. Thus in the nonrelativistic sense, 
our Hamiltonian contains spin-independent attractive 
scalar and vector interactions plus a spin-dependent 
axial vector interaction between a particle and an 
antiparticle. Between particles, the vector part turns 
into a repulsion. Table I is just what we expect for the 
level ordering from this consideration. 


V. PHENOMENOLOGICAL THEORY 
AND y; INVARIANCE 


In the previous section special subsets of diagrams 
were taken into account, and the existence of various 
boson states was established, together with their cou- 
plings with the nucleons. As was discussed there, we can 
reasonably expect that these results are essentially cor- 
rect in spite of the very simple approximations. Because 
the bosons have in general small masses (compared to 
the unbound nucleon states), they will play important 
roles in the dynamics of strong interactions at least at 
energies comparable to these masses, 
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Thus if we are willing to accept the conclusions of our 
lowest order approximation, what we should do then is 
to study the dynamics of systems consisting of nucleons 
and the different kinds of bosons which all together 
represent the primary manifestation of the fundamental 
interaction. These particles will be now assumed to 
interact via their phenomenological couplings. So we 
may describe our purpose as an attempt to construct a 
theory in the conventional sense in which a separate 
field is introduced for each kind of particle. However, 
this is not a simple and unambiguous problem because 
our fundamental theory is completely ys; invariant and 
we must make sure that this invariance is preserved at 
any stage of our calculations in order that the results be 
meaningful. For a better understanding of the problem, 
let us consider our Lagrangian in the lowest self- 
consistent approximation. We have 

L'=L)'+Ly, 
where 
L)’=— (vy.0,~+mypy), 


é . * (5.1) 
L1'= gol (W)’— (Wr)? ]+my. 


L’ is obviously ys invariant. In order to preserve this 
invariance we must study the S matrix generated by 
L;’. Some subsets of diagrams have been considered in 
the previous section and it will be shown now how 
those calculations comply with ys invariance. This point 


must be understood clearly so that we shall discuss it in 
a rather systematic way. Let us recall first how we 
constructed the scattering matrix in the “ladder” ap- 
proximation. The lowest-order contribution is certainly 
invariant as no internal massive line appears. But what 
will happen to the next-order terms [Fig. 3(b)]? To 
these diagrams corresponds the expression 
J Ss (g?)—ysJ P(P)y¥stil sP(@)yst iysJ ps(q’). (5.2) 
In the gauge in which our calculations were performed, 
the last two terms happened to be zero. We write down 
next the transformation properties of the quantities 
appearing above. By straightforward calculation we find 
Y¥s— Ys coS2a+i sin2a, 
1 — cos2a+ iy; sin2a, 
Jp— Jp cos?2a+J g sin?2a, 
J go> J s cos?2a+ J p sin?2a, 
J sP— (Jp—J s) sin2a cos2a, 
J ps— (Jp—J s)sin2acos2a. 
By simple substitution the invariance follows easily. 
The argument can now be extended to all orders, pro- 
vided at each order all the possible combinations of S 
and P are included. The invariance of the scattering in 
the “ladder” approximation is thus established. It may 
look surprising that the SP and PS contributions do not 
vanish identically. This can be understood by consider- 
ing the fact that the ys transformation changes the 
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parity of the vacuum which will be in general a super- 
position of states of opposite parities. In this way 
products of fields of different parities (as the SP 
propagator) may have a nonvanishing average value in 
the vacuum state. 

We may now attempt the construction of the 
phenomenological coupling by introducing two local 
fields @p and ®x describing the pseudoscalar and the 
scalar particles, respectively. We start by observing 
that, in the same gauge in which the previous calcula- 
tions were made, we can write the meson-nucleon 
interaction as 


Li1=GrifyHPrt+G ss. 
In order to find the general expression valid in any 


gauge, it is convenient to introduce the following two- 
dimensional notation 


ivy Pp Gp 0 
o=( 34 ), o=( ), c=( 
Ww Ps 0 Gs 


The interaction Lagrangian Eq. (5.4) can be written in 
this notation in a compact form, 


Li= gG®. 


The effect of the y; transformation on ¢ is described 
with the aid of the matrix 
—sin2a 
> 
cos2a 


: cos2a 
U= 
sin2a 
which satisfies VU+=UU—=UU?T=1, In other words, 
the ys transformation induces a unitary transformation 


in the two-dimensional space, and Eq. (5.6) remains 
invariant if 


(5.4) 


(5.6) 


(5.7) 


G—UGU", @=>U@. (5.8) 


To complete the construction of the theory, the free 
Lagrangian for the fields ®p and ®xs must be added. If 
we work again in the special gauge a=0, we may write 


Lo= — 30,870, Pp— 30, 30, s— pw s*, (5.9) 


where p?=4m?. We use again the two-dimensional 
notation, and defining the mass operator 


0 O 
ua ( ), 
0 


we write Eq. (5.9) in the invariant form 


Lo= —}0,60,@—-16M®. 


(5.10) 


(5.11) 


In this way we have given a formal prescription for 
the ys transformation in the phenomenological treat- 
ment. We have to emphasize here that the Lagrangians 
(5.9) and (5.11) are nol ys invariant in the ordinary 
sense of the word. In our theory, where the mesons are 
only phenomenological substitutes which partially rep- 
resent the dynamical contents of the theory, they may 
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be, however, called y; covariant. In other words, the 
masses and the coupling constants are not fixed parameters, 
but rather dynamical quantities which are subject to 
transformations when the representation is changed. It will 
be legitimate to ask whether this situation corresponds 
to the one obtained in the framework of the fundamental 
theory and discussed in the “ladder” approximation in 
the previous section. We shall examine the transforma- 
tion rule for the mass operator M®, since this illustrates 
the case in point. Let us calculate explicitly M? in an 
arbitrary gauge a. We have 


M?— UM?U" 


H( ). (5.12) 


The meaning of this equation is that the pseudoscalar 
and the scalar particle will have generally different 
masses in different gauges. In particular we see that the 
pseudoscalar particle has in the gauge @ a mass sin2ap. 
If this is the case we must expect that after the trans- 
formation the pole in the corresponding propagator will 
move from g=0 to g@=— (sin?2a)y*. This actually may 
be verified directly in the “ladder” approximation which 
shows that the pion propagator changes according to 


sin?2a —sin2a cos2a 


—sin2a cos2a cos?2a@ 


220 2g0 
1G p°>Arp=—- 


i—Jp 


(5.13) 


1—Jp cos*2a—J gs sin?2a 


Using the results of the previous section, it is seen that 
the denominator of the right-hand side vanishes for 
g’?= — (sin?2a)4m*. In this way we have seen how our 
ys-invariant theory can be approximated by a phe- 
nomenological description in terms of pseudoscalar and 
scalar mesons. Of course one may add the vector meson 
as well. Such a description does not look y; invariant. It 
is only ys; covariant, and the masses and coupling 
constants must be understood to be matrices which, 
however, can be simultaneously diagonalized. 

The reason for this situation is the degeneracy of the 
vacuum and the world built upon it. Only after com- 
bining all the equivalent but nonintersecting worlds 
labeled with different a do we recover complete y5 
invariance. Nevertheless, even in a particular world we 
can find manifestations of the invariance, such as the 
zero-mass pseudoscalar meson and the conserved y5 
current. 


VI. THE CONSERVATION OF AXIAL 
VECTOR CURRENT 


In this section we will discuss another paradoxical 
aspect of the theory regarding the ys invariance. In 
Sec. 3 we argued that the X current should really be 
conserved, and that this is possible if a nucleon X 
current possesses a peculiar anomalous term. We now 
verify the statement explicitly in our approximation. 

First we have to realize that the problem is again how 
to keep the y;-invariant nature of the theory at every 
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stage of approximation. It is well known in quantum 
electrodynamics that, in order to observe the ordinary 
gauge invariance, a certain set of graphs have to be 
combined together in a given approximation. The ne- 
cessity for this is based on a general proof which makes 
use of the so-called Ward identity. In our present case 
there also exists an analog of the Ward identity. In 
order .to derive it, let us first consider the proper self- 
energy part of our fermion in the presence of an external 
axial vector field B, with the interaction Lg= — jysB,. 
The self-energy operator is now a matrix 2'”)(p’,p) de- 
pending on initial and final momenta. Expanding = in 
powers of B, we have 


2?) (p',p)=2(p)+Ays(p’,p)Bu(p’—p) +: --. 


We readily realize that the coefficient of the second term 
gives the desired X-current vertex correction. 


(6.1) 


On the other hand, the entire Lagrangian remains 
invariant under a local ys transformation if Eq. (2.3) is 
accompanied by 

B, 


> B,—d,a, (6.2) 


where @ is now an arbitrary function. In other words, 


‘(B 


€ _ 


gia ny (B—da (6.3) 
in a symbolical way of writing." 
Expanding (6.3) after putting B 
ey ) <S(p) y _ ee 
ia(p’— p)[ys=(p) +2 (p's ] 
=ia(p’— p)(p’— p)wAus(P',P), 


U, we get 


or 


Vs2(p) +2 (p’)ys= (p’— p) wAus(p’,p). (6.4) 


The entire vertex I',5=iyyyst+Au,s then satisfies 

yeh’ (p)+L' (p’)vs= — (p’— p) VT us(p’,p), 

L'(p)=—iy: p—=(p), 

which is the desired generalized Ward identity.'* The 
right-hand side of Eq. (6.5) is the divergence of the X 
current, while the left-hand side vanishes when and p’ 
are on the mass shell of the actual particle. The X-cur- 
rent conservation is thus established. Moreover, the way 
the anomalous term arises is For if 
assume 2(p)=m, Eq. (6.4) gives 


(6.5) 


now clear. we 


2mys (6.6) 


(p’— p) wyus(p’— p), 
so that we may write the longitudinal part of A as 


Ags” (p’,p)=2mysq./7, G=p'—?, (6.7) 


which is of the desired form. 

Next we have to determine what types of graphs 

17 We assume here that a(x) is different from zero only over a 
finite space-time region, so that the gauge of the nontrivial 
vacuum, which we may fix at remote past, is not affected by the 
transformation. The limiting process of going over to constant « 
is then ill-defined as we can see from the fact that the anomalous 
term in I’,; has no limit as g — 0 

18 See also J. Bernstein, M. Gell-Mann, and L. Michel, Nuovo 
cimento 16, 560 (1960). 
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should be considered for I’, in our particular approxima- 
tion of the self-energy. Examining the way in which the 
relation (6.3) is maintained in a perturbation expansion, 
we are led to the conclusion that our self-energy repre- 
sented by Fig. 5(a) gives rise to the series of vertex 
graphs [Fig. 5(b)]. The summation of the graphs is 
easily carried out to give 


1 


Ays=ty¥s———J pa, (6.8) 


—Jp 


where Jp was obtained before [Eq. (4.8) ], and 


1g0 


f TrysS(p+-4/2)ysvsS(p—9/2)d'p 


2a)! 


£0 ae dx? 
_ imay f ——(1—4m?/x’)!. 
P 4m? Gtr 


2r* 


Pyus=t¥u¥st Aus 


=iyuvyst 2my'q,/¢’, (6.10) 


in agreement with the general formula. We see also that 
there is no form factor in this approximation. 

This example will suffice to show the general pro- 
cedure necessary for keeping ys invariance. When we 
consider further corrections, the procedure becomes 
more involved, but we can always find a set of graphs 
which are sufficient to maintain the X-current con- 
servation. We shall come across this problem in con- 
nection with the axial vector weak interactions. 


VII. SUMMARY AND DISCUSSION 


We briefly summarize the results so far obtained. Our 
model Hamiltonian, though very simple, has been found 
to produce results which strongly simulate the general 
characteristics of real nucleons and mesons. It is quite 
appealing that both the nucleon mass and the pseudo- 
scalar ‘“‘pion” are of the same dynamical origin, and the 
reason behind this can be easily understood in terms of 
(1) classical concepts such as attraction or repulsion 
between particles, and (2) the ys symmetry. 

According to our model, the pion is not the primary 
agent of strong interactions, but only a secondary effect. 
The primary interaction is unknown. At the present 
stage of the model the latter is only required to have 
appropriate dynamical and symmetry properties, al- 
though the nonlinear four-fermion interaction, which we 
actually adopted, has certain practical advantages. 


ty, tus iy, ys trys 


Fic. 5. Graphs for self-energy and matching radiative corrections 
to an axial vector vertex 


ELEMENTARY 


357 


Fic. 6. A class of higher order self-energy graphs. 
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In our model the idealized “pion” occupies a special 
position in connection with the ys-gauge transformation. 
But there are also other massive bound states which 
may be called heavy mesons and deuterons. The con- 
ventional meson field theory must be regarded, from our 
point of view, as only a phenomenological description of 
events which are actually dynamic processes on a higher 
level of understanding, in the same sense that the 
phonon field is a phenomenological description of 
interatomic dynamics. 

Our theory contains two parameters, the primary 
coupling constant and the cutoff, which can be trans- 
lated into observed quantities: nucleon mass and the 
pion-nucleon coupling constant. It is interesting that the 
pion coupling depends only on the cutoff in our ap- 
proximation. In order to make the pion coupling as big 
as the observed one (~15) the cutoff has to be rather 
small, being of the same order as the nucleon mass. 

We would like to make some remarks about the higher 
order approximations. If the higher order corrections 
are small, the usual perturbation calculation will be 
sufficient. If they are large compared to the lowest order 
estimation, the self-consistent procedure must be set up, 
including these efiects from the beginning. This is 
complicated by the fact that the pions and other 
mesons have to be properly taken into account. 

To get an idea about the importance of the correc- 
tions, let us take the next order self-energy graph 
(Fig. 6). This is only the first term of a class of correc- 
tions shown in Fig. 6, the sum of which we know already 
to give rise to an important collective effect, i.e., the 
mesons. It would be proper, therefore, to consider the 
entire class put together. The correction is then equiva- 
lent to the ordinary second order self-energy due to 
mesons, plus modifications arising at high momenta. 
Thus strict perturbation with respect to the bare 
coupling go will not be an adequate procedure. Evalu- 
ating, for example, the pion contribution in a phe- 
nomenological way, we get 


im Gp? pi? dc m 

aE es 

m 32¢ Jy «* rs 
where A’ is an effective cutoff. Substituting Gp? from 


Eq. (4.9), this becomes 
4m? 3 
) . (7.2) 


(7.1) 


ma 
kK" 


As A and A’ should be of the same order of magnitude, 
the higher order corrections are in general not negligible. 
We may point out, on the other hand, that there is a 
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tendency for partial cancellation between contributions 
from different mesons or nucleon pairs. 

We already remarked before that the model treated 
here is not realistic enough to be compared with the 
actual nucleon problem. Our purpose was to show that 
a new possibility exists for field theory to be richer and 
more complex than has been hitherto envisaged, even 
though the mathematics is marred by the unresolved 
divergence problem. 

In the subsequent paper we will attempt to generalize 
the model to allow for isospin and finite pion mass, and 
draw various consequences regarding strong as well as 
weak interactions. 


APPENDIX 


We treat here, for completeness, the problem created 
by the coupling of pseudoscalar and pseudovector terms 
encountered in the text. As we have seen, such an effect 
is not essential for the discussion of y; invariance, but 
rather adds to complication, which however naturally 
appears in the ladder approximation. 

First let us write down the integral equation for a 
vertex part [: 


l'(p+3q, p—439) 


2igo 
=r(p+la, P+ asf TLrss(e’+40) 
ZT) 


XI'(p’ +29, P—39)S r(p—49) ld*p’ 


10 an . , 
ages vere f IrLysyu5(p +439) 
(23)! 
XI (p’+4q, p—4q)S r(p—43q) ld*p’. (A.1) 
This embraces three special cases depending on the 
inhomogeneous term y: 


(a) y=0 for the Bethe-Salpeter equation for the pseudo- 
scalar meson; 

(b). y=7iyu7vs for the pseudovector vertex function I’,5; 

(c) y=2go0(¥s)¢(vs)i— g0(Yuvs)s(Yuys)s for the nucleon- 
antinucleon scattering through these interactions. 


Here i and f refer to initial and final states, and the 
integral kernel of Eq. (A.1) operates on the f part. 

We will consider them successively. 

(a) We make the ansatz [=Cys+iDysy-q.'The inte- 
grals in Eq. (A.1) then reduce to the standard forms 
considered in the text. Making use of Eqs. (4.9), (4.17), 
and (6.9), we get'® 


C=C—(C+2mD)¢I, 
D=(C+2mD)ml, 


£0 dx? 4m? 3 
oe es ey 
4? +h K2 


(A.2) 
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2m*1(0): m1 (0). 
1 


which lead to g@=0, and C:D=1 
From Eq. (4.8), we have 0<2m*J(0)- 


(b) Put Pys= (iveyst2mysq./7)F i(¢*) 


+ (ivuys—iy:Qvsqu/P)F2(P). (A.3) 


This is seen to satisfy the integral equation if 


Py 1, 
F, J 4(q") [1 
J a(q") 


J 1 (q") ; 


2m?I(q?)—Jv(¢@), 


where J(g’) was defined in Eq. (4.13). 
On the mass shell, I’, reduces to 


(ivuyst+2mysq./9°)F (q*), 


F(¢)=14+ F2(¢@)=1/f1—-Ja(q 


(A.5) 


For g=0, we have J(g)=0 so that 1<F(0)=1 
[1—2m*I (0) ]<2. 

(c) From the structure of the inhomogeneous term, 
it is clear that the scattering matrix is given by 


M= 2g0(T's) ¢(y 5) +2 (Tus) 


(27 u¥s) is 
where I’; is the pseudoscalar vertex function. 
Again, from Eq. (A.1), I’; is determined as 


P5=ysL1—2m°l (q*) |/@I(g?)—miy-qys/g, (A.6) 


which has an entirely different behavior from the bare 
vs for small g*. The scattering matrix is then 


M = (ys) s(ys) i2go 1— 2m J (q*) ]/q?I (q?) 
—L (ty: avs) s(v5)i— (v5) s(iv- gs) J2mgo/¢ 
— (iv: Qys) s(t7 *G¥5) got 1 (q°) gi — J 1 (q*) | 


+ (tvs) (1V us) 2 [1 —J 1(q°) |. (A.7) 


The first three terms have a pole at g?=0. The coupling 


constants of the pseudoscalar meson are then 
pseudoscalar coupling : 
G,?= 2gol1—2mI (0) |/1(0), 


pseudovector coupling: 


Gyo? = goJ a(0)/L1—J4(0) ] 

= go2m?I (0)/L1—2m°I (0) }. (A.8) 
Their relative sign is such that the equivalent pseudo- 
scalar coupling on the mass shell is 


a 


| 1—2m?I(0)}! 2m?I(0) 7')2 
Gsratatel OT OT tay 
| 2m?I (0) 1—2m?I (0) 
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